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V E K F<GIH3JLKNMPO3QSRUTWVCX<Y[Z@\:M>]>^ T(V) E`_baIc x2 ( x ∈ V) GPd<e<fgG T(V)G`hjiIk@lmTWVon@prq>sWtuM6E I Rwvyxmz�{
I =

{∑
vx2w

∣∣∣ x ∈ V, v, w | T(V) G~}mYSZb\�M }

xbx~d����S�Ud<�6�mzo�uc I | Z ��GC�g^@���`qgsmtuMj�j�<VuX� xo��cb�g^@���:]g^�G~�
T(V)/I = ⊕p∈ZTp(V)/Ip

EWRr��c<xo�3E V G 9b;g=@? (exterior algebra) �>e@|g�<�u�@�[� =@? (Grassmann algebra) R��g�PXSx@xo�
I

p = Tp(V) ∩ I

=
{ ∑

vx2w
∣∣∣ x ∈ V, v | s �6GC}mYSZg\�M , w | p − s − 2 �3Gu}mY�Zb\�M }

�j�mVCX@�<�g�m|uc ∧(V) = T(V)/I, ∧p(V) = Tp(V)/Ip R¡ <T�xmR~��TWVCX<T3VWR
∧(V) = ⊕p∈Z ∧p (V).

8C¢g£<¤>¥@¦<§ qgsWt`M I G`¨@©rdL�o���:dr� I
0 = I

1 = 0 ªgdy� ∧0(V) ' T0(V) = K, ∧1(V) ' T1(V) = Vi@l«�w¬�<X<T3�<®�f�c K, V E ∧(V) G�¯r°mO�Q�Ru_ra[V6x[R~ir���<V (K |b±@²�³�¯W°m]j^´R@µ�_ra���3V ) X
α : V → T(V) Er¶¸·W�>±I¹@c π : T(V)→ ∧(V) EW¶º·3�C»b¹<c β : V → ∧(V) E β = π ◦ α �P¨g©�¼o�3Vo½b¾R:T3V3Rºc β |�±�¹r�j�jVCX�x��6E3¶º·r�>±�¹,R��@¿Sz¸XÀgÁ

5.1 (
¢>£b¤P¥@¦@§

). β : V → ∧(V) EW¶w·3�P±�¹�R:TWV6Rwc β(x)2 = 0 ( x ∈ V) iPl��Â¬W>X¼6�~� F E K FmGuÃbÄ�GP±>²[³uÅ<Æ[³`]@^<c f : V → F E f (x)2 = 0 (x ∈ V) E~Ç6egT K- ÈgÉ<½<¾,R�T3VRºc f = f ′ ◦ β E�Ç3e>T ( �bÊWE�ËbÌ[�PTWV ) ±�²6³CÍ6Îu� f ′ : ∧(V)→ F ibÏPÐj�Ñ@ÒjTWVuX
V
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F i Z ��G~�g^<����]>^r�Pc f (V) ⊂ F1 ���oÓuc f ′ |u�g^<�S��]b^[GoÍ6Îu�r�j�jVCXÔrÕ
x ∈ V �~ÖL×�Ø β(x)2 = π(x)2 = π(x2) = 0 XYSZ<\�Mb]g^SGuÙbÚ<½@¾<ÛbÜ��r���Ýc f �`Ö�×�Ø f = f ′′ ◦ α R~�WVu±g²3³`Í3ÎI� f ′′ : T(V) → E i<ÏgÐ<>ÑÒmT3VCX

f ′ : ∧(V)→ E EC±>²3³~Í6Îu�,RUTWV6Rºc f = f ′ ◦ β⇐⇒ f ′ ◦ π = f ′′ i�l���¬WPX� xC� f ′ ◦ π = f ′′ EoÇ[ePT f ′ GuÑ@Ò,R¡ÐgÄ<Û�E�ÞWß3Ógà@àPX�x`G�zCf (π |C»<¹[ª>dy� ) f ′ GIÐgÄ@Û�|b���db�m�jVCX
f ′ G~Ñ@Ò�E�ÞWT�Rºc f ′′(x2) = f ′′(x)2 = f (x)2 = 0 ªPdy� I ⊂ Ker f ′′ �Ic f ′ : ∧(V)→ F i f ′(π(x)) = f ′′(x) ��6�á¨g©�¼~�3VCX
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5.2. f : V → W EoÈ>Éb½<¾gc β : V → ∧(V), γ : W → ∧(W) EW¶¸·r�P±P¹�R:T3V~X�xIG6RI��c ∧ f ◦ β = γ ◦ fE�Ç6ePTg±P²3³CÍ6ÎC� ∧ f : ∧(V)→ ∧(W) i<Ï�Ð<m�jV~X ∧ f |u�>^@����]g^[G~Í3Î`�m�j�mVCX
∧ f E f ãräjåUæLç~è 9@;b=@?[AuéWê`ë R��b�PX�@^<����]@^[G`ÃgÄSGP±P²[³uÍ6Î`� f ′ : ∧(V) → ∧(W) |>ÏgÐmmG`ÈgÉ<½<¾ f : V → W �`Ö�×�Ø f G@ìW�í x~T`Í3ÎC�W�<�jVCXPîWïIc f E f ′ G V(= ∧1(V)) ðrGCñWò�R�TrV3Rwc f : V → W |uÈgÉg½<¾j�j���ác f ′ = ∧ fR��rVmxjR~|g�S�:dg�j�mVCX8�;SAIób=<¦

∧(V) G�hSE V FrGCôWõ6öø÷úù (multi-vector) R>µI�@�bX�R3û�� ∧p(V) GPh6| p- õ3ö�÷üùyR�g�>X x1, · · · , xp ∈ V �CÖy×�Ø π(x1 ⊗ · · · ⊗ xp) E x1 ∧ · · · ∧ xp Rºv�ûwXSx`GCÉ[G~ýmH6JyKüM[E ∧(V) G�þ ÿ ôõWö�÷ ù (pure multi-vector) Ro�>�PX ∧(V) G~ÃbÄ[G`hW|C} � ý<H6JLKüM3G � ò��6GoÉ����rT�xjR:i@�6�PVuX
V G`h3�Pò�����c ∧(V) GCÃgÄ[G�	jh x, y �uÖy×�ØSµUc � G�
SE x ∧ y Rºv�ûCxmR:im�jV~XÀgÁ

5.3. ∧(V) ��<à>Ø�c x, y ∈ V ���~Ó
x2
= 0, xy = −yx

i�l���¬r>XbÐ��� x ∈ ∧p(V), y ∈ ∧q(V) �CÖL×�Øm|
xy = (−1)pqyx

i�l���¬r>X
p i��b^3���~Ó~c x ∈ ∧p(V) | ∧(V) G�T��@ØmG`hLRwËgÌW�j�mV ( ���3�b�jV ) X
p i��@^3���~Ó~c x ∈ ∧p(V) | x2 = 0 EoÇ3e>TPXÔrÕ ��� x ∈ V ����Ó x2 = β(x)2 = 0 X� aj� x, y ∈ V �S�~Ó 0 = (x + y)2 = x2 + xy + yx + y2 = xy + yx. T@�>®Wf xy = −yx.
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xbx~d��wÃgÄ[G xi, yi ∈ V �uÖL×:Ø
x1 ∧ · · · ∧ xp ∧ y1 ∧ · · · ∧ yq = (−1)pqy1 ∧ · · · ∧ yq ∧ x1 ∧ · · · ∧ xp

R��rVmxjR~|g�S�:dPX�×CePi��uØ>Ð��[� x ∈ ∧p(V), y ∈ ∧q(V) �~Ö�×�Ø xy = (−1)pqyx X
p i��>^6���oÓucgÃgÄ�G q R y ∈ ∧q(V) �uÖL×:Ø xy = (−1)pqyx = yx ª�d��ºc ∧(V) G����6G`h<�j�mVCX�6� p E��b^,RUTWVuX>} p- H3JyKÂM x = x1 ∧ · · · ∧ xp, y = y1 ∧ · · · ∧ yp (xi, yi ∈ V) �CÖy×�Ø

x2 = x1 ∧ · · · ∧ xp ∧ x1 ∧ · · · ∧ xp = · · ·
= (−1)x1 ∧ x1 ∧ · · · ∧ xp ∧ x2 ∧ · · · ∧ xp = 0.

xy + yx = xy + (−1)xy = 0.

ÃgÄ�G x ∈ ∧p(V) |�} p- H6J�KÂM xk G�� x =
∑

k xk ª>d��
x2 =

∑
k xk

2 +
∑

k<l(xk xl + xlxk) = 0.

�

8�� �"!�#%$'& �%(�ù ; V1,V2 E K- H6J�KüMPO[QSR�TWV`XSx<xo�m|u�b^<���o]g^ ∧(V1 ⊕ V2) dy�º�g^j���]g^ ∧(V1) ⊗̂ ∧ (V2) GgFPðWG�)'*�+,)`Mr�bÎu�[GCÑbÒ�E�ÞmTgXÀgÁ
5.4. ϕ(x + x′) = x ⊗ 1+ 1 ⊗ x′ (x ∈ V1, x′ ∈ V2) EoÇWePTb±�²3³uÍWÎu� ϕ : ∧(V1 ⊕ V2)→ ∧(V1) ⊗̂ ∧ (V2) iÏPÐjj�jVCX ϕ |C�g^@����]b^6G>Î`�r�m�<VCXjT<��®3f
∧ (V1 ⊕ V2) ' ∧(V1) ⊗̂ ∧ (V2),

x + x′ 7→ x ⊗ 1 + 1 ⊗ x′ (x ∈ V1, x′ ∈ V2)ÔrÕ ½@¾ β : V1 ⊕ V2 → ∧(V1) ⊗̂ ∧ (V2) E
β(x + x′) = x ⊗ 1 + 1 ⊗ x′

�r�[�Ý¨g©rTWV3R¸c β |CÈgÉW�<���ác (
β(x + x′)

)2
= 0 EoÇ3e�TgXPîWïIcbÃgÄ�G x ∈ V1, x′ ∈ V2 �~Ö�×�Ø

(x ⊗ 1 + 1 ⊗ x′)2

= (x ⊗ 1)2
+ (1 ⊗ x′)2

+ (x ⊗ 1)(1 ⊗ x′) + (1 ⊗ x′)(x ⊗ 1)

= (x2 ⊗ 1) + (1 ⊗ x′2) + x ⊗ x′ − x ⊗ x′

�6�6VgX�xrxI�%-'.yG/10�i%2��j�3�PØ3à[VmGr|>c54[�WYyZr\`M�
�GPÛWÜ[�6�[V>X x2 = x′2 = 0 ª<d,�:c
(x ⊗ 1 + 1 ⊗ x′)2 = 0. T<��®3f (β(x + x′))2 = 0 �j�mVCX� am� β′ : V1 ⊕ V2 → ∧(V1 ⊕ V2) E3¶¡·3�>±P¹/R�Tg�3Óuc β = ϕ ◦ β′ 6 à`Ì6arV[R ϕ(x + x′) = x ⊗ 1 + 1 ⊗ x′

(x ∈ V1, x′ ∈ V2) EoÇ3e�Tb±P²3³CÍ3Îu� ϕ : ∧(V1 ⊕ V2)→ ∧(V1) ⊗̂ ∧ (V2) i<Ï�Ð<PÑbÒrTrV>|�b�<�mVCX
V1 ⊕ V2

β ''OOOOOOOOOOO

β′ // ∧(V1 ⊕ V2)

ϕ

��
∧(V1) ⊗̂ ∧ (V2)
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ϕ |oî[|u]g^3Î`�r�m�jVCX � �3E�7md�8mV>�@|C�[GWxjRIE�ÞrßmÓ�9<°m�j�mV´{ F E�ÃgÄ[G�±P²6³ � ÅbÆ3³u]b^Rg×¡c f : V1 ⊕ V2 → F E�ÈbÉg½@¾r� (
f (x + x′)

)2
= 0 E�Ç3e>T�µIG>ª�R�TWVCX�xuG[R�� f = f ′ ◦ β Ro�mVC±>²³CÍ6Îu� f ′ : ∧(V1) ⊗̂ ∧ (V2)→ F i<Ï�Ð<PÑbÒjT3VCX

εi : Vi → V1 ⊕ V2, βi : Vi → ∧(Vi), θi : ∧(Vi) → ∧(V1) ⊗̂ ∧ (V2) E6¶º·3�>±P¹�R�T3V6Rºc%:�;W�u°rd3Vj�3zo�uc
β ◦ εi = θi ◦ βi (i = 1, 2) i�l/�Ý¬r>X< ¨�dø� ( f ◦ εi(x))2 = 0 ªWdø�`±r²L³@ÍLÎ<� f ′i : ∧(Vi) → F � f ◦ εi = f ′i ◦ βi E>ÇLeWT�µjGri�ÏÐSmÑ[Ò�TyV (i = 1, 2) X f ′1(x) · f ′2(x′) = − f ′2(x′) · f ′1(x) irÃ3Ä�G x ∈ V1, x′ ∈ V2 �rl3¬�T�VbX � a��
f ′1(x) · f ′2(x′) = (−1)pp′ f ′2(x′) · f ′1(x) iPÃgÄ[G x ∈ ∧p(V1), x′ ∈ ∧p′ (V2) ��l���¬mgX� x~��4m�<Y�Z@\�M�
[GuÙgÚb½@¾@ÛbÜrd��¡±>²3³uÍ3Îu� f ′ : ∧(V1) ⊗̂ ∧ (V2)→ F � f ′i = f ′ ◦ θi (i = 1, 2) EÇ3e>T�µuG@GCÑbÒ�R¡ÐPÄ<Û�E>=øû X f ◦ εi = f ′ ◦ β ◦ εi (i = 1, 2) ª>d��wc f = f ′ ◦ β �j�mV~X?��I±�²6³CÍ6ÎC�
f ′′ : ∧(V1) ⊗̂ ∧ (V2)→ F i f = f ′′ ◦ β E�ÇWe>T�Rºc f ′′ ◦ θi = f ′i (i = 1, 2) �<�mV`d��ºc f ′′ = f ′ �<��@I�mÓg����@à�X�x��@�>Ð>ÄbÛ�µUÞmßje�X

Vi

εi
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f◦εi

GG
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βi // ∧(Vi)

f ′i
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θi
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F

V1 ⊕ V2
β

//

fxxxx

;;xxxxx

∧(V1) ⊗̂ ∧ (V2)

f ′LLLL

ffLLLLLL
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5.5. V1 E V Gb¯�°6O�Q�R6×uc f : V1 → V E�¶~·y�W±r¹ RITyVLRCc f i�ì�� í xgT3±W²y³@ÍLÎ<�

∧ f : ∧(V1)→ ∧(V) |I±P¹r�j�mVCXy×oePiA�CØ�c x ∈ ∧(V1) R (∧ f )(x) ∈ ∧(V) RIEIÎPÐBL×�Ø�c ∧(V1) ⊂ ∧(V)RDC,z�xjR:ib�6�gV~XÔrÕ
V1 G�EgO[Q V2 ECÐ<�Rr�Ýc V = V1 ⊕ V2 R�TWVCX ϕ E ϕ(x + x′) = x ⊗ 1 + 1 ⊗ x′ (x ∈ V1, x′ ∈ V2) EoÇWeT ∧(V) d�� ∧(V1) ⊗̂ ∧ (V2) GgFPðrG>Îu��R�TWV~X

f ′ : ∧(V1) → ∧(V1) ⊗̂ ∧ (V2) E f ′(x) = x ⊗ 1 (x ∈ ∧(V1)) �W�[� ¨@©rT6V6R¡c f ′ |g����dr�P±P²[³uÍ[Îu�3�>c±�¹W�j�jVCX
f ′ = ϕ◦ (∧ f ) iPl/��¬rPXPî3ï`c x ∈ V1 RUT3VWR f ′(x) R ϕ◦ (∧ f )(x) Ro| f ′(x) = x⊗1, ϕ◦ (∧ f )(x) = ϕ(x+0) =

x ⊗ 1 R��1�uØ>ÐFrTWVCXy×oePiA�CØHGuf[�Pµ�±�²6³CÍ3Îu�6ªPdy� ∧(V1) FP�gÐFrTWVCX���uØ f ′ ig±�¹[ª�d�� ∧ f µo±�¹W�@�,@��rÓP�����bàPX �

8:9j;g=j?6A I@?'J�K
V E K FmG�H[JyK�MPO�Quc L E K G�L%M,N�R�T3VuX<YSZ@\�Mg]g^S���1@<V>GSR�Î�O�Cc�¶º·W�bÎu� L ⊗K ∧(V) ' ∧(L ⊗K V) GCÑ@ÒSE�ÞmT�xmR:ig�[�>VCX

β : V → ∧(V), β′ : L ⊗K V → ∧(L ⊗K V) E3¶º·r�>±�¹,R>×¸c βL : L ⊗K V → L ⊗K ∧(V) E β G L- ÈbÉb½<¾<ðG�P%Q�R:TWVCXÃbÄ[G a, b ∈ L, x, y ∈ V �~Ö�×�Ø
(a ⊗ β(x))2 = a2 ⊗ β(x)2 = 0,

(a ⊗ β(x)) · (b ⊗ β(y)) + (b ⊗ β(y)) · (a ⊗ β(x))

= ab ⊗ (
β(x)β(y) + β(y)β(x)

)
= 0
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�j�mV~X � ×:Ø�ÃbÄ6G z ∈ L⊗K V | z = a1 ⊗ x1 + · · ·+ an ⊗ xn G~É[ª�d��ºc βL(z) = a1 ⊗ β(x1)+ · · ·+ an ⊗ β(xn)R����CØ�c�xbxody� (βL(z))2 = 0 |>�S�:db�m�<VCX�5�CØg±P²3³ L- Í3ÎC� ϕ : ∧(L ⊗K V)→ L ⊗K ∧(V) � βL = ϕ ◦ β′ E�Ç6ePTSµ`GIi<ÏPÐ<�ÑbÒmT3VCX ϕ |
ϕ(1 ⊗ x) = 1 ⊗ x (x ∈ V)

E�Ç6ePT@ÏPÐWGI±>²W³ L- Í3Î`��R��b�[x<R�ib�6�gV~X
L ⊗K V

βL
&&LLLLLLLLLL

β′ // ∧(L ⊗K V)

ϕ

��
L ⊗K ∧(V)ÀgÁ

5.6. ϕ |C�>^<��� L- ]g^[G�±P²W³ L- Î`�r�<�mVCXÔrÕ �6GWxmRuE�ÞrßrÓPà@à { ÃgÄ�GI±�²6³ � ÅbÆ6³ L- ]b^ F R ( f (z))2 = 0 (z ∈ L ⊗K V) E�Ç6ePT L- ÈgÉ@½b¾
f : L ⊗K V → F �CÖy×�Ø�c f = f ′ ◦ βL E�Ç6ePT>±>²3³ L- ÍWÎ`� f ′ : L ⊗K ∧(V)→ F i@ÏPÐ<�ÑbÒrTrVCX
τ : V → L ⊗K V, τ′ : ∧(V)→ L⊗K ∧(V) E � �1R`� τ(x) = 1⊗ x (x ∈ V), τ′(x) = 1⊗ x (x ∈ ∧(V)) �P¨g©�¼C�3VÍ3Î`��RUTWVCX f ◦τ : V → F | K- È>Ér��c ( f ◦τ(x))2 = ( f (1⊗ x))2 = 0 ª�d�� f ◦τ = f ′′ ◦β E�ÇWe>T>±P²W³ K-Í6ÎI� f ′′ : ∧(V) → F ijÏ>ÐjPÑ@ÒrT3VuX f ′ : L ⊗K ∧(V) → F E f ′′ G L- Í[Îu�WðrG P5Q/R:T6VCX<Tm�P®6f
f ′′ = f ′◦τ′ E�ÇWePT@Ï�ÐrG L- ÍWÎC�,RUTrV ( f ′ |u±>²W³��<�jV ) XSxuG6RI� f ◦τ = f ′′◦β = f ′◦τ′◦β = f ′◦βL◦τªPdy� f = f ′ ◦ βL �j�jVuXSx`GW�rz:� f ′ iPÐPÄW�j�jVmxjRPµuÎ O6�[×�Ø`Þrß3VuX

V

τ

��

f◦τ
FF

FF

##F
FF

F

β // ∧(V)

f ′′
uu

uu

zzuuu
uu

τ′

��

F

L ⊗K V
βL

//

fxxxx

;;xxxx

L ⊗K ∧(V)

f ′IIII

ddIIIII

�

8�ób=TS ô,UV,W ¤�¥ xbx��X5
@]g^ ∧(V) G�Y@�@lb° ∧p(V) i�µ��uØ@àmV~ÛbÜ3�P<àgØ�Z��S�rz¸X
∧ : V p → ∧p(V) E ∧(x1, · · · , xp) = x1 ∧ · · · ∧ xp �P¨g©mT3VCXW�S�¡dr� ∧ |~ý5[@ÈbÉm�
∧(· · · , x, x, · · · ) = 0 (x ∈ V)

R�à�zwÛbÜSEjµogXÐ��[� W ECH6JLKNMPO[Q�RUT3V3R¸cbý�[<ÈgÉb½@¾ f : V p → W |
f (· · · , x, x, · · · ) = 0 (x ∈ V)

E�Ç6ePT�RI��c ób=AS (alternating) R 6 ®b�3VuX f i�\b]6³g����Ó
f (· · · , x, y, · · · ) = − f (· · · , y, x, · · · ) (x, y ∈ V)

i�l���¬r>X�xbx~d��D:,;W�`®<dWVm�rz�� f i�\@]6³��j�mVmx<RC|
f (· · · , i

x, · · · ,
j
x, · · · ) = 0 (x ∈ V; i < j)
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�>Î�]m�j�jVCX
\<]3³uý�[@ÈgÉ@½b¾ f : V p → W ^,_<egàjGI�ûoVuH[J�KüM>O6QjE A

(
V p ; W

) Rº jTgXÀgÁ
5.7. ÃgÄ[G�\b]3³`ý�[@ÈbÉg½@¾ f : V p → W �uÖL×:Ø f = f ′ ◦ ∧ EoÇWePTPÈ>Éb½<¾ f ′ : ∧p(V)→ W ibÏÐ<PÑbÒmTWVCX

V p

f ""F
FF

FF
FF

FF

∧ // ∧p(V)

f ′

��
W

6 à`Ì[aWV6R¡ÈbÉ@½<¾ f ′ ∈ L
(∧p(V) , W

) 7→ f = f ′ ◦ ∧ ∈ A
(

V p ; W
) |gÎ`�3�r�mV`X�x~�[E`�m�g�W|�¶¡·�bÎ`��R��g�PXÔrÕ

f �CÖ�×:Ø f = f ′′ ◦ ⊗ R��rVoÈ>É@½@¾ f ′′ : Tp(V)→ W i@Ï>Ð<<�y��c f ′ : ∧p(V)→ W ( È>É ) R�TWVWR¸c
f = f ′ ◦ ∧ ⇐⇒ f ′ ◦ π = f ′′ iIl���¬WPX���uØ�c f ′ ◦ π = f ′′ Ro�mV f ′ GuÑgÒ�RUÐPÄbÛ�E�ÞmßrÓ>àbàgi�c@Ð>Ä@Û[| π iI»@¹ � a<�S�Ud@�<�jVuX��RC| f ′ GCÑbÒ�E:ÞrTrG�` { s, t ≥ 0, s + t = p − 2, vi, wi, x ∈ V R�TWVWR

f ′′(v1 ⊗ · · · ⊗ vs ⊗ x ⊗ x ⊗ w1 ⊗ · · · ⊗ wt) = f (v1 · · · vs, x, x, w1 · · ·wt) = 0.

� aj� f ′′ | I
p F>� 0 R��1�CØPc f ′ : ∧p(V)→ W i f ′(π(x)) = f ′′(x) �P¨g©�¼~�3VCX

V p

f

��

∧

""E
EEEEEEE

⊗ // Tp(V)
π

zzvv
vv

vv
vv

v

f ′′

}}

∧p(V)

f ′

��
W

�

�j�IcWÎu� L
(∧p(V) , W

) ' A
(

V p ; W
) |[¶º·W�@Îu�6GCÄAaP�b_@arVCXb � (∧p(V))∗ ' A

(
V p ; K

) iPl��Â¬W>X
ced

πp : Tp(V) → ∧p(V) |u»<¹[ª>dy�¸c � �WG�fbÖW�r�mV ω ∈ ∧p(V)∗ 7→ ω ◦ πp ∈ Tp(V)∗ |P±P¹3�j�rViIc�xo�r|6¶¸·W�P±�¹ A
(

V p ; K
) → L

(
V p ; K

) �CÖ%gL×�Ø@àmV {
ω(x1, . . . , xp) = ω(x1 ∧ · · · ∧ xp) = ω ◦ πp(x1 ⊗ · · · ⊗ xp) = ω ◦ πp(x1, · · · , xp)

�[��Z'�3V�E�h�|�X5
�E>i�z�F>�j�k3³>�j�jV {
l Á

5.8. g ∈ A
(

V p ; W
)
, h ∈ A

(
Vq ; X

) �uÖL×�Ø f ∈ L
(

V p+q ; W ⊗ X
) E

f (xN) =
∑

(I,J) sgn
( N

I,J
)
g(xI) ⊗ h(xJ) (xN = (x1, · · · , xn))

�W�%�CØP¨b©WT3VuXSx<xo� N =
{

1, · · · , p + q
}
, �m�y�ác I, J | � ��RI� p m@c q m�G`hmd��¸l�V N Gu¯@°%nÆbc I Guh[E�M��b¼PG�o3�g���p�<Ø i1, · · · , ip Rg×~e�RI�P� xI = (xi1 , · · · , xip ) Rºv�û X xJ µCÎrq¡X (I, J) |�nbÆ

N G~°�sW�j�jV´{ I ∪ J = N, I ∩ J = ∅ X�6| � Gm�Wz���t (I, J) »5N[��u�VrµuG[R�TWV~X
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°rd��wv<T�û�v��UÌ3arV3Rwc
f (x1, · · · , xn) =

∑
i1<···<ip

sgn (i1 · · · ip, j1 · · · jq) g(xi1 , · · · , xip ) ⊗ h(x j1 , · · · , x jq) (1)

xbx~� sgn Gg�SR~G` 0 (i1 · · · ip, j1 · · · jq) |�xuÌ
(
1 · · · p, p + 1 · · · p + q
i1 · · · ip, j1 · · · jq

)

GyP j�j�jVCX¼uØ�x`G[RI� f |�\@]W³>�j�jVCX<W��� f ∈ A
(

V p+q ; W ⊗ X
) �j�jVCXÔrÕ{z5| 0 a (1 ≤ a < p + q) ��@àgØ xa = xa+1(= x) ���oÓuc f (xN ) = f (x1, · · · , xp+q) = 0 E�ÞrTmG��m�jV~X

S E {
1, · · · , p + q

} G p h��6� l�V�¯j°�n<Æ I »,N�Rb×¡c S Eo�[GW�rzC�C°�}3TWV ( �j�b��c J | I G�E�njÆE��3T ) { S 1 =
{

I ∈ S
∣∣∣ a ∈ I, a + 1 ∈ I

}
, S 2 =

{
I ∈ S

∣∣∣ a ∈ J, a + 1 ∈ J
}
, S 3 =

{
I ∈ S

∣∣∣ a ∈ I, a + 1 ∈ J
}
,

S 4 =
{

I ∈ S
∣∣∣ a ∈ J, a + 1 ∈ I

} XTWV6R f (xN) = f (x1, · · · , xp+q) | (∑
I∈S 1
+

∑
I∈S 2
+

∑
I∈S 3
+

∑
I∈S 4

)
sgn

( N
I,J

)
g(xI) ⊗ h(xJ) RwvT@jVIi�c g, h G�\]bÛrd�� I ∈ S 1, I ∈ S 2 ����Ó � �eR`� g(xI) = 0, h(xJ) = 0 ª>d�� c ∑

I∈S 1
+

∑
I∈S 2
G~¯@°6| 0 �<�mV~X6�>e S 3��~rTrV I R � G�E�n@Æ J G>QP��c � �'RI�mG��%�j�<�mV a R a+1 E>\bÌ�¼~ßjeuÅ��bc I, J i � �eR`� I′, J′ �� ®T�`e[R:TWVWRºc I′ | S 4 ��~jTWVCXPÖ%g I → I′ | S 3 d�� S 4 ðWG�f>¹r��c sgn (I, J) = −sgn (I′, J′), xI = xI′ ,

xJ = xJ′ ªPd�� c (∑I∈S 3
+

∑
I∈S 4

)
sgn

( N
I,J

)
g(xI)⊗h(xJ) =

∑
I∈S 3

(
sgn

( N
I,J

)
g(xI)⊗h(xJ)+sgn

( N
I′ ,J′

)
g(xI′ )⊗h(xJ′ )

)
= 0.×~e>i��CØ�c f (x1, · · · , xp+q) = 0 R��mVCX �

8:9<;g=@?6A���� xbx~�m| n = dim V < ∞ R < ¨mTrVuX
l Á

5.9. e1, · · · , en E V G�j���R:TWV6Rwc e1 ∧ · · · ∧ en , 0 XÔWÕ
e∗1, · · · , e∗n E e1, · · · , en ��f@Ö3� V∗ G�j,Rg×Uc f : Vn → K E f (x1, · · · , xn) =

∑
σ∈Sn

e∗
σ(1)(x1) · · · e∗

σ(n)(xn)�/���u¨�©�T�VWX f |�� �@d��3ý3[LÈ�É,��� �`cg�ø�WÞ�T´�,zj�1\y]�³�����V´{ 1 ≤ i ≤ n − 1,

τ ∈ Sn E5�SÌ τ = (i i + 1) RgT�V/RIc f (x1 · · · xi−1, x, x, xi+2 · · · xn) =
∑
σ∈S+n e∗

σ(1)(x1) · · · e∗
σ(i−1)(xi−1) ·(

e∗
σ(i)(x)e∗

σ(i+1)(x) − e∗
σ(i+1)(x)e∗

σ(i)(x)
)
· e∗

σ(i+2)(xi+2) · · · e∗
σ(n)(xn) = 0. x@xC� S+n | ��xuÌ1^,_<�gdL�wl�V Sn Gu¯°��W�j�jVCX� � f = f ′ ◦ ∧ Ro�3VCÈ@Éj½j¾ f ′ : ∧n(V) → K ijÏgÐrm�WV`X f ′(e1 ∧ · · · ∧ en) = f (e1, · · · , ep) = 1 ªbd��

e1 ∧ · · · ∧ en , 0 �<�,@I�rÓ>�����gàPX �ÀgÁ
5.10. e1, · · · , en E V G�j5��R:T3VCX�xuG[R���c {

ei1 ∧ · · · ∧ eip

∣∣∣ 1 ≤ i1 < · · · < ip ≤ n
} | ∧p(V) G�j%�j��jVuX×CePi��CØ�c dim∧p(V) =

(
n
p

)
( 0 ≤ p ≤ n), dim∧p(V) = 0 ( p > n), dim∧(V) = 2n �j�mV~XÔWÕ {

ei1 ∧ · · · ∧ eip

} i ∧p(V) Eok@lWTWVrxjRu| :%;6�C°rd3VuXmªgd��p�6|Wx~�@igÐg�%�g¬[�mVrxmRIE�Þ3Tjª
@��m�jVCX
∑

i1<···<ip
ai1···ip ei1 ∧ · · · ∧ eip = 0 R�T6VIX 1 < · · · < n G p hmd��¸l�VCÃ<Ä�G`¯m°%nmÆ j1 < · · · < jp �uÖ,×~Ø

k1 < · · · < kn−p E � G�E5n<Æ�R�TWV[R¡c�
[G \@]<Û��r��� 0 =
∑

i1<···<ip
ai1···ip ei1 ∧ · · · ∧ eip ∧ ek1 ∧ · · · ∧ ekn−p =

a j1··· jp e j1 ∧ · · · ∧ e jp ∧ ek1 ∧ · · · ∧ ekn−p = ±a j1··· jp e1 ∧ · · · ∧ en.

e1 ∧ · · · ∧ en , 0 ªPd�� a j1··· jp = 0 �j�,@��mÓ>�����gàPX<T<�>®rf {
ei1 ∧ · · · ∧ eip

} |uÐg�5�g¬r�j�jVuX �
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�,�A� Á
5.1. ( ��a<Gg�jV��6ª,@ ) dim V = ∞ E>���PÐ��[G��jÆ6�uc {

ei
}
i∈I E V G�j%��Rb×¸c I E�»%o%�5n<ÆR:T3VCX�x`G[RI� {

ei1 ∧ · · · ∧ eip

∣∣∣ ik ∈ I, i1 < · · · < ip
} i ∧p(V) G j���Ro�mVrx<R`E��W�IßS��X

8>�,�%�%� v6|y� n = dim V < ∞ R < ¨rT3VuX e = (e1, · · · , en) E V G�o,�5j,R�TWV`Xo%�%j�E�k@v3�m|��
(frame) R>µu�b�>X p hmd��o�rV {

1, · · · , n } GC¯<°5n<Æ I »%N�E S n
p �>e<| n E�y�×�Ø S p Rwv´û X I ∈ S p �ÖL×�Ø�c I GIh[E��,o6� �,�me3µIG<E i1, · · · , ip Rb×¸c eI = ei1 ∧ · · · ∧ eip R>��ûáX��5�bc I = (i1, · · · , ip) Rºv�@Óuc � �3| I i i1, · · · , ip dL�ºl�V�n<Ær�>cmd< i1 < · · · < ip E�ÄraPT3Vrµ�GSR�T3VuX {

eI

∣∣∣ I ∈ S p
} | ∧p(V)G�j,�3ª>d��¸cbÃgÄ�G x ∈ ∧p(V) | x =

∑
I∈S p

xIeI (xI ∈ K) GCÉ[��ÐPÄ����3T�xjR�ib�[�>V`X e′ = (e′1, · · · , e
′
n)E��[G���R:TWV3R¸c e′I R eI Gg�bàbª@�@|

e′J =
∑

I∈S p
aIJ eI (J ∈ S p) (2)

G% �¡mij�jVCX�x@x��
aIJ =

∣∣∣∣∣∣∣∣∣∣

ai1 j1 · · · ai1 jp

...
...

aip j1 · · · aip jp

∣∣∣∣∣∣∣∣∣∣
, I = (i1, · · · , ip), J = ( j1, · · · , jp)

×~e>i��CØ x =
∑

I∈S P
x′Ie
′
I R�TWVI���oÓuc xI R x′I GbQ@G5 �¡6|

xI =
∑

J∈S p
aIJ x′J (I ∈ S p) (3)

��¢6a��¡�3VCX
m = dim W < ∞ Rg×¸c�ÈgÉ@½@¾ f : V → W imìm� í xoT�½b¾ ∧ f : ∧p(V)→ ∧p(W) E V G � e = (ei) R WG�� ē = (ēi) �% W×�Ø�£5¤m���bÞWTrVmxmR`EI_bamVuX

f (e j) =
∑m

i=1 ai jēi ( j = 1, · · · , n)

���~ÓCc (2) R�Î�O3�
(∧ f )(eJ) =

∑
I∈S m

p
aIJ ēI (J ∈ S n

p) (4)

i�l���¬r>X
�,�A� Á

5.2. (2), (3), (4) E>7md�83��X
¥

5.1. dim V = 3 G��@Æ@c {
e1, e2, e3

} E V GCÃgÄ[G�j5��R>×�Ø {
e1 ∧ e2, e1 ∧ e3, e2 ∧ e3

} i ∧2(V) G�j5�[�P�VCXy×�dS×gx`G��<Æbc e1 ∧ e3 G~]m®��U� e3 ∧ e1(= −e1 ∧ e3) E�¦mà<e3µuGmE�j��[�[RCVrxjR>µ<¶º·r�<�jVuX§a<Ó x ∈ ∧2(V) Gulb°��bÞ�E
x = x1 (e2 ∧ e3) + x2 (e3 ∧ e1) + x3 (e1 ∧ e2) (xi ∈ K)

Rwv6à@e��@Æbc5¨5©mi�ª�«�o3�g�1�uØ�¬%vjT<à�X
5.2 �-¯®±°{²'³8�ób=5´

T(V) GC�g^@���:¯@°gO6Q@��µ[eg��¶,·�E�¨b©L×�ØPc��b^@�S��]g^ ∧(V) �>Îu�3�`]g^SE`�û�VrxjRib�[�>VCX�x`GWxmRuE�ÞWTje�8jG~Í,¸�R>×�Ø�c�����ÈgÉ,¹5¦5º A : T(V)→ T(V) E�c
A(x1 ⊗ · · · ⊗ xp) =

∑
σ∈Sp

sgn (σ)xσ(1) ⊗ · · · ⊗ xσ(p) (xi ∈ V)
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�r�[�Ý¨g©rTWVCXWegª[×
A(1) = 1

R:T6VCX σ ∈ Sp �CÖ�×�ØPÈgÉ�¹%¦%º ρσ : Tp(V) → Tp(V) E ρσ(x1 ⊗ · · · ⊗ xp) = xσ(1) ⊗ · · · ⊗ xσ(p) �r�[�á¨b©Tg�WÓCc p > 0 R x ∈ Tp(V) �uÖL×�Øm|
A(x) =

∑
σ∈Sp

sgn (σ)ρσ(x)

R 6 àuÌ3a��¡�3VuX
A E T(V) G ób=5´ (alternator) R��g�>X¨b©rd����S�Udr�~c T(V) G�\<]5» A | T(V) G T(V) G,�CðWG 0 �bÈ>É@½@¾m�j�jV´{ A ∈ L0

(
T(V)

) X
�,�A� Á

5.3. ÃgÄ[G xi ∈ V �CÖ�×�Ø
A(x1 ⊗ · · · ⊗ xp+q)
=

∑
i1<···<ip

sgn (i1 · · · ip j1 · · · jq) A(xi1 ⊗ · · · ⊗ xip ) ⊗ A(x j1 ⊗ · · · ⊗ x jq )
(5)

i�l���¬r�xjR`E�ÞjßgX�¼[GoÄTab| E�h 5.8 E>½%¾<X
8�ób=�& ��(�ù T(V) G�\@]5» A �r�PV T(V), Tp(V) GC¾�E � �1RI� A(V), Ap(V) Rºv�û�Rºc

A(V) = ⊕pAp(V).

A(V) ��~mT3VCh6E óg=�& ��(oùLR��b�PXyRrûU� Ap(V) ��~mT3VCh6E p ¿<G�\<]jY�Z@\�MLR��g�>Xx>���T �À«×PØeÁ[Ö�Â�Y,Z[\PMøR>à�z�ÃAÄ�iS��V { Tp(V) G@h x |rT��[Ø�G�x<Ì σ ∈ Sp �@Ö ×PØ
ρσx = sgn (σ)x EoÇ3ePT�RI��c p ¿@G�Å5Æ%Ç & �5(�ù�R��<ÓP�3VuXk@vr�m|�\@]rYSZ@\�MyRpÁbÖ%ÂmY�Zb\�M�EÐ�g@c5�6G~ÄAab��¦màmVuX�×:d�×¸cÀbÁ

5.11. \<]3YSZ<\�M6|�Á<Ö,ÂWYSZ<\~Mj�r�mV`X K G�È<^ , 2 ���CÓIc5Á<Ö%ÂWYSZ<\oM6| \j]rY�Zj\�Mm��jVuXÔ�Õ \W]6YyZm\CM A(x) =
∑
σ∈Sp

sgn (σ)ρσ(x) � ρτ E�¹1¦y¼Iß�VSR:c ρτA(x) = sgn (τ)
∑
σ sgn (τσ)ρτσ(x) =

sgn (τ)A(x) R��mVuX � aj� A(x) |�ÁbÖ5ÂrY[Zb\�M<�m�<VCX
?�� K G�È@^�E , 2 R@×¡c x E�ÁjÖ,ÂrY�Z@\oM�R�T6V`X x E x =

∑
i1···ip

ξi1···ip ei1 ⊗ · · · ⊗ eip G3�3z~���,×�Ø,�û X�xbxo� e1, · · · , en |IÐP�5�b¬�R>×¡c i1, · · · , ip |�n<Æ {
1, · · · , n } E��g¬��[z�É6û X

σ ∈ Sp �CÖL×�Ø ρσx =
∑

i1···ip
ξiσ(1)···iσ(p) ei1 ⊗ · · · ⊗ eip R��rV~X�x@xod�� ξiσ(1)···iσ(p) = sgn (σ)ξi1···ip i�=Wdg�3VCXxbx~� K G�Èg^�| , 2 ªPdy�wc i1 · · · ip G>�>dm�gÎAq>µIG�im�I�rÓ ξi1···ip = 0 R��rVjxjRC��Ê>ÄWTWVCXTSV�R x |>��G��[zI����¼I��V´{ x =

∑
i1<···<ip

∑
σ∈Sp

sgn (σ)ξi1···ip eiσ(1) ⊗ · · · ⊗ eiσ(p) . xI��E Ë'Ì�T�V�R:c x =
∑

i1<···<ip
ξi1 ···ip A(ei1 ⊗ · · · ⊗ eip ) = A

( ∑
i1<···<ip

ξi1 ···ip ei1 ⊗ · · · ⊗ eip

) Ro�1�CØPc x |�\@]rY[Zb\�M<�<�mVCX �

l Á
5.12. ÃbÄ[G x ∈ V �uÖL×:Ø

A(· · · x ⊗ · · ⊗x · · · ) = 0

iPlø� ¬WbX<Tm�g®3fu}rY�Zj\�M y = u1 ⊗ · · · ⊗ up ir�mV i, j(i < j) G�t��IÖ�×oØ ui = u j R~���uØràWVP���ÓCc Ay = 0 �j�jVCX
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Ô�Õ }[YyZm\uM y = u1 ⊗ · · · ⊗ up i[�3V i, j(i < j) Gt���Ö/×uØ ui = u j RI�T�PØWà[V6µgG�RCT�V�X��rÌ
τ = (i, j) ∈ Sp EI_<aWV[Rºc%:�;6�C°Wd3Vm�WzC� Ay =

∑
σ∈S+p ρσ(y − ρτy) = 0 Ro�rV`X�x@x~� S+p(⊂ Sp) | �

xuÌ�G~»%Nm�j�jVuX �ÀgÁ
5.13. Ker A = I(= Kerπ) iPl��Â¬W>XÔ�Õ
Ker A, I |P�j^W���>qjs[t>M�ª@d,� Ker A = I(= Ker π) | (Ker A) ∩ Tp(V) = I

p �jÎ�]6�6�6V�X�Í��
I

p ⊂ (Ker A) ∩ Tp(V) E�ÞmTgX I
p GCÃbÄ6G`h3|C}jYSZb\�M

y = u1 ⊗ · · · ⊗ ui−1 ⊗ x ⊗ x ⊗ v1 ⊗ · · · ⊗ vp−i−1 (x, ui, vi ∈ V)

G��W�r���ác%E5h 5.12 �6���Ix�G6�Wz~��}3YSZj\oM y �`Ö,×�Ø Ay = 0 �W�mVPdL�¸c I
p ⊂ Ker A ∩ Tp(V) ��jVuX�6� Ker A ∩ Tp(V) ⊂ I

p E�Þ � z¸XÃgÄ�G y ∈ Tp(V) |~}mY[Z@\:M x1 ⊗· · ·⊗ xp, y1⊗· · ·⊗yp, etc G��j�<�mV~X xi, yi, . . . G~k@lmTrV V GC¯b°gO6Q@G
j5��E {

e1, . . . , en
} R:TWVWR y = ∑

i1,...,ip
ai1...ip ei1 ⊗ · · · ⊗ eip GIdjejf>���mTSx<R:ib�6�PVuXSxbx~� i1, . . . , ip |�nÆ {

1 . . .n
} E��b¬6��zÉWû X Ay =

∑
i1,...,ip

ai1...ip A(ei1 ⊗ · · · ⊗ eip ) R��mVuX�RPxÎui i1 . . . ip Gg�Pdm�gÎAq>µIGIi�jV6Rºc�E5h 5.12 �W�3� A(ei1 ⊗ · · · ⊗ eip ) = 0 R��mV`d��wc Ay =
∑

i1<···<ip

∑
σ∈Sp

aiσ(1)...iσ(p) A(eiσ(1) ⊗ · · · ⊗ eiσ(p) ) =∑
i1<···<ip

a′i1...ip
A(ei1 ⊗ · · · ⊗ eip ) �W�WV`X�x@xu� a′i1...ip

=
∑
σ∈Sp

sgn (σ)aiσ(1)...iσ(p) R��ràmePX@Ð%Ï@c πpy µ`ÎO��
πpy =

∑
i1,...,ip

ai1...ip ei1 ∧ · · · ∧ eip =
∑

i1<···<ip
a′i1...ip

ei1 ∧ · · · ∧ eip RÐ�WT�x<R�ig�6�gV~X�×Ce�i��uØ Ay = 0 ����Óuc
A(ei1 ⊗ · · · ⊗ eip ) e<fg|`Ð>�%�g¬m�m�jVId�� ( �3G Ñ�Ò�Ó�h�E�Ô%Õ<ß�� ) c a′i1...ip

= 0 c πpy = 0 i�=rd>�6VCX �

���T� Á
5.4. Ðb�5�@¬3� V GIH�JyKüM e1, · · · , en R I ⊂ {

1 · · · n } �uÖ�×�Ø e⊗I = ei1 ⊗ · · · ⊗ eip R�yP y×g�rz¡Xx@xC� i1, · · · , ip | I G�h[E��%o[�g���Ö�re3µ�G��m�mVuX A(V) G`h6G�njÆ {
A(e⊗I )

∣∣∣ I ⊂ {
1 · · ·n } } ibÐ>�5�@¬�j�mVmxjR`E�ÞmßbXâ

5.14. A = θ ◦ π EoÇ3ePT�ÈgÉb½<¾ θ : ∧(V)→ A(V) i<ÏPÐjIÑbÒrTWV~X θ |C�g^�E�×j�ÈbÉ3Î`�m�j�mVCX
Tp(V)

π

zzvv
vv

vv
vv

v
A

$$I
II

III
II

I

∧p(V)
θ // Ap(V)
θ−1

oo

8�ó@=�& �%(�ù =<? Ø
5.14 �¢3aje`½<¾ θ : ∧(V) → A(V) |`ÈbÉ[ÎI�3�mGbªgdy�¸c θ iP]b^[ÎI�,R~�mVr�z~�`c A(V) G�¶�·�Eo¨@©rT6VrxrR�ib���gV`X�xIG�¶�·�ErµC��@^<����]b^ A(V) E V G ób=A& �%(où =j? R�g�>X θ : ∧(V)→ A(V) |u�>^@����]>^�G>Îu�W�<�jVuX

\<]mY[Z@\�MP]b^ A(V) ��@à>Ø�	<h A(x), A(y) G�
SE A(x)∧ A(y) Rºv�ûuxmRo��T3V~X A(x) · A(y) Rwv6à@eG��r|�Y�Zb\�M>]b^6G,�I�mG�
�RDÙ3ÎW¼o�6V`d��U�j�jVuX
π(x) ∧ π(y) = π(x ⊗ y) GCn5Ú6� θ E�¹%¦S¼~ß3V3R¸c

A(x) ∧ A(y) = A(x ⊗ y)

E�ÛSVCX<T<�P®Wf A : T(V)→ A(V) |u�g^b����]b^6G~Í6Îu�r�j�jVCX
Ñ5Ò�Ó�h 5.3 G�¼ (5) d��o�S�:dj�

A(x1 ⊗ · · · ⊗ xp) ∧ A(xp+1 ⊗ · · · ⊗ xp+q)

=
∑

i1<···<ip

sgn (i1 · · · ip j1 · · · jq) A(xi1 ⊗ · · · ⊗ xip ) ⊗ A(x j1 ⊗ · · · ⊗ x jq )
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i�l���¬r>X
5.3 �-ÝÜÝÞ«43-�.8�ób= W�ß ∧(V) = ⊕p ∧p (V) GC�g^j����fbÖ@O6Q ∧(V)(∗) = ⊕p∧p(V)∗ i�à,á5âW�m|�[%ãW�j�jV`X ∧(V)(∗) �
~rT6V`h�E V FjG ó@= W�ß (alternating form) R~à@àIc�RWû�� (∧p(V))∗ � ~WT6VChSE V FmG p �5\<]bÉ,¼jc
yS×�Ø p- W%ß (p-form) R��g�PXbÐ��6�

L
(∧p(V) , W

) ' A
(

V p ; W
)
, L

(
Tp(V) , W

) ' L
(

V p ; W
)
,

A
(

V p ; W
) ⊂ L

(
V p ; W

)
.

ªPdy�
L
(∧p(V) , W

) ⊂ L
(

Tp(V) , W
)

RD¬3�>T�xjR:ib�[�PVCX�§Wa@Ó
(∧p(V))∗ ⊂ (Tp(V))∗, ∧(V)(∗) ⊂ T(V)(∗)

RD¬3�>T�xjR:ib�[�PVCXx@xo��ä5�A �¡ ∧(V)(∗) ⊂ T(V)(∗) E>�6G 6å E�¦rà>Ø�ær�[×�Ø,`W�Wz¸X¶¸·W�u»b¹ π : T(V)→ ∧(V) Eu_@arVCX π GC�g^@���>fgÖ�E ι R>�Lû�{
ι : ∧(V)(∗) → T(V)(∗)

π i��g^�E>×m`»@¹3ªPd�� c � �mGu�>^@���>fgÖj�m�<V3RPx�ÎPG ι |C�>^�E>×m>±P¹m�j�jV~X��@c ω ∈ ∧p(V)∗R~T�V�R¡c ι(ω) ∈ Tp(V)∗ �3�rV�X>ÃjÄSG xi ∈ V ��Ö�×~Ø 〈
ι(ω) , x1 ⊗ · · · ⊗ xp

〉
=

〈
ω , π(x1 ⊗ · · · ⊗ xp)

〉
=

〈
ω , x1 ∧ · · · ∧ xp

〉 ijl �¸¬�Wd���c ω ∈ A
(

V p ; K
)
, ι(ω) ∈ L

(
V p ; K

) R�¬��rT/R�c (ι(ω))(x1, · · · , xp) =

ω(x1, · · · , xp). T<�P®3foc ι(ω) = ω �j�mVCX3�S� ∧(V)(∗) ⊂ T(V)(∗) | π Gu�g^<�S�>f@Ö ι �r�PV�ä5�T �¡6� çW���:�bàPX8�è,é1& �5(�ù Auób=5´ ê � Y�Zb\�M>]b^ T(V)(∗) G ób=5´ A E T(V) G�\<]5» A GC�g^<����fbÖ�Rg×�ØP¨©rT3VCX<T<�P®WfCc f ∈ T(V)(∗) R x ∈ T(V) �CÖ�×�Ø
〈

A f , x
〉
=

〈
f , Ax

〉
.

R:T3VCX
T(V) G�\<]5»ji 0 �6ªPd�� � GC�b^b����fbÖj�m�jV6R�x�ÎgG A |�v3|�� 0 �6G�Yb�bÈbÉb½@¾m�j�jVuX
T(V)(∗) �Pò��Ö��c<Ð�[� L

(
Tp(V) , W

) G�\@]%» A E��[G�¼r�P¨g©mT3V´{
A( f ) = f ◦ A ( f ∈ L

(
Tp(V) , W

)
).

xbx~��ë�Ú[G A | Tp(V) G�\@]%»j�j�mVCXÀ6Á
5.15. Ã6Ä�G f ∈ L

(
Tp(V) , W

) �bÖ´×uc A f ∈ L
(∧p(V) , W

) ieì��gl �:¬�WX�Á6Ö��@Ã3Ä�G g ∈
L
(∧p(V) , W

) �IÖ,× g = A f RC�rV f ∈ L
(

Tp(V) , W
) im�WVIX@[��� A | L

(
Tp(V) , W

) G L
(∧p(V) , W

)

G>F>ðrGCÈgÉb½@¾r�<�jVuX
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ÔrÕ
A f i�\<]>É5¼W�j�<VrxjRIE>¬j�WÓr�uà�X

(A f )(· · · , x, x, · · · ) = (A f )(· · · x ⊗ x · · · )
= f (A(· · · x ⊗ x · · · )) = f (0) = 0.

� aj� A f ∈ A
(

V p ; W
) ' L

(∧p(V) , W
)
.

Á@Ö��CÃ@ÄSG g ∈ L
(∧p(V) , W

) �uÖ�×¡c g′ = g ◦ θ−1 R>��ûwX�x@xC� θ : ∧(V) → A(V) |�E�h 5.14 ��¢6aje
)'*�+,)`MrÎu�m�m�jVCX<TWV3R g′ ∈ L

(
Ap(V) , W

) ��c Ap(V) | Tp(V) GC¯@°>O[QbªPd��wc g′ G�P%Qm�j�mVWRx�ÎgG f ∈ L
(

Tp(V) , W
) i�ÑbÒmTWV (Ap(V) G EgO3QrE~Ð<�Rm�Ýc%E>O6QbF>� f = 0 R�Tg�mÓW�uà ) X

g(x1, · · · , xp) = g(x1 ∧ · · · ∧ xp) = g(π(x1 ⊗ · · · ⊗ xp)) = g′(A(x1 ⊗ · · · ⊗ xp))
= f (A(x1 ⊗ · · · ⊗ xp)) = (A f )(x1 ⊗ · · · ⊗ xp) = (A f )(x1, · · · , xp)

ªPdy�wc3e[×�dm� g = A f Ro�1�~ØjàmVCX �â
5.16. ∧(V)(∗) ⊂ T(V)(∗) R�_barV3RI��c T(V)(∗) G�\@]%» A | T(V)(∗) d�� ∧(V)(∗) GgF�ðrGC½@¾j�m�jVuX

T(V)(∗) G�\<]5» A i ∧(V)(∗) G>F>ðrGo½<¾m�m�<V3Roà�zIxmR`E�c%�3G�í%Ïm��æ3�[×�Ø,`W�Wz¸X�mG~ËbÌWÊ�¼�EI_bamVuX
T(V)

π

��

A // T(V)

∧(V)
θ

// A(V)

γ

OO

xbx~� γ |C�b^@�S��¯@°bO6Q A(V) d�� T(V) ðrG[¶º·3��±�¹W�j�mV~XÊ�¼[��îm�3VoÖ%ï3GC�b^@�S��fbÖ�EWRCVrxjR:�@�jGPÊ�¼mieð�ñWFgirVCX
T(V)(∗) T(V)(∗)A=A(∗)

oo

γ(∗)

��
∧(V)(∗)

ι

OO

A(V)(∗)
θ(∗)

oo

xbGmÊ%¼�d/� T(V)(∗) G\6]1» A i T(V)(∗) E ∧(V)(∗) GmF[�P½�TLx[R>|r�,�Cd3�[�AÎLzoX>î�ï<cbÃrÄLG
ω ∈ ∧(V)(∗) �CÖ�×:Ø�c θ(∗) |�fb¹@c γ(∗) |~»@¹6ª�dy� ι = θ(∗) ◦ γ(∗)( f ) �mV f ∈ T(V)(∗) i�Ñ@ÒmTrVuX<Tj��®WfCc
ι(ω) = A( f ) Ro�1�~ØPc A | ι(∧(V)(∗)) GgF�ðrGC½@¾j�m�jVuXÀgÁ

5.17. ϕ : T(V∗)→ T(V)(∗) E3¶º·r�>±�¹�Rg×¸c T(V∗), T(V)(∗) G�\<]5»�E`ÎTqpò5© A ���mT>X�x`G6R��
A ◦ ϕ = ϕ ◦ A

i�l���¬r>X�xbx~��ó�Ú�G A | T(V)(∗) G�\b]5»@c5ë�Ú�G A | T(V∗) G�\@]5»m�j�jVuXRrû:� ϕ | A(V∗) E ∧(V)(∗) G��>�o½WT { ϕ(A(V∗)) ⊂ ∧(V)(∗) X dim V < ∞ �S�~Ó ∧(V)(∗) GgF<�C½rTPXÔrÕ x��m| ϕ E T(V∗)×T(V) FjG 0 �%f@Ð>�bÉ�¼�R�_bamVWR¸°mdL�Ðv<T@àPX>Ã>Ä�G ξ ∈ T(V∗) R x ∈ T(V) �ÖL×�Ø
ϕ(ξ, Ax) = ϕ(Aξ, x) (6)

43



iglø� ¬6�xrRPE<��¬L�6z:X ξ = ξ1 ⊗ · · · ⊗ ξp, x = x1 ⊗ · · · ⊗ xp, ξi ∈ V∗, xi ∈ V, p > 0 G�ôeõ5ö[E�_mag�Ó�9r°6�W�3V`X5ó,Ú�| ϕ(ξ1 ⊗ · · · ⊗ ξp, A(x1 ⊗ · · · ⊗ xp)) =
∑
σ sgn (σ)

〈
ξ1 , xσ(1)

〉 · · · 〈 ξp , xσ(p)
〉 �Ic5ë�Ú�|

ϕ(A(ξ1 ⊗ · · · ⊗ ξp), x1 ⊗ · · · ⊗ xp) =
∑
σ sgn (σ)

〈
ξσ(1) , x1

〉 · · · 〈 ξσ(p) , xp
〉 ��÷�×~àIXøGuf[�IµuÎTqù£5¤�¼

∣∣∣∣∣∣∣

〈
ξ1 , x1

〉 〈
ξ1 , x2

〉 · · ·
...

...

∣∣∣∣∣∣∣

G�]r��c � a<� ó�Ú�RDë5Ú[|�ú5÷�×~à6x<R�i�°mdWVCX¼IØ ϕ(ξ, Ax) =
〈
ϕξ , Ax

〉
=

〈
A(ϕξ) , x

〉
. Ð%Ï<c ϕ(Aξ, x) =

〈
ϕ(Aξ) , x

〉 ªbdL� 〈
A(ϕξ) , x

〉
=

〈
ϕ(Aξ) , x

〉

i�=Wdg�3VCX�x��<iIÃgÄ�G ξ, x �Pl/��¬Wbd�� A ◦ ϕ = ϕ ◦ A �m�jV~XÃgÄ�G x ∈ T(V∗) �uÖL×:Ø ϕ(Ax) = A(ϕx) ª>d�� ϕ(A(V∗)) ⊂ ∧(V)(∗) �m�jV~X dim V < ∞ G��<Æ6�g| ϕ | f>¹ªPdy� ϕ(A(V∗)) = ∧(V)(∗) �m�<VCX �

8�ób= W%ß A~=@? ω ∈ ∧p(V)∗ R θ ∈ ∧q(V)∗ G�X�
 ω ∧′ θ ∈ ∧p+q(V)∗ E
ω ∧′ θ = A( f ⊗ g) (ω = A f , θ = Ag)

�r�[�Ý¨g©rTWVCX�
ji well-defined �<�jVrxjRC|~�6G E�hmdy�w°mdWVCX
l Á

5.18. N =
{

f ∈ T(V)(∗)
∣∣∣ A f = 0

} R>�Lû X N | T(V)(∗) GCngp3q>srt`M@�j�mVCXÔ6Õ
N | T(V)(∗) G`¯j°@O�Qb�m�WVIX[¼[�C� ê � Y�Z@\~Mb]@^SG�\<]�» A GI¨<©/RùÑ%ÒrÓ h 5.3 G�¼ (5) ��6�

〈
A( f ⊗ g) , x1 ⊗ · · · ⊗ xp+q

〉
=

〈
f ⊗ g , A(x1 ⊗ · · · ⊗ xp+q)

〉

=
∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq)

〈
f , A(xi1 ⊗ · · · ⊗ xip )

〉 · 〈 g , A(x j1 ⊗ · · · ⊗ x jq )
〉

=
∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq)

〈
A f , xi1 ⊗ · · · ⊗ xip

〉 · 〈 Ag , x j1 ⊗ · · · ⊗ x jq
〉
.

x@xCd�� A f = 0 �>e<| Ag = 0 ���CÓ A( f ⊗ g) = 0 R��WVWxjRu|g���Ud<�m�mVuX � am� N | T(V)(∗) ��1@Von@pWq>srtuM<�m�<VCX �

xIG�E�h6�r�6� ω = A f = A f ′, θ = Ag = Ag′ ���oÓ A( f ⊗g)−A( f ′⊗g′) = A(( f − f ′)⊗g)+A( f ′⊗(g−g′)) = 0Ro���CØ>c A( f ⊗ g) = A( f ′ ⊗ g′) X@Tm�P®6f ω ∧′ θ | well-defined �r�mVuXE%h�G��3�>d��¸�6G ¼yµu���Ud<��jV {
〈
ω ∧′ θ , x1 ∧ · · · ∧ xp+q

〉

=
∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq)

〈
ω , xi1 ∧ · · · ∧ xip

〉 · 〈 θ , x j1 ∧ · · · ∧ x jq
〉
.

(7)

ω ∧′ θ E¼ (7) E�¦�à3Øj¨3©�T�V�x�Rmµ>�L�WVbX�îyïjc5ë�Ú�| x1, · · · , xp+q G5\[]3É�¼Lªrd���ó1Ú�|
well-defined �j�mV ( E�h 5.8 E>½5¾ ) XxPG�¶'·��6�S�wc ∧(V)(∗) |`�<^m���~]<^��@���wc A : T(V)(∗) → ∧(V)(∗) |`�<^m���~]<^�G`Í[Î���Ru�3VIX
∧(V)(∗) |�±P²3³uÅbÆ3³`]>^r�m�jVuXÃbÄ[G ξi ∈ V∗(⊂ ∧(V)(∗)) �uÖL×:ØPc

(ξ1 ∧′ · · · ∧′ ξp)(x1, · · · , xp) =
〈
ξ1 ∧′ · · · ∧′ ξp , x1 ∧ · · · ∧ xp

〉
= det(

〈
ξi , x j

〉
)
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i�l���¬r>XPîWï�c ξ1 ∧′ · · · ∧′ ξp = A(ξ1 ⊗ · · · ⊗ ξp) ªPdy� c
(ξ1 ∧′ · · · ∧′ ξp)(x1, · · · , xp) = (ξ1 ⊗ · · · ⊗ ξp)(A(x1 ⊗ · · · ⊗ xp))

=
∑

σ∈Sp

sgn (σ)
〈
ξ1 , xσ(1)

〉 · · · 〈 ξp , xσ(p)
〉
= det(

〈
ξi , x j

〉
).

ÀgÁ
5.19. ω ∈ ∧p(V)∗, θ ∈ ∧q(V)∗ ���oÓ
ω ∧′ θ = (−1)pq θ ∧′ ω

i�l���¬r>X
p i��b^3���~Ó ω ∈ ∧p(V)∗ | ∧(V)(∗) G�T5�bØmGIhyR Ë@Ìr�m�<V ( ���[�g�jV ) X
p i��@^3���~Ó~c ω ∈ ∧p(V)∗ |

ω ∧′ ω = 0

E�Ç6ePT>XÔrÕ xbx��r| ω ∈ A
(

V p ; K
)
, θ ∈ A

(
Vq ; K

) R�_@arVCX
(ω ∧′ θ)(xN) =

∑
(I,J) sgn

( N
I,J

)
ω(xI) · θ(xJ)

= (−1)pq ∑
(J,I) sgn

( N
J,I

)
θ(xJ) · ω(xI) = (−1)pq(θ ∧′ ω)(xN)

� aj��û<ÐWG�¼riPl/��¬W>X p i�>^3���oÓ (−1)pq = 1 ªPd��wÃgÄ�G θ �CÖ�×�Ø ω ∧′ θ = θ ∧′ ω �j�jVCX�6� ω ∈ A
(

V p ; K
) �CÖy×�Ø ω ∧′ ω E`_@amVCX S E N =

{
1 · · · 2p

} G p h<d��ºl�V�¯<°�n<Æ I »%N[G�n<ÆLR×¸c S 1 =
{
I ∈ S

∣∣∣ 1 ∈ I
}
, S 2 =

{
I ∈ S

∣∣∣ 1 < I
} R�TrVWR¸c S | S 1 R S 2 G��Wà@��ºm���j��cNÖ5g I ∈ S 1 7→ J ∈ S 2

(J | I G�E5nbÆ ) |�fb¹r�m�<VCX p i��b^3���oÓ sgn
( N

J,I
)
= (−1)p·psgn

( N
I,J

)
= −sgn

( N
I,J

) ªPd��
(ω ∧′ ω)(xN) =

∑
I∈S 1

sgn
( N

I,J
)
ω(xI) · ω(xJ) + sgn

( N
J,I

)
ω(xJ) · ω(xI)

=
∑

I∈S 1

(
sgn

( N
I,J

)
+ sgn

( N
J,I

) )
ω(xI) · ω(xJ) = 0.

� aj� ω ∧′ ω = 0 �m�jV~X �

8
∧(V∗) ü3ý ∧(V)(∗) þ AHÿ�������� ϕ : T(V∗) → T(V)(∗) E3¶¡·6�g±P¹/RoT3V`X ϕ G A(V∗) ðWG`ñ3ò3E ψ′Rºv´û>Rºc	�%h 5.17 �PÞ�×ue3�Wz~� ψ′ | A(V∗) G ∧(V)(∗) G'�uð3G�±P¹W� (dim V < ∞ ���oÓ�fb¹W�m�mV ) c

A ◦ ϕ = ψ′ ◦ A i>l��á¬3bX��5�`Ø ψ′(Aξ ∧ Aη) = ψ′(A(ξ ⊗ η)) = A(ϕ(ξ ⊗ η)) = A(ξ ⊗ η) = Aξ ∧′ Aη Ro���ác
ψ′ : A(V∗)→ ∧(V)(∗) |C�b^@�S��]g^�G`±P²6³CÍWÎ`�r�j�mV~X
θ : ∧(V∗) → A(V∗) E Ø 5.14 ��¢6a<e%)'*�+,)IMr�bÎ`��Rg×¡c ψ = ψ′ ◦ θ R>��û�R¸cb�b^@����]g^�GI±P²6³Í3Î`� ψ : ∧(V∗)→ ∧(V)(∗) i�Û,�¸�3VuXP¨g©Wd������Udj�uÃgÄ6G ξ ∈ V∗ �uÖL×�Ø ψ(ξ) = ξ Xy×~e>i��CØ ψ |Í3Î`�6ªPd��wÃgÄ�G ξi ∈ V∗ �CÖy×�Ø ψ(ξ1 ∧ · · · ∧ ξp) = ξ1 ∧′ · · · ∧′ ξp iPl/��¬W>X
ψ E ∧(V∗) d�� ∧(V)(∗) G,�`ðmG[¶¸·W��±>²3³CÍ3Îu��Ro�>�PX ψ |`±P¹r�m�<VCX dim V < ∞ G��@Æ[�g| ψ |

fg¹,R��mV`d��wc�¶w·W�@Îu��Ro�g�>X� am� ξ ∈ ∧(V∗) R ψ(ξ) ∈ ∧(V)(∗) E�ÎgÐ5B,×�Ø>c ∧(V∗) ⊂ ∧(V)(∗) RÖ¬[�gT�xWR�i>Ë�
j�m�rVIX � z:T[VRºc ξi ∈ V∗ �CÖ�×�ØPc ξ1 ∧ · · · ∧ ξp R ξ1 ∧′ · · · ∧′ ξp E���mTWV���ãmij�yûU�mV`d��wc ω R θ G�X5
 ω ∧′ θ E
ω ∧ θ Rºv[à>Ø�×`�'�CØ�µ�Ó�h�|>�<à�X � xo�@�<�b�m|`c�Ù6Î<G�� � �<i<�'@I�WÓuc ω ∧′ θ E ω ∧ θ Rwv´ûuxR~�PTWVCX
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eSR�a<Ó ω ∈ ∧p(V)∗, θ ∈ ∧q(V)∗, xi ∈ V �CÖ�×�ØIc
〈
ω ∧ θ , x1 ∧ · · · ∧ xp+q

〉

=
∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq)

〈
ω , xi1 ∧ · · · ∧ xip

〉 · 〈 θ , x j1 ∧ · · · ∧ x jq
〉
.

(8)

����c dim V = ∞ ���~ÓCc ψ |~»@¹r�j�bà6xmR~� ÊgÄrT3VCXjT@�P®3f~c ∧(V∗) | ∧(V)(∗) G��b¯@°5n@Æm�m�V ( �<G §SE>½%¾ ) X
¥

5.2. Ã3Ä�G f = ξ1 ∧ η1 + · · · + ξn ∧ ηn ∈ ∧2(V∗) ⊂ A
(

V2 ; K
) |@c f : V → V∗ RP_[a�Vr���gÓbc

f (x) =
∑n

i=1
( 〈
ξi , x

〉
ηi −

〈
ηi , x

〉
ξi
) ªPdy�wc Img f | ξi, ηi (i = 1, · · · , n) �����¡�Pc rank f < ∞ �m�jVCXRbx�Î�i�§6amÓ`c V i {

ei
}
i∈Z E�j%���[µ~yR < ¨�×~ØPc f ∈ L

(
V2 ; K

) E f (ei, ei+1) = 1, f (ei, ei−1) = −1,

f (ei, e j) = 0 ( j , i + 1, i − 1) �P¨b©WT3V6R¸c f ∈ A
(

V2 ; K
) X f E f : V → V∗ R�_<arV6R¸c f (ei) = e∗i+1 − e∗i−1�m�rVCX�x@x~� e∗i | e∗i (e j) = δi j �>¨g©y¼~�[V V∗ G�hbX {
e∗i+1 − e∗i−1

}
i∈Z |IÐb�5�@¬6ªgd��¸c rank f = ∞ �r�VCX � a<�Wx`G f | ∧2(V∗) �@|�~L×~�bàIXjW�S� ∧2(V∗) ( A

(
V2 ; K

) X
ψ |WµIf,Î�_ ∧(V∗) × ∧(V) F<G 0 �6G�Y@�5f<Ðg�>É5¼,RD¬SVjxjR>µo�3�gVCX � zÐ¬W�gT�Rwc

ψ(ξ1 ∧ · · · ∧ ξp, x1 ∧ · · · ∧ xp) =
〈
ψ(ξ1 ∧ · · · ∧ ξp) , x1 ∧ · · · ∧ xp

〉

=
〈
ξ1 ∧′ · · · ∧′ ξp , x1 ∧ · · · ∧ xp

〉
= det

( 〈
ξi , x j

〉 )
i, j�j�mVCXÀgÁ

5.20. ∧(V∗) × ∧(V) F<G�Yb�5fjÐ>�>É%¼ ψ |��	�,»m�m�<VCXÔWÕ
V E V∗ �5x3��Ì6aWV[R¸c1)1*�+�)�Mr�g±P¹ ψ′ : ∧(V∗∗) → ∧(V∗)(∗) i�Ñ<ÒrT6VWxjRu�g�WVCX ψ′ G ∧(V)ðrGuñWò ψ′′ |I±I¹W�j�mV~XyR>x�Îui
ψ′′(x1 ∧ · · · ∧ xp, ξ1 ∧ · · · ∧ ξp) = det

( 〈
xi , ξ j

〉 )
i, j

R��rV`d�� ψ′′ = tψ X � a@� ψ µ tψ µ�±�¹W��c ψ |��	�,»m�<�mVCX �

8 ärå���� λ : V → W EoÈbÉ@½<¾,R:T6VCX�x@x~�r| λ iWìr� í x~T�Í6Î`� ∧λ : ∧(V) → ∧(W) E λ R�y> ×¸c ∧λ Gu�g^b���>f@Ö (∧λ)(∗) : ∧(W)(∗) → ∧(V)(∗) E λ∗ R>yP jTrVuX<TWV3R
〈
λ∗ω , x

〉
=

〈
ω , λx

〉
(ω ∈ ∧(W)(∗), x ∈ ∧(V)).

λ∗ | λ �r�PV>äjå���� (pull-back) R��jÓ`�3VuX¨b©rd����S�Udr�~cbÃbÄ[G ω ∈ (∧p(V))∗, xi ∈ V �~ÖL×�Ø
〈
λ∗ω , x1 ∧ · · · ∧ xp

〉
=

〈
ω , λx1 ∧ · · · ∧ λxp

〉

�jVPà<|
(λ∗ω)(x1, · · · , xp) = ω(λx1, · · · , λxp)

i�l���¬r>XÀgÁ
5.21. λ : V → W EoÈ>Éb½<¾gc ψ : ∧(V∗)→ ∧(V)(∗), ψ′ : ∧(W∗)→ ∧(W)(∗) E3¶º·r�>±P²W³uÍ3ÎC�,R:TrVuXx`G�RI��c
ψ ◦ λ∗ = λ∗ ◦ ψ′
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i�l���¬mgX�xgx~�óÚ�G λ∗ | λ∗ : W∗ → V∗ Gbìj� í x�T�Í3ÎC� ∧(λ∗) : ∧(W∗)→ ∧(V∗) E�ÄAa[×ºc�ë5Ú6G
λ∗ | λ �r�PV>ìm����× (∧λ)(∗) : ∧(W)(∗) → ∧(V)(∗) �m�jVCX

∧(W∗)

λ∗

��

ψ′ // ∧(W)(∗)

λ∗

��
∧(V∗)

ψ
// ∧(V)(∗)

ÔrÕ ÃgÄ6G ηi ∈ W∗, xi ∈ V �CÖL×�Ø�c,ó�Ú6|
〈
ψ ◦ λ∗(η1 ∧ · · · ∧ ηp) , x1 ∧ · · · ∧ xp

〉
=

〈
ψ(λ∗η1 ∧ · · · ∧ λ∗ηp) , x1 ∧ · · · ∧ xp

〉

=
〈
λ∗η1 ∧′ · · · ∧′ λ∗ηp , x1 ∧ · · · ∧ xp

〉
= det

( 〈
λ∗ηi , x j

〉 )
= det

( 〈
ηi , λx j

〉 )
,

Ð�Ï@c5ë�Ú[|
〈
λ∗ ◦ ψ′(η1 ∧ · · · ∧ ηp) , x1 ∧ · · · ∧ xp

〉
=

〈
ψ′(η1 ∧ · · · ∧ ηp) , λx1 ∧ · · · ∧ λxp

〉

=
〈
η1 ∧′ · · · ∧′ ηp , λx1 ∧ · · · ∧ λxp

〉
= det

( 〈
ηi , λx j

〉 )
.

×~e>i��CØ�c ψ ◦ λ∗ = λ∗ ◦ ψ′ �j�<VuX �ÀgÁ
5.22. λ : V → W �r��Vgìm���y× λ∗ : ∧(W)(∗) → ∧(V)(∗) |C�>^<����]>^[G�±P²3³CÍ3Îu�W�<�jVuXÔrÕ ÃgÄ6G ω ∈ ∧p(W)∗, θ ∈ ∧q(W)∗, xi ∈ V �uÖL×�ØIc

〈
λ∗(ω ∧ θ) , x1 ∧ · · · ∧ xp+q

〉
=

〈
ω ∧ θ , λx1 ∧ · · · ∧ λxp+q

〉

=
∑

i

sgn (i, j)
〈
ω , λxi1 ∧ · · · ∧ λxip

〉 · 〈 θ , λx j1 ∧ · · · ∧ λx jq
〉

=
∑

i

sgn (i, j)
〈
λ∗ω , xi1 ∧ · · · ∧ xip

〉 · 〈 λ∗θ , x j1 ∧ · · · ∧ x jq
〉

=
〈
λ∗ω ∧ λ∗θ , x1 ∧ · · · ∧ xp+q

〉

i�l���¬m@d��wc ∧p+q(V) FP� λ∗(ω ∧ θ), λ∗ω ∧ λ∗θ |`Ð�FrTrVuXøGCf[��µ p + q �6G�Y@�@hWªPdy� p + q �<�
X[G`l<°3Fb�r| 0 �r�mV`X@Tm�>®6f λ∗(ω ∧ θ) = λ∗ω ∧ λ∗θ �m�rVuX � am��Ð��SG ω, θ ∈ ∧(W)(∗) �CÖ�×�Ø�µ
λ∗(ω ∧ θ) = λ∗ω ∧ λ∗θ �j�jVuX �

8:9j;g=j?��bA ��!#"%$#! W,ß f : V ×W → K E�fjÐg�bÉ5¼�R�TWVuX f : V → W∗ Rù¬W�>TyRºc f |C�@^@���]b^[GI±P²3³CÍ6ÎC�
∧ f : ∧(V)→ ∧(W∗)(⊂ ∧(W)(∗))

EPìr� í xoT>X ∧ f E ∧(V) × ∧(W) FjG 0 �5f@Ðg�gÉ%¼�RÐ¬6e�RI��c
(∧ f ) ( x1 ∧ · · · ∧ xp , y1 ∧ · · · ∧ yp ) = det

(
f (xi, y j)

)
i, j

i�l���¬r>XPîWï�c x ∈ V �CÖ�×:Ø x∗ = f (x) R vøû�Rºc
(∧ f ) ( x1 ∧ · · · ∧ xp , y1 ∧ · · · ∧ yp ) =

〈
(∧ f )(x1 ∧ · · · ∧ xp) , y1 ∧ · · · ∧ yp

〉

=
〈

x1
∗ ∧ · · · ∧ xp

∗ , y1 ∧ · · · ∧ yp
〉
= det

( 〈
xi
∗ , y j

〉 )
i, j

= det
(

f (xi, y j)
)

i, j
.
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Î�O[��&�x�f<Ð>�bÉ�¼ t f : W × V → K | 0 ��fjÐ>�gÉ%¼ ∧( t f ) : ∧(W)→ ∧(V∗)(⊂ ∧(V)(∗)) E>ìm� í xoTgX
(∧( t f )) ( y1 ∧ · · · ∧ yp , x1 ∧ · · · ∧ xp )

= det
(

t f (yi, x j)
)

i, j
= det

(
f (x j, yi)

)
i, j

= (∧ f ) ( x1 ∧ · · · ∧ xp , y1 ∧ · · · ∧ yp )

ªPdy�
∧( t f ) = t(∧ f )

i�l���¬mgX�×~ePi��CØ�c f i'�(�%»3����Ó ∧ f | �(�%»r�j���ác f i�Ö%ÂW�S�~Ó ∧ f |~Ö5Âr�j�<VuXPîrï�c fi'�)��»3���oÓ f , t f |P±P¹�ªgdy�ºc � �1RP�@iWìr� í x~T ∧ f , ∧( t f ) = t(∧ f ) µ~±P¹3�r�jV`X � aj� ∧ f |
�	�,»m�j�jVCX f i�Ö%ÂW�S�~ÓCc f = t f ª>d�� ∧ f = ∧( t f ) = t(∧ f ) �m�jVCX��� dim V = dim W ≤ ∞ � f i	�*�e»�G��WÆ�E>_Wa6VPXSxgG�rÆrc f : V → W∗ |fj¹�ª@d/�ù?r½W¾
f −1 : W∗ → V(' V∗∗) i�¨g©�¼~�WVuX f −1 | W∗ ×V∗ F@G �	�5»%f@Ð>�bÉ�¼�RÐ¬SVmx<R�ig�6�gV~X f −1 ◦ f = id,

f ◦ f −1 = id ª>d�� ∧( f −1) ◦ ∧ f = id, ∧ f ◦ ∧( f −1) = id, T@�P®3f
∧( f −1) = (∧ f )−1

�j�mVCX
¥

5.3. K = R G��<Ægc V G,+(- (V × V F<G����%»gÖ%Â5fjÐP�gÉ%¼ ) g | ∧(V) F@�.+#- ∧g EPìj� í x~T>X
�,�A� Á

5.5. ( �AabG>�mV��3ª%@ ) +- g i�/<¨�]W���oÓ~c)+#- ∧g µ0/<¨�]m�m�jVuX
dim V = n < ∞ Rg×¸c g G�/�0@^SE (s, t) R:TrVuXSx`G[RI�:c ∧g G�/�0b^6| (2n, 0) (t = 0 G�RI� ) c (2n−1, 2n−1)

(t > 0 G[R`� ) R��mVCX�mF<GWxjR`E��3�Iß��oX
����|>c,R[ûI��Ù%1yG,� � ��Gm�6àWò��¡c5f[Ðm�3É1¼ f : V × W → K i�ì�� í xPT,Y6�1f6ÐW�rÉ�¼
∧ f : ∧(V) × ∧(W)→ K EIÎrq¸ �0 f ���rTPXjT<�>®rf

f ( x1 ∧ · · · ∧ xp , y1 ∧ · · · ∧ yp ) = det
(

f (xi, y j)
)
i, j
.

8�2�3>;
(I) x ∈ ∧(V) �CÖL×�Ø ix = ex

(∗) R���û�R¸c
〈

ixω , y
〉
=

〈
ω , exy

〉
=

〈
ω , x ∧ y 〉

(x, y ∈ ∧(V), ω ∈ ∧(V)(∗)).

�g^<�S�:]g^[GuÐ�	4m��Z��je3�mzo�Cc ixω E x �r��V ω G ( ë ) 5�¯5
LRo�>�PX x ∈ ∧(V) 7→ ix ∈ Lgr.
(∧(V)(∗) )

|C�b^�E>?[��TWV`±�²3³�ÁgÍWÎ`�r�m�jV~X
x ∈ V, xi ∈ V, ω ∈ (∧p(V))∗ ���oÓ

〈
ixω , x2 ∧ · · · ∧ xp

〉
=

〈
ω , x ∧ x2 ∧ · · · ∧ xp

〉
,

�jVPà<|
(ixω)(x2, · · · , xp) = ω(x, x2, · · · , xp).
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ÀgÁ
5.23. x ∈ V ���oÓ~c x �r�>V�5:¯,
 ix : ∧(V)(∗) → ∧(V)(∗) |

ixθ =
〈
θ , x

〉
= θ(x) (θ ∈ V∗)

E�Ç6ePT@ÏPÐ<mG −1 �5Á�6b°m�j�jVCXÔrÕ ¨g©mdy�����¡dm� ix | −1 �6G�Y@�bÈgÉ � Ìm�Pc<Ðg�3G`h θ ∈ V∗ �uÖL×�Øm| ixθ =
〈
θ , x

〉 E�Ç3e>T>X
ω ∈ (∧p(V))∗, θ ∈ (∧q(V))∗ xi ∈ V RUT3V3R¸c

(ix(ω ∧ θ))(x2, · · · , xp+q) = (ω ∧ θ)(x, x2, · · · , xp+q)
=

∑
1<i2<··<ip

sgn (1 i2 · · · ip j1 · · · jq) ω(x, xi2 , · · · , xip ) · θ(x j1 , · · · , x jq )
+

∑
1<i1<···ip

sgn (i1 · · · ip 1 j2 · · · jq) ω(xi1 , · · · , xip ) · θ(x, x j2 , · · · , x jq ).
(9)

:�;��P°�dSV��SzI�gc (9) G�ë1Ú�G�û3Ð�G��| ((ixω) ∧ θ)(x2, · · · , xp+q) ��÷�×Sû¸c%ûe	�G���| (−1)p(ω ∧
ixθ)(x2, · · · , xp+q) ��÷�×~à�X � a<� (xi |uÃgÄ3ª>d�� )

ix(ω ∧ θ) = (ixω) ∧ θ + (−1)pω ∧ (ixθ)

i�l���¬�f~c ix | −1 �3G Á	6b°m�j�jVuX
Dθ =

〈
θ , x

〉
(θ ∈ V∗) E�Ç3ePT −1 �5Á(6@° D G`ÐPÄ<Û6|~�[G�Ó h6G�¼Wd������Udb�m�,Î6z¡X �

�,�A� Á
5.6. ÃgÄ[G x ∈ V, θi ∈ V∗ �CÖL×�Ø

ix(θ1 ∧ · · · ∧ θp) =
∑p

i=1(−1)i−1 〈
θi , x

〉
θ1 ∧ · · · ∧ θ̂i ∧ · · · ∧ θp. (10)

iPlø��¬3�xrR�E�c ix(θ) =
〈
θ , x

〉 R ix i −1 �,Á	6<°m�r�jVWxjRCª�@jE�¦ràbØ�6��ß�� (p �, �T3V�7�8,·E�93a ) X
¼ (10) d���|u�6G Ø µu�S�:db�<�'Î6z¡Xâ
5.24. Ã>Ä�G x ∈ ∧(V) �CÖ�×:Ø�c ix | ∧(V∗) E�: � �PTrVCX
��� n = dim V < ∞ Rb×Uc e = (e1, · · · , en) E V G � ( o%�%j ) R:T6VCX e∗ = (e1

∗, · · · , en
∗) E e ��fbÖ6� V∗G���R:TWVCX>ÃgÄ�G I,K ⊂ {

1, · · · , n } �~ÖL×�Ø
ieI (eK

∗) =


sgn

( K
I, K\I

)
eK\I

∗ (I ⊂ K)
0 (I 1 K)

(11)

iglø�á¬6gX>î3ï>c I, K | � �1R>� p h , q h��[�wl�V[R�T[V6R¡c p > q �y�~Ó<����dW� I 1 K, ieI (eK
∗) = 0�6�6VPX p ≤ q ���IÓ J E q − p h3d,�:lyV {

1, · · · , n } GI¯W°'n3Æ�Rm×uØ ieI (eK
∗) =

∑
J aJeJ

∗ R���û@R�c
aJ =

〈
ieI (eK

∗) , eJ
〉
=

〈
eK
∗ , eI ∧ eJ

〉
. x@x~d��p:,;3�I®@d6Vj�Wz~�uc aJ | I ∪ J = K G��<Æ6�bò1�uØ�]�Ejµf~c � G�]6| aJ = sgn

( K
I,J

) ��÷�×�àPXS���uØ@F<G�¼�E>ÛSVCX8�2�3>;
(II) �[� ω ∈ ∧p(V)∗ �~Ö�×�Ø�c@È>Éb½<¾ iω : ∧(V)→ ∧(V) E

iω(x1 ∧ · · · ∧ xp+q) =
∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq) ω(xi1 ∧ · · · ∧ xip ) x j1 ∧ · · · ∧ x jq

�W���Ý¨@©rT6VCX�x@x~� {
i1 · · · ip

} ⊂ {
1 · · · p + q

} � {
j1 · · · jq

} | � G�E%n@ÆW�j�rVCX�ë5Ú�| x1, · · · , xp+q �
 3×�Ø�\<]3³bª>d�� iω | well-defined �j�jV ( E�h 5.8 E�½%¾ ) Xmebª�× r < p, x ∈ ∧r(V) ���oÓ iωx = 0 R�TVCX[�Pe p < 0 ���oÓ iω = 0 R�TrVCX@Ð�6G ω ∈ ∧(V)(∗) �CÖy×�Øm| iω =

∑
p iωp R:T3VCX
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ÀgÁ
5.25. ÃbÄ[G ω, θ ∈ ∧(V)(∗), x ∈ ∧(V) �~ÖL×�Ø

〈
ω ∧ θ , x

〉
=

〈
θ , iωx

〉
(12)

i�l���¬rbX<T<�P®Wf ∧(V) ���<àgØ�c@ÃgÄ[G ω ∈ ∧(V)(∗) �uÖL×�Ø ω �r�>V)5�¯%
miP¨g©W�6�CØ>c iω i � G
5:¯,
m�j�jVCXÔmÕ îrï`c ω ∈ ∧p(V)∗, θ ∈ ∧q(V)∗, x = x1∧· · ·∧xp+q (xi ∈ V) �S��Ó (12) G�óÚ6| ∑

i1<···<ip
sgn (i1 · · · ip j1 · · · jq)

〈
ω , xi1 ∧ · · · ∧ xip

〉 ·
〈
θ , x j1 , · · · , x jq

〉 ��÷L×WûÝcyx��r|b�S�Udm��ë�Ú���÷�×~à�X �

�b^@����]g^�GuÐ�)4m��Ze�me3�rzo�uc ω ∈ ∧(V)(∗) 7→ iω ∈ Lgr.
(∧(V)

) |~�b^�E�?[��T3Vu±>²3³ ÁbÍWÎu�W��jVuXÀgÁ
5.26. θ ∈ V∗ ����Ó iθ |

iθx =
〈
θ , x

〉
= θ(x) (x ∈ V)

E�Ç6ePT ∧(V) GPÏ�ÐjmG −1 ��Á	6@°m�<�mVCXÔrÕ
iθ GC¨g©[�r�6�ác p > 0 ���~ÓCÃ>Ä�G xi ∈ V �~Ö�×�Ø

iθ(x1 ∧ · · · ∧ xp) =
∑p

k=1(−1)k−1 〈
θ , xk

〉
x1 ∧ · · · x̂k · · · ∧ xp

R��rVCX�xbxod�� x ∈ V �CÖ�×:Ø iθx =
〈
θ , x

〉 |>���Udb�m�<VCXS¼W���
iθ(x1 ∧ · · · ∧ xp ∧ xp+1 ∧ · · · ∧ xp+q)

=
∑p

k=1(−1)k−1 〈
θ , xk

〉
x1 ∧ · · · x̂k · · · ∧ xp+q

+
∑q

l=1(−1)p+l−1 〈
θ , xp+l

〉
x1 ∧ · · · x̂p+l · · · ∧ xp+q

= iθ(x1 ∧ · · · ∧ xp) ∧ xp+1 ∧ · · · ∧ xp+q

+ (−1)px1 ∧ · · · ∧ xp ∧ iθ(xp+1 ∧ · · · ∧ xp+q),

iθ(x ∧ y) = (iθx) ∧ y + (−1)px ∧ (iθy) (x ∈ ∧p(V), y ∈ ∧q(V))

R����CØ iθ | −1 �6G Á	6g°r�j�jVCXbÐPÄ<Û3��jà>ØrG�;*�r|.<�RoÎ�O6� �W�P�[�>V~X �

5.4 =/+?>A@10CB'D?EF@8�Gj;�H�I !.J å x@x~�W| K = R Rb×¡cr_jagØmàmV~îWH[J�KüMgO[QjG`�<h6| b �'K,��Gb�<à>dML�� � òI�h<�m�jV3R < ¨mT3V~X
n = dim V R�T[VIX V FrG 0 �m�<à n- É,¼ θ E V G Gm;*H�I (volume element) RC�<�>X ∧n(V∗) | ∧(V∗)G 1 �mh>¯<°gO�Qbªgd��¸cgÃ@Ä[G 	rWG�N5
%ã,º ω, θ ∈ ∧n(V) \ {0} G@Qj�b|`c ω = aθ (a , 0) G, �¡rim�mVuX

a > 0 G�R`��� ω R θ | “ Îrq�Nr�bEjµ� ” R�à@àucSx`GgÎ ]A �¡6�m�>V�Î ]5}�E V G J å (orientation) Rw¨©rT3VCX
V �<|�	W3G�NW�Iir�WVuXON6� o EC�T@begH�JLKÝMgO�Q V = (V, o) |�ò%©�P´� J å,QSRAý $�T õ[ö�÷úù)UV Ro�<ÓI�3VCX o E V = (V,o) G W A�J åWRo�	Xuc o �j�bà)Y�zoG(NW�gE V = (V, o) G�Z A�J åWR��g�>X
NW� [�@S�¡�jePH3JyKÂM�O6Q V ���jàPØ�c�/[G	Nm��� ~jTWV�N5
�ã,º3|Cc`±W� V G N�
�ã�ºyR��jÓ`�3V~X VG�N%
�ã,º ω �uÖL×�Ø�c V G�� ( o5�5j ) e = (ei) | ω(e1, · · · , en) > 0 R��mV3RI���,W A � (positive frame) RàbàIc ω(e1, · · · , en) < 0 R��rV3R��I��2[G��LRoà�z¸X
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V,W E'NW� [e@��¡�re n �<h<H6JyKÂMPO3Q`c λ : V → W EoÈgÉb½@¾bc λ∗ : ∧(W∗)→ ∧(V∗) E λ �r�PV>ìr�
�L×<R:TWVuX W G N5
�ã�º ω �~Ö�×�ØPc λ∗ i V G N5
5ã,ºLRo�e�CØjàmV6RI���uc λ | J å'\�]*^yRoà�zºX 6à`Ì[aWV3R¡c V G /,� e = (ei) �uÖ�×�Ø W G�� λe = (λei) i'/SG[RP�>� λ |	NW�bE�×mbX*NW�bE�×m>ÈbÉ@½¾6|uÈgÉ3Îu�r�j�mV~X
¥

5.4. §6a<Ó Rn ��1@<V�ÈbÍ,� u = (ui) �CÖ�×�Ø>c�N,
�ã'º u1
∗ ∧ · · · ∧ un

∗ G`]5�WTWV(Nr�@E Rn G�ÈgÍSG
Nr�WR�à�z¸X@�<�b�j|Cc Rn E�ÈgÍ�G#Nr�bEjµ��e�H[JyKNM>O6Q�R�_@amVuX
8 _	` !aG@;OH�I

V E#Nr�.[e@��¡�We`îrH[JLK�M>O[Q`c g E V G�:b¨�+	-@c (s, t) E g G /%0@^,R�T6V`XSxG[R���bdcP�,/5� e = (ei) � g(ei, e j) = εiδi, j EoÇWePTSµ`G�iPÑbÒjT3VCX�xbxo� εi | εi = 1 (1 ≤ i ≤ s), εi = −1

(s + 1 ≤ i ≤ s + t) �j�jVCX�xIGm�rz�����E (V, g) ���e@<V�/6G W(e �~ó � (orthonormal frame) R��g�PX
(V, g) G�N5
�ã�º ω E�/�G�/	fSg�\%� e E�¦ràPØ

ω = e1
∗ ∧ · · · ∧ en

∗

�r�[�Ý¨g©�×P�rz¡XSx��<i�/6G /	f�g�\5� e G h�X>dmeb� i,���gà[xjR�iI�6GW�rzo�6×�Ø�°rdrVCX
x = (x1, · · · , xn) E>�3G�/[G�� ( /(fSg�\�R~| < ¨y×��gà ) R>×ºc x j =

∑
i ai jei R¡TWV3Rwc ei

∗ =
∑

j ai jx j
∗ �<�<V~X���uØ A = (ai j) R���ûIR e1

∗ ∧ · · · ∧ en
∗ = (det A)x1

∗ ∧ · · · ∧ xn
∗ �j�<VIi�c gi j = g(xi, x j) =

∑
k,l akial jg(ek, el) =

∑
k,l akial jεkδkl �<�rV`dy�wc det(gi j) = (det A)2 · (det F) = (det A)2 · (−1)t, T<�P®3f | det(gi j) | = (det A)2 i�l��¬rgXyRPx�Î`i x |�/�G��3ªPd��wc det A > 0 c det A =

√
| det(gi j) | , �<�jVuX�×Ce�i��uØ�c

ω =

√
| det(gi j) | x1

∗ ∧ · · · ∧ xn
∗ (gi j = g(xi, x j)). (13)

Rrû�� x = (xi) i'/�fSg�\%�3���CÓ | det(gi j) | = 1 ª>dy� ω = x1
∗ ∧ · · · ∧ xn

∗ R����CØPc ω | /�G /�fSg�\%�G�hSX�Ï6�,ibÑ�×o�bà[xjR�i�°md3VCX�x`G ω ENr�,['@��U�me�+#-mH[JyKÂMPO6Q (V, g) G N5
�ã�ºLRo�g�PX ωE~Ð��[G�/%� x = (xi) E�¦ràgØ���×Ce3µIGIi�¼ (13) �<�jVuX
ω E�f@Ö5�LRoÎTq¡ �0 e∗ ���WT[xjR�ij�mV~X8 ] G@;5é�j (V, g), (V ′, g′) E�Nr�,['@��U�me n �jh(+(-mH6JLKüM>O6Q�Rb×¸c ω, ω′ E � �eRI�WG�N%
�ã,º�RTWVuX
f : V → V ′ E�÷5QjÈgÉ<½<¾�R�T3VuXjT<�g®3f f ∗g′ = g E~Ç3egT�È@É<½@¾,R:T6VCX�x�G[RP�oc f |�±P¹[ªgd�Ð�[G��bÆ@c V dy� V ′ ðmGCÈbÉ3ÎC�W�j�jVCX x = (xi) E V G�/%��R:TrV6Rºc x′i = f (xi) �I¨�8��¡�3V x′ = (x′i )| V ′ G�/���e@| 26G��m�j�jVuX

ω =

√
| det(gi j) | xi

∗ ∧ · · · ∧ xn
∗,

ω′ = ±
√
| det(g′i j) | x

′
i
∗ ∧ · · · ∧ x′n

∗
.

x@xC� gi j = g ( xi , x j ), g′i j = g
′ ( x′i , x′j ) �r�jV�i>c f | ÷%Q[ª>dL� gi j = g

′
i j i�lø�á¬WbX3�ge f ∗x′i

∗
= xi

∗ ��jVuX � a<�
f ∗ω′ = ±ω.

x`GW�rz��`ÈgÉ3Î`�SE�] G@;�é�j (volume preserving transformation) R��b��XTj�P®Wf dim V = dim V ′ < ∞ ���oÓ�÷5Q@ÈbÉ � Ì�|�×%N�
 � Ìr�<�mVCX f i6¼3���(NW�gE>×r<���oÓ
f ∗ω′ = ω.
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8
Hodge

AlknmOo�I
(V, g) ENW�.[1@S�U�re'+(-rH[J�K�M>O[QSR@×¡c (s, t) E g G�/�0<^,R�TWV`X>Ã@Ä�G /G�/�fSg�\,� e = (e1, · · · , en) �uÖL×�Ø n- HWJLKüM e1 ∧ · · · ∧ en iI¨g©�¼~�3VuX�xo�6E>��R�ÎTqU �0 e ���rTgX

n- H3JyKÂM e i e G�hSX�Ï3�,i����bà6xmRUi�N%
�ã�º3G��@Æ�R�Î�O6G,45·j�P°mdWVuX�xo�3E'NW� ['@S�¡�je�+
-mH[JyKüMPO6Q (V, g) G �,p n- õrö/÷úùyR��b�PXb±>² n- H6J�KüM e RpN5
�ã,º e∗ GgQ<�g|

g(e) = (−1)t e∗

G% �¡mij�jVCX¼uØ x ∈ ∧(V) �CÖ�×:Ø ∗x ∈ ∧(V) E (V, g) G�±P² n- HWJyKÂM e E�¦rà>Ø
∗x = ig(x)e

�W���Ý¨@©�×g�rzUX x i p- H6J�KüMW���CÓ ∗x | (n − p)- H3JLKÂMj�m�mVuX�¹�¦5º ∗ : ∧(V) → ∧(V) | HodgeG k�m)o(I ( ö%qõ�¹,¦5º ) Ro�@ÓI�<Ø<àjVuX e1, · · · , en E�/[G /	f�g \%��R�T>�rÓuc
∗eI = (−1)tI sgn (I, I′)eI′

i�l���¬r>X�xbx~� I ⊂ {
1, · · · , n }

, I′ | I G�E�n@Æ , tI | eI � ���u�3V�2jH[JyKNM3G~^�E��rTgXPîrï�c
g(eI) = (−1)tI eI

∗

ªPdy�wc�¼ (11) �r�6� ∗eI = (−1)tI ie∗i e = (−1)tI sgn
( N

I,N\I
)
eN\I .

�,�A� Á
5.7. �6G�¼�E��W�Pß���X

∗ ∗ x = (−1)t(−1)p(n−p)x (x ∈ ∧p(V)),

x ∧ ∗y = g ( x , y ) e (x, y ∈ ∧p(V)),

g ( ∗x , ∗y ) = (−1)tg ( x , y ).

( r<Z�K[{ áj��µ x, y �% 3×�ØPÈ>É6ª>d�� x = eI , y = eJ ��<à>Ø�ÞjßrÓ�9@°j�m�jV )

�,�A� Á
5.8. <WG�Ó h6GCÅ5��E�93�CØPcb�3��Z'�3VmxjR`E��r��ßS��X

(i) g i./@¨%]6G��<Æbc ∗ |(g�\ � Ì ( Q�¼>E � a@�bàIÐg� � Ì ) �m�<V´{ ‖ ∗x ‖ = ‖ x ‖.
(ii) n = 2p (p |��@^ ) G��jÆ (g |�:g¨W�Sµ`à<à ) cgÃbÄSG x ∈ ∧p(V) �uÖ�×�Ø>c g ( x , ∗x ) = 0 i�lø�Ý¬3bX

§WajÓCc n = 2 G��<ÆbcgÃbÄ[G x ∈ V �uÖL×:Ø x ⊥ ∗x X
(iii) n = 2, g i'/@¨%]3G��<Æbc ‖ x ‖ = 1 ����Ó (x, ∗x) | /[G�/	fSg�\,�j�j�mVCX

¥
5.5. V E�/<¨5])+#- g Ejµ��Ie(NW� ['@��¡�me 3 �<h@H6JLKNMPO[Q�RUT3VCX e = (e1, e2, e3) E�/6G /	f�g�\

��Rb×¸c x = x1e1 + x2e2 + x3e3 R:T3V3Rºc ∗x = x1(e2 ∧ e3) + x2(e3 ∧ e1) + x3(e1 ∧ e2) �m�jVCX x, y ∈ V �CÖ�×Ø ∗(x ∧ y) ∈ V | x R y Guõ3ö/÷ ùsFt��jÓ`�Pc x × y twvWdg�%u,v
w ¹�¦�ºy| ∧(V∗) x)y ( \Sz�{�¼ ) |(}�~'���.�%����ud�dt����A�*u�v��S�%��� θ ∈ ∧(V∗) |	}�~'�

∗θ ∈ ∧(V∗) �
∗θ = ig−1(θ)e∗

|*�����(�*�%u v#�	z({���|�}*�%u w��	��� x �	�S�%�'�	���'���� ¢¡¤£�| }���u w����	� x,�	�At�¥M¦��)§
u v(¨	©Sx�ª�«S�,¬�x*�%�|�*u�®

g(∗x) = (−1)t ∗ g(x) (x ∈ ∧(V)).
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¯O° wa���	� � ±*²	x,�(�O³�´�µM´�³)���*�| V x#¶%�'| ·	¸O�%u ( ¹%´�|.º�#t V x,»#¼ g |*��·�¸��
u ) v(½	± V x,»(¼ g x�¾S�#¿���~���À)Á#��±S¶*�'x ¾d��Â�Á#��ÃS�*0vÄ%Á�Å�Æ�ÇSx È	ÇOÉOx Â	Ê��	¶O�
x�Â(Ê���Ë�0Ì*¶O�	��Â%ÁOÍ�Î�± ∗ � −∗ | ÂO��Í�Ì�~�Ï#��Ð � x ∈ ∧p(V) | }O�%Í y = ∗x ∈ ∧n−p(V) �0ÑÒ ��Â�Á(�± −y |.Â���Í.Ìd��Ó��* | “ ¶%�	��Â%Á�ÏMÎ�|,Ñ Ò �Â*��Í �*�S �¡¤£ ” �,Ô�ÕMÓ,�O�� �¡
£¢Î��#À	ÁÖ´�×)�	Ø�Ó'��±�ÙÛÚÜ�)�S A¡Ý£ (pseudo multi-vector) Î�Þ(ß#Ì'ÙÛÚÜ���� ¢¡¤£����(à)� ∗x (x �
���M A¡á£ ) Ó,{���~���Ø%Í,Ì#Ä�ÁOÅ(âOÓ.Ä*���� �¡¤£ x, y |.}�~ x × y = ∗(x ∧ y) � Ù*�M �¡ã£O�O§*Í.Ì
Ù��S A¡Ý£ ∗x (x � 2- �� ¢¡ã£ ) Î��� A¡¤£ y |,}�~��ä(å (∗x) × y = ∗((∗x)∧ y) �'�S ¢¡ã£)�O§)Í Ì�æ'ç
| ∗ ��è(é�ê	ë%ì�å��,���� ¢¡¤£��'±#í�é�ê	ë%ì.åS� ÙîÚï�O�S A¡¤£��O§�Í Ì

ð�ñ*ò%óõô÷ö
(V, g) � »#¼*�� A¡ã£#øSùÖÎ��SÍ Ìú*û%Ó	Ï(üO| g �,Æ��)ýO�*§�Í�Î0þ	�%�%Í,Ì V Ó,ÿ��(øMù

W | }�~��
W⊥ =

{
u ∈ V

∣∣∣ g(x, u) = 0 (x ∈ W)
}

� (g |)ª%~�� ) W |�� �%�*Í��	øSùdÎ�Ø	Ø�± W⊥ |��O�*Í.�S �¡¤£�� W Ó ñ)ò�óCô ö Î�Þ	ßÌ
�
	

5.27. V �¶%����M´�×OÏ n ¬Oy��M �¡á£ø�ùdÎ	~0± Ω � V Ó��)å�� � Î��%Í,Ì W � V Ó (n − p) ¬Oy
Ó�ÿ��(øSùMÎ(~a± X � W Ó��	øSù�Î��%Í�® V = W ⊕ X Ì��,Ó�Î'��±
����Ó ω ∈ ∧n−p(W∗) |,}A~��'±

ω = ι∗(ixΩ)

���SÏ� x ∈ ∧p(X) ���#æ��'¸����%Í,ÌÖ����� ι : W → V �����%�'û��*�O§�Í Ì�� d� }
! x ∈ ∧p(X) 7→ ω ∈
∧n−p(W∗) ��"	{%¥�#%��§OÍ�Ì
$&%

V Ó	Æ�Ç e = (ei) � e1, · · · , ep � X Ó�'��O± ep+1, · · · , en � W Ó�' Î'��ÍÖ�Ö(|�Î)Í	ÌÖ�)Ó ÎO�
Ω = a e∗1 ∧ · · · ∧ en

∗ (a > 0) Î��ÖÐ#��ØMÍ�³C´�± a , 1 � ´Å e1 � a−1e1 ��(d��)¢ÁO�)± a = 1 |��dÍ
�Ö#| e �+*����-,/.�Ìd¹�´|	± ē j = ep+ j ( j = 1, · · · , n − p) Î�,MØ���± W Ó�'F�+0C���A~'�-,/.OÎ�±
〈
ι∗(e∗p+ j) , ēk

〉
=

〈
e∗p+ j , ι(ēk)

〉
=

〈
e∗p+ j , ep+k

〉
= δ jk 1 ³¢´ ι∗(e∗p+ j) = ē∗j �O§�Í�Ì��%ÍSÎ

ie1∧···∧epΩ = e∗p+1 ∧ · · · ∧ e∗n

1 ³�´
ι∗(ie1∧···∧epΩ) = ē∗1 ∧ · · · ∧ ē∗n−p

Î��*Í,Ì e1 ∧ · · · ∧ ep � ∧p(X) Ó�'O�± ē∗1 ∧ · · · ∧ ē∗n−p � ∧n−p(W) Ó�' 1 ³�´�±��,Ó �%³¢´2�
3MÓ546*�	µÖ´
³	�O§�Í Ì �

(V, g) �'¶%�5�7�M´0×�Ï n ¬)y*Ó.»¼O�� A¡Ý£øSùMÎ#~0±�ú�ûOÓ	Ï#ü g ∈ T2(V∗) ��Æ)�(ýO�)§OÍ%Î�þ	�O�*Í,Ì
W � (n − 1) ¬�ySÓ,ÿ���ø�ùÖÎ	~0±¢��×%|S�,¶�����89�)Í.Ì ι : W → V �-�:�%�(û��CÎ���ÍSÎ0± ι∗g ∈ T2(W∗)

� W Ó�Æ��	ý�»#¼%�)§�Í,Ì e∗, ē∗ �'²'×;�× (V, g), (W, ι∗g) Ó���å�� � Î��%Í ÌÖ�.ÓMÎ.��±�<%Ó��=3�|%�S�
ē∗ = ι∗(iue∗)

���SÏ�+>��S �¡ã£ u ∈ W⊥ ���æ��'¸����%Í,Ì
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? 	
5.28. ē∗ | }�!O��Í�>��� �¡Ý£ u |)ª�~��¬SÓ��%�A@?�CB�Ì
‖ u ‖ =

√
g ( u , u ) = 1,

ι∗(ixe∗) = g ( x , u ) ē∗ (x ∈ V) §�ÍØ��
ι∗(∗θ) = 〈

θ , u
〉

ē∗ (θ ∈ V∗). (14)

(x1, · · · , xn−1) � W Ó�Æ)Ç%�d´�Å (u, x1, · · · , xn−1) � V Ó�Æ)ÇO�O§)Í Ì
$&%

V Ó	Æ�Ó	Æ-DE���MÇ e = (ei) � e1, · · · , en−1 � W Ó	ÆMÇ�|��ÖÍd�¢(|�Î)Í��ÖÎ'������Í�Ì�FHGO±
e1, · · · , en−1 �Ö��~�ÈSÓ.Ç*�*§#×%Å.± e1, · · · , en−1, en � e1, · · · ,−en−1,−en �7(���)�Á(×�Å�I�ìM�*Î 1 ³�´��*§
Í�Ì k = 1, · · · , n − 1 |�}F~�� ēk = ek Î�,J.#Î�±�<SÓA��3ÖÓ+KSµ	���ML�à%ÏS�S,| ι∗(e∗k) = ē∗k �=@��NB-��Ì
ē1, · · · , ēn−1 � W Ó�Æ�Ó�Æ�D-���)Ç 1 ³�´ ē∗ = ē∗1 ∧ · · · ∧ ē∗n−1 ��§�Í,Ì
¹ �± iek e

∗ = (−1)k−1e∗1 ∧ · · · ∧ ê∗k ∧ · · · ∧ e∗n 1 ³�´
ι∗(iek e

∗) =


0 (k , n)
(−1)n−1ē∗ (k = n).

�O§*Í.Ì u = aen ÎM,O.Î ē∗ = ι∗(iue∗) = a(−1)n−1ē∗. �)�(�S� a = (−1)n−1 ��§*Í,ÌÖ��� ³�´ ‖ u ‖ = 1 �	µÖ´
³	�O§�Í Ì	æ#¾	±

g ( ek , u ) = (−1)n−1g ( ek , en ) =


0 (k , n)
(−1)n−1 (k = n)

1 ³A´ ι∗(iek e
∗) = g ( ek , u )ē∗ ���)à��SÓ k |�}F~��=@ �NB-��Ì¢~.Ï	�dÐ.�����ÖÓ x ∈ V |�} ~ � ι∗(ixe∗) =

g ( x , u ) ē∗ �+@õ�PB7�(Ì
(x1, · · · , xn−1) � W Ó�Æ)Ç%�d´�Å

e∗(u, x1, · · · , xn−1) = (iue∗)(x1, · · · , xn−1) = ē∗(x1, · · · , xn−1) > 0.

~�Ï#�SÐ �'± (u, x1, · · · , xn−1) � V Ó�Æ	Ç*��§OÍ Ì �

¯*° � (14) Ó�Q�R9ST�9U)|�V*×���,Ö�*�Ì u � W Ó�>*�� �¡á£ 1 ³�´a± θ �AW�X�Q�� ( ÄSÁOÅ�Y ) Ó “ Z
× ” ��[*�ÖÎ'��± ι∗(∗θ) = 〈

θ , u
〉

ē∗ � W �M\�Ð � (u Ó	¶O�'| ) ZO×^]�Í�Q
�SÓ ¼ ( _�` ) ��[O�#Ì

6
a b/cedgf h�ikjmlon

6.1 pEqOrts
ðMu�v7w7xTy�z�{�|}x5~7�

V � K- �S A¡¤£(øSùMÎ���Í,Ì�� Ò L
(

V2 ; K
)
, A

(
V2 ; K

) ��²×;'×± V × V â
Ó���æ#¬({	��±(�)z#{	���M[A~ Ï��OÎ.�M��Ø�](²MaÌ A

(
V2 ; K

) � L
(

V2 ; K
) Ó�ÿ��(øSù#�)§�Í,Ì

Ô�0*��� V Ó y�z�{
| Î����(øSù L
(

V2 ; K
)
/A

(
V2 ; K

) ÓT���)§)Í%Î��#�O�%Í Ì)���'�%� g, g′ ∈ L
(

V2 ; K
)

� g − g′ ∈ A
(

V2 ; K
) ÓMÎ���| “ ¥�ý ” �O§)Í�Î�À�Á,± g Ó(¥,ý���� f = [g] Î�0SØ#��± V Ó5�)¬({(�FÎ�Þ	ß)Ó

��§OÍ Ì g � f ������7�5�� z�{�| �O§�ÍSÎ�Ød0Ì
? 	

6.1. V � K- �� A¡á£(øSùÖÎ	~�± K Ó���é , 2 Î��%Í.ÌÖ�'Ó�Î� V Ó����MÓ��)¬�{)� f |,}�~��#± f �
z�[%�%Í�}
�
�)æ(¬#{	� g ���'æ��¸
�*�*Í Ì
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$^%
f = [g] Î��SÍ Ì K ÓT�	é , 2 1 ³�´ 2 ���
����O§OÍ.Ì*²S��� g′ = 1

2 (g + tg) ÎM,O.#Î�± g′ �.}��O�#±
g − g′ = 1

2 (g − tg) � ��z	{(� 1 ³¢´ g′ �+ 'Ï f ��z�[%�*Í���æ#¬	{(�*�O§�Í�Ì
( æ���� ) g′′ � f ��z
[%��Í��MÓ }�����æ(¬�{	�CÎ���ÍSÎ0± g′ − g′′ �.}��*³��'��z}S(� K ÓT��é , 2 1 ³�´
g′ − g′′ = 0 �����.×%Å#��´��(ØÌ �

�)¬({	� f = [g] |,}A~��'±dª�é f ′ : V → K � f ′(x) = g(x, x) |%�S� �(�*�SÍ Ì f ′ � well-defined �O§�Í Ì
�.Ó)ª�é f ′ �M������Á�� “ ��¬({�� f Ó��	�*�%Í(ª�é ” Î�Þ	�(�
,E.nÌ
? 	

6.2. f1, f2 ����¬	{	�	± f ′i � fi Ó �	�O�%Í	ª�é�Î��%Í,ÌÖ�,ÓMÎ�� f ′1 = f ′2 ��´�Å f1 = f2 ��§OÍ Ì
$%

f1 = [g1], f2 = [g2] Î#~�± h = g1 − g2 Î�,O.'Î�±)þ(�*³�´ h(x, x) = g1(x, x) − g2(x, x) = f ′1(x) − f ′2(x) = 0

��§OÍ Ì)�)��%� h ∈ A
(

V2 ; K
) ��§�� ± g1 Î g2 �#¥�ý)Ì�~ Ï�SÐ �'± f1 = f2. �

? 	
6.3. ��¬({	� f Ó,�(�O��Í(ª�é f ′ �,±(¬SÓ,�	�Ö�)���%ª�é f ′ : V → K Î(~��+����7�M´�×%Í Ì

1. f ′(ax) = a2 f ′(x) (a ∈ K, x ∈ V).

2. B(x, y) = f ′(x + y) − f ′(x) − f ′(y) ��#��¹ ×�Í#ª�é B : V × V → K �5��æ#¬	{(�*�O§�Í Ì
$% ���SÓ���¬	{(� f | }�~�� f Ó �(�*��Í#ª�é f ′ ��â)Ó��7�OÓ,�	�d�����M�OÎ������%|���³)ü�´0×%Í,Ì
�M| f ′ ��âOÓ �)�d�*���=���dÓ�ª é Î��%Í.Ìú*û*Ó�Ï(ü V ���}�.¬7�)�*§�Í�Î�þ)�A~�± e1, · · · , en � V ÓT ¡ 8��M´0×OÏ�'
¢ Î��%Í,Ì
���dÓ p > 0 Î xi ∈ V (i = 1 · · · p) |.}C~�� f ′(

∑p
i=1 xi) =

∑p
i=1 f ′(xi) +

∑
i< j B(xi, x j) ��@��NB}��Ì¢��×�� p

|%ª	�MÍT£7¤>Ö|��Ö�:�S³%ü�´�×dÍ'Ìd��Ð� V Ó�����Ó�� x =
∑n

i=1 aiei |}C~.� f ′(x) =
∑n

i=1 ai
2 f ′(ei) +

∑
i< j aia jB(ei, e j) �O§�Í Ì

x, y ∈ V, x =
∑n

i=1 aiei, y =
∑n

j=1 c je j | }�~�� g(x, y) � g(x, y) =
∑

i aici f ′(ei) +
∑

i< j aic jB(ei, e j) |*�S�n�(�%�
Í�Î,ª�é g : V × V → K �5�)æ(¬({(�%�+�=�MÓ x ∈ V |�}�~ g(x, x) = f ′(x) �O§�Í�Ì��)�#�*��± f ′ ����¬	{(�
f = [g] Ó��(�%�%Í#ª�é f ′ ��§OÍ Ì �

¥�¦
. V Ó ¬��)��§^�OÓ5¨�©��,± V Ó�'
¢M|5ª�  ¡ �*�O5�'��«��(âdÎ�¥+¬S|�S�(Í,Ì*�=,'± K Ó5�	é%� , 2

Ó5¨�©S� ± f | }A~�� g = 1
2 B Î,7��Å5®
�*��§�Í Ì¯�° ±���¬({	� f Î f Ó��(�%�%Í	ª�é f ′ �.¥æ=±A~��'± f ′(x) Î20².�³(� ��| f (x) Î�0³.,�)Î |S~�%�Ì

B(x, y) = f (x + y) − f (x) − f (y) |���� �	�¢¹ ×SÍ	ª�é B � V × V â)Ó.}
���)æ	¬({)�*�*§�Í.Ìd��×M�M��¬
{	� f | ¯}´ ����}� z�{�| Î�Þ(ßÌ
? 	

6.4. f � V Ó���¬	{	�	± B � f |587µ��%Í5��æ#¬	{	��Î��%Í�Î�±
f (x + y) = f (x) + f (y) + B(x, y) (x, y ∈ V).

æçM|
f (
∑n

i=1 xi) =
∑n

i=1 f (xi) +
∑

i< j B(xi, x j) (xi ∈ V)

�+@õ�PB�#Ì
$%O¶
· Ó ��� B Ó,�(�O³�´�µd´�³#Ì n ≥ 1 |�ª'�%Í�æ#ç�Ó���Ó�K%µ�� ±=£
¤�>S|O�#Í Ì� �� n = 1 Ó5¨�©��
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µd´�³#Ì n − 1  .�*��Æ�~�ØdÎ���Í�Îa±
f (
∑n

i=1 xi) = f (
∑n−1

i=1 xi + xn) = f (
∑n−1

i=1 xi) + f (xn) + B(
∑n−1

i=1 xi, xn)

=
∑n−1

i=1 f (xi) +
∑

i< j(≤n−1) B(xi, x j) + f (xn) +
∑n−1

i=1 B(xi, xn)

=
∑n

i=1 f (xi) +
∑

i< j B(xi, x j).

�

¸�¹9º 	
6.1. f = [g] ���)¬�{���± B � f |�8^µ��SÍ���æ	¬	{)�CÎ��SÍSÎ0± B(x, y) = g(x, y) + g(y, x) �} ��

B = g + tg ��§)Í,Ì�Î.�| g �'}��%�d´�Å B = 2g �O§�Í�Ì ¯ â)Ó��)Î.��»7¼#Ì
ðM½}¾�¿}{^À�Á �%¬O{%� f �T8Â�OÏ��¢ C¡�£)ø¢ù (V, f ) ����¬O{*�^8��)Ó��� C¡�£)ø�ù�Î.Þ*�O�,².�Ì
(V, f ), (V ′, f ′) ���)¬	{���8¢�'Ó K- �� A¡¤£(øSù,± B,B′ �(²�×};�× f , f ′ |�8^µ	��Í5��æ#¬�{	�CÎ���Í,Ì�"�{Ã�Ä

h : V → V ′ �
f (x) = f ′(h(x)) (x ∈ V)

�T�ÖÏ)�FÎ	��| ½^¾ (isometry) ��§SÍÖÎ.Ø��Ì h �
ÅÆÖ��´'Å± B(x, y) = B′(h(x),h(y)) (x, y ∈ V) �9 A�
h∗B′ = B �5��Ï#�	Ì g, g′ �)²'×};'× f , f ′ ��Ç�[���Í���æ	¬�{�� 1 Î��SÍSÎ0± h∗g′ = g �¢´ Å h ��Å�Æ%�*§
Í Ì�� K Ó��(é%� , 2 �'± g, g′ �ÂÈ,��´�0}
���Ö´�Å�²	Ó5���@?�CB�Ì
ð �}� z
{�|^xAy�z�{�|7É7x5Ê�Ë f = [g] � V Ó���¬	{	�CÎ(~a± h � V × V â)Ó��Oæ#¬({�� Î��%Í,ÌÖ�.ÓMÎ
��±
�)¬�{)� [g + h] � f Ó�Ç
[� g Ó�*�Ì�¾M|.·F´���Ø	³�´a±¢��×M� f + h Î�0/.�® f + h = [g + h] Ì Ã�Ä
( f , h) 7→ f + h ��Í�>�Î L

(
V2 ; K

) Ó��)¬({���ª���Ó�øSù L
(

V2 ; K
)
/A

(
V2 ; K

) É*Ó ��� Î�À�Á�´a×�Í,Ì
ð�y
z
{
|}x�Ï�Ð�Ñ�Ò

V � K- �S �¡¤£'ø�ù ± L � K Ó5Ó
Ô��	± VL = L⊗K V � V Ó L ÉOÓ «	é�Ó
Ô Î��*Í,Ì
V Ó5�	¬	{	� f = [g] ³�´������+ÕC��³�Ï#� VL Ó���¬#{��Ö� � ÍO��Î��(�S�(Í�Ì)����*� ± g : V × V → K

� K- ��æ#¬	{	� 1 ³�´ L- ��æ#¬({�� gL : VL × VL → KL ' L � gL(1 ⊗ x, 1 ⊗ y) = 1 ⊗ g(x, y) = g(x, y) |*���
�	��¹�×SÍ,Ì g − g′ ����Ç%�¢´�Å,± gL − g′L = (g − g′)L �= Ï,��Ç 1 ³�´N��¬({)� f L = [gL] � f �5Ç�[*�SÍ
�)æ(¬({	�M| ·F´�'± f 1 �'��Ö9 	Í,Ì%²���� f L �M�)¬#{	� f Ó VL É*Ó5×�Æ Î�Þ(ß��OÎ�|�~�*0Ì f L Ó,�
��|%�S�

f L(1 ⊗ x) = f (x) (x ∈ V)

�+@õ�PB�#Ì�F^G'± f L(1 ⊗ x) = gL(1 ⊗ x, 1 ⊗ x) = g(x, x) = f (x).

? 	
6.5. L � K Ó�Ó
Ô��)± f � K- �� A¡¤£(øSù V Ó���¬({��)± B � f |T87µ	�SÍ��Oæ#¬	{��FÎ���Í�Î0± BL

� f L |�87µ��%Í���æ#¬	{(�*�O§�Í�Ì
$%

BL � B Ó�×�Æ 1 ³¢´ BL(1 ⊗ x, 1 ⊗ y) = B(x, y) = f (x + y) − f (x) − f (y). æ#¾	± f L |587µ��%Í���æ#¬	{(�
� B′ Î�,O.(Î0± B′(1 ⊗ x, 1 ⊗ y) = f L(1 ⊗ x + 1 ⊗ y) − f L(1 ⊗ x) − f L(1 ⊗ y) = f (x + y) − f (x) − f (y). �	Ð��
BL(1 ⊗ x, 1 ⊗ y) = B′(1 ⊗ x, 1 ⊗ y) �)§¢� ±EÈ,�S´'� L- ��æ(¬({	� 1 ³¢´�±¢��×%� BL = B′ �M�9U'�*Í,Ì �

ð�y7z7{}|9xØAÙ
V1,V2 � K- �Ö F¡n£�ø¢ù¢ÎO~�±��� F¡�£�ø�ù*Ó7��Ú V = V1 ⊕ V2 Ó���� x = (x1, x2),

y = (y1, y2), · · · Î����#Ì
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fi = [gi] � Vi Ó5��¬({	� Î��%Í (i = 1, 2) Ì
g(x, y) = g1(x1, y1) + g2(x2, y2)

|*�����(��¹�×�Í V × V â)Ó���æ#¬	{	� g ����æ#¬({	� g1 Î g2 Ó��TÚ�Î�Þ	ßÌ
���%|5�*³)üd´�×�Í)�%�| ± g �AÇ
[*�*Í���¬	{(� f � f1, f2 Ó�Ç�[�� g1, g2 Ó5*-Ì.¾�|,· ´:�± f1, f2 1 �

�+ÖÛ 	Í Ì%²%���d��×S� f � f1 ⊕ f2 ÎN0�Ø(�'±=�)¬({�� f1 Î f2 Ó Ø�Ù Î�Þ(ß'Ì
¸�¹�º 	

6.2. Vi �^����| V1 ⊕ V2 Ó�ÿ��(ø�ù�Î�À)Á�Í (i = 1, 2) Ì fi � Vi Ó5�)¬#{	�)± f = f1 ⊕ f2 Î#~a± B �
f |�8�µ��%Í��)æ#¬({�� Î���Í Ì��,Ó�Î'�

B(x1, x2) = 0 (x1 ∈ V1, x2 ∈ V2)

§�ÍØ)�#¥M¦#��Î 1 �'±
f (x1 + x2) = f1(x1) + f2(x2) (x1 ∈ V1, x2 ∈ V2)

�+@õ�PB�#ÌÖ��×���»7¼	Ì

6.2 ÜÞÝ7ß²à9áãâ�äæå
ð#ó&ç�è�é�ê³ë � Ð}x5~7� f � V â�Ó5��¬({	� Î��*Í Ì
 9ì�í�îAïOðñÇ	éS� ä�å
Ç#é����	��~�Ï)Ó�Î�¥M¦ÕF�a³)Ï��(�¢¹�×�Í,Ì
����*� V Ó+òÛó
ô�£�Ç(é T(V) �.À�Á.± x2 − f (x) ( x ∈ V) Ó�{MÓT���+õ�@���Í�¨�ö}÷=ø7ù.£�� I f Î20æ.d®

I f =
{ ∑

y · (x2 − f (x)) · z
∣∣∣ x ∈ V, y, z ∈ T(V)

}

�	��� y, z � T(V) Ó�ú7òÛó
ô�£���§OÍ%Î�þ��A~��d�(�,ØÌ
ä�å
Ç(é�Ó5¨�© ÎNû�Ð,�'± I f ��æç�| Z #MÓ�¬(é�8Ö��÷�øù,£����	Ø���Î�|�ü��%�*Í Ì
Î#�'�.� Z2 #�¬#é�8-�

T(V) = T(0)(V) ⊕ T(1)(V),

T(0)(V) = ⊕p≡0Tp(V), T(1)(V) = ⊕p≡1Tp(V)

�.À)ÁOÍ�Î�± I f � ¬	é
8Ö�A÷=ø7ù.£)��§OÍ���Î��+��³�Í Ì�²*��� Z2 #�¬(é�8Ö��Ç	é�Ó��
T(V)/I f = T(0)(V)/I(0)

f ⊕ T−(V)/I(1)
f

�.À)Á.±¢��×S� (V, f ) Ó ó&ç�è�é�ê³ë � Ð Î�Þ	ß'ÌÖ����� I
(p)
f = T(p)(V) ∩ I f ��§)Í,Ì

C(V, f ) = T(V)/I f , C
(p)(V, f ) = T(p)(V)/I(p)

f Î�0æ.Î�±
C(V, f ) = C

(0)(V, f ) ⊕ C
(1)(V, f ).

C
(0)(V, f ) � C(V, f ) Ó�ý�þ�ÿ (even part) ± C

(1)(V, f ) ���
þ+ÿ (odd part) Î�Þ#ß#Ì
π f : T(V) → C(V, f ) �-��S�+ª��?Î��SÍMÎ�± C(V, f ) �#û��9S Ú���©9S+Ç�éS� 1 f = π f (1) ���7>*û����|
�OÍ,Ì
è	ÿ��S��û��}S,ÿ
�
Ç	é*�)§OÍ Ì¥�¦

. f = 0 Ó5¨�©(±d 9ì�í�îAïOðñÇ	é C(V, 0) � Z2 #�| ¬(é�8-�d´a×OÏ.ä	å�Ç	é ∧(V) ��§�Í,Ì��)�#�%�
C(V, 0) = ∧(V) =

(
K ⊕ ∧2(V) ⊕ · · ·

)
︸                  ︷︷                  ︸

∧(0)(V)

⊕
(

V ⊕ ∧3(V) · · ·
)

︸               ︷︷               ︸
∧(1)(V)

.
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ð#ó&ç�è�é�ê³ë � Ð}xTÀ=Á β f : V → C(V, f ) � β f = π f ◦ α ���	��¹ ×�Í�"	{ Ã�Ä Î��%Í,Ì
β f � V ³�´ C(V, f ) É%Ó “ �2�%� Ã
Ä ” Î�Þ	ßÌ	��
d¹�×SÍ�\?� ± β f ��F���û+���)Ó 1 �'±�²�×O�� 1 K*µ
¹�×)�)Ø	�	Ø#³¢´��×S� “ �2�%�û�� ” Î�� ½S�#Þ)Å(�(Ø'Ì
FM� K = T0(V) â#� π f �	û+�*�O§�Í*�)Î��� 1 K�µ*¹ ×	�)Ø��	Ø'Ì�ºOØT)%ÁOÍSÎ�± 1 f , 0 ��K%µ%¹�×	��Ø

�	ØÌ
��×�´�Ó�K%µ��,±�«O�+LOà%Í�� ä�å
Ç#éFÎ�Ó�"({�¥�#������F'�OÎ�|'��Í Ì
��,'± π f , β f � f �+�*³SÐ,��ØOÍSÎ����,±S²�×;�×OÏ(��| π, β Î20². Ì
¬�Ó���3��� �ì5í�îAïJðñÇ#éMÓ �	�*³�´��)�(|��*³(×SÍ���Î���§OÍ�Ì
? 	

6.6. π : T(V)→ C(V, f ) �}���%�Tª
��Î��%Í,Ì C
(0)(V, f ), C

(1)(V, f ) ��²�×^;.×
π(x1) · · ·π(xp) (xi ∈ V, p : è(é ),

π(x1) · · ·π(xp) (xi ∈ V, p : í	é )

Ó'³OÏ)�(ÓT�%Ó��}��ÚO³�´�@�Í,Ì
$%

T(0)(V), T(1)((V)) �*²�×;�×�ú7òÛó
ô�£
x1 · · · xp (xi ∈ V, p : è#é ),

x1 · · · xp (xi ∈ V, p : í(é )

Ó��}�TÚO³¢´�@ÖÐ,��,�� ± π � T(p)(V) � C
(p)(V, f ) Ó#â)| Ã ���S¥�# 1 ³¢´�µM´�³���§)Í,Ì �

 9ì�í�îAïOðñÇ	éS� ¬�|	Ó.àSÍ���� Ã
Ä �	�O�+�
�7���´0×SÍ Ì
? 	

6.7 ( �	� À�Á� �! ). β � V ³¢´ C(V, f ) É*Ó��2�%� Ã�Ä Î��%Í,Ìd�.ÓMÎ��
(i) ���MÓ x ∈ V |,}A~�� β(x)2 = f (x)1 f �+@C�CB�(Ì
(ii) F ���=��Ó'û��}S"��©
Ç	é�Î(~0± h : V → F � h(x)2 = f (x)1F (x ∈ V) �OÍ5"	# Ã�Ä Î���Í�Î�± h = h′ ◦ β
���SÏ�(û��}S��S¥�# h′ : C(V, f )→ F �
�æ��'¸��*�%Í Ì

V

h
""F

FFFFFF
FF

β // C(V, f )

h′

��
F

(iii) ¹�´%$ F � Z2 #SÓ,¬(é
8��MÇ#é F = F(0) ⊕ F(1) �'± h(V) ⊂ F(1) Î��*Ð,�)Ø�Í�Ö´�Å,± h′ �,¬(é
8��MÇ
é�Ó���¥�#*��§�Í,Ì
$-%

(i) x2 − f (x) ∈ I f (x ∈ V) 1 ³�´ π(x2 − f (x)) = π(x)2 − f (x)1 f = 0. �*�	�S� π(x)2 = f (x)1 f . §%Í(Ø*�
β(x) = π(α(x)) = π(x) 1 ³¢´ β(x)2 = f (x)1 f .

(ii) h : V → F $.}A~�� h = h′′ ◦ α �5��Ï(�(û	�}S"��¥T# ψ : T(V) → F ���æ��'¸��O�%Í.Ì h′ : C(V, f ) → F

��û���S"��¥A#CÎ��SÍ�Î0± h = h′ ◦ β ⇐⇒ h′ ◦ π = h′′ ��@��CB-�	ÌM�)Ð.�'&T3d� h′ ◦ π = h′′ ���SÏ	� h′ Ó
¸��FÎ�æ
�O���*§%Í�ÌÖ�Ó�.�'æ��O�dÓ)(� � π �=ª�� 1 ³�´ µ¢´�³)�%§%Í�Ì ¯'* �(¸��¢�5»Ö²��Ì x ∈ V

��´ Å h′′(x2 − f (x)) = h′′(x)2 − f (x)h′′(1) = h′(x)2 − f (x)1F = 0. �O�#�S� x2 − f (x) ∈ Kerψ �O§OÍ,Ì,+OÁ�$
I f ⊂ Kerψ �+@?�CB�(Ì%²%��� Ã�Ä ϕ : C(V, f )→ F � ϕ(π(x)) = h′′(x) $*�����(�¢¹ ×SÍ Ì ϕ ��û���S���¥T#
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��§OÍ Ì
V

h

��

β

""E
EE

EE
EE

EE
α // T(V)

π

zzvv
vv

vv
vv

v

h′′

}}

C(V, f )

h′

��
F

(iii) þ	�O³¢´-�=��Ó x ∈ V $ }A~�� h′(β(x)) = h′(π(x)) ∈ F(1) �O§�Í�Ì,+�Á)$
h′(π(x1) · · ·π(xp)) = h′(π(x1)) · · ·h′(π(xp))

∈ F(0) (p : è	é ), ∈ F(1) (p : í	é ).

~�Ï#�SÐ � h′(C(0)(V, f )) ⊂ F(0), h′(C(1)(V, f )) ⊂ F(1) �O§¢��± h′ � ¬(é�8Ö��Ç(éSÓ���¥T#O��§OÍ Ì �

? 	
6.8. (Vi, fi) ���	¬	#	�
8d��Ó K- �� ¢¡Ý£ø�ù ± C(Vi, fi) �².×7;.×OÓ� -ì�í�îTïOð Ç#é	± βi : Vi → C(Vi, fi)

�^���%� Ã�Ä Î���Í (i = 1, 2) Ì h : V1 → V2 �MÅ
Æ�"	# Ã�Ä Î���Í Ì��.ÓSÎ'��±
β2 ◦ h = C(h) ◦ β1

����Ï(� (
*�- ����).$#��Í ) û	��S��¥A# C(h) : C(V1, f1) → C(V2, f2) ���(æ��#¸��*�SÍ,Ì C(h) � ¬�é�8¢�

Ç(éMÓ���¥�#*�'±���×S� ½�¾+¿�{�À=Á h /�0)1�243�� óÂç�è�é�ê³ë � Ð}x�576"8 Î�Þ	ßÌ
V1

h
��

β1 // C(V1, f1)

C(h)
��

V2
β2

// C(V2, f2)

$^%
(β2 ◦ h(x))2 = (β2(h(x)))2 = f2(h(x))1 f2 = f1(x)1 f2 . �	Ð.����3 6.7 $���� - ������).$#��Í�û	��S"�S¥A#

C(h) ���æ�(¸7�%��Í'Ì�¹M´$ β2 ◦ h(V1) ⊂ β2(V2) ⊂ C
(1)(V2, f2) 1 ³�´0± C(h) ��¬�é78���Ç)édÓ��M¥+#��

§�Í,Ì
�9$ h′ �

�

¸�¹�º 	
6.3. f � K- �� ¢¡¤£#øSù V Ó5�)¬	#	�)± B � f $�8�µ	��Í���æ(¬�#(�FÎ(~a± F � û��-S Ú:�
©-S�Ç

é�± h : V → F ��"�# Ã�Ä Î���Í Ì
h(x)2 = f (x)1F (x ∈ V)

�Ö´�Å
h(x)h(y) + h(y)h(x) = B(x, y)1F (x, y ∈ V)

�+@õ�PB�M��Î.��»�¼(Ì K Ó��(é , 2 ��´�Å5�A�@?�PB�M�OÎ,�M»¼(Ì
Î.�$ V ³¢´ C(V, f ) É*Ó9�2�*� Ã�Ä β $)ª�~��

β(x)β(y) + β(y)β(x) = B(x, y)1 f (x, y ∈ V)

�+@õ�PB�#Ì
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6.3 ;=<Eätå?>A@ABærDCFE
ðHG�I�|7wT~��.J�K �	L9M�N ö � Ð-x5Ê�Ë�O (V, f ) ÓO �ì�í7îAïJðñÇ(é��5F��,±��� �¡¤£#øSùdÎ	P��*� V Ó
ä	å�Ç(é ∧(V) $�"�#�¥�#%��§OÍ ÌQP�³�� ¥T#��,± K Ó��(é%� , 2 Ó5¨�©A$���R)S�T,R�£U$�VSÁOÍO�OÎ��	���
Í Ì���×S��½O³¢´�K*µ9P#�*�Ì#Ô
0%�O�AòÛó
ô�£=Ç(é�Ó �	�	� � � Ø	Ï,¾�>d�HW�XO�%Í Ì
¬�Ó���3*�#ºMÐ,��ØOÍ*��Î��)Yd��<%Ó*�OÎ 1 �'±	½
«�Z�[9$�\�]�¹�×�Í(Ó'��±Sµ�»^PH_
,E.�Ì
��	

6.9. u ∈ T(V) Î2��æ¬ Ã�Ä Φ : V × T(V)→ T(V), Ψ : V × T(V)→ T(V) ��VSÁd´0×,_�§)ÍSÎ���±
ϕ(1) = u, (15)
ϕ(x · y) = Φ(x, y) + Ψ(x, ϕ(y)) (x ∈ V, y ∈ T(V)) (16)

����Ï�="�# Ã�Ä ϕ : T(V) → T(V) ���#æ��¸��O�SÍ Ì ϕ �`,a(� (15), (16) �#����¹,×�_OØ*ÍSÎ�Ø¢aÌ (16)

��Ç	é L ( T(V) ) Ó�º�bO�(ºOØ�)�ÁOÍ�Î
ϕ ◦ ex = Φx + Ψx ◦ ϕ (x ∈ V). (17)

Ï 1 P Φ,Ψ ∈ L
(

V , L ( T(V) )
) Î�À�Á	_'± Φx = Φ(x), Ψx = Ψ(x) Î�,�Ø	Ï�Ì

$-%
(16) $=,*Ø,_ y ∈ Tp−1(V) (p > 0 �A��� ) Î0þ��=P�_Qc�¥'ý���§%Í�Ì (15) � ϕ Ó T0(V) = K â	�SÓ"de ��Ö& �Ð	_4P� Ö�³F´�± (15) Î (16) � ϕ �T£7¤ S'$#�O�fP'Ïd�SÎ�$��MÍ'Ì�FÛG(± (16) Ó�g)h¢� x ∈ V,

y ∈ Tp−1(V) $)ªUPH_+�)æ¬ 1 ³�´�±�"�# Ã�Ä V ⊗Tp−1(V) ' Tp(V)→ T(V) ����üOÍ�Ì��	��³�´ ϕ Ó ¸�� Î0æ
�����(µd´�³	��§OÍ�Ì �

i�j ±
��3 6.9 ��! � P�_�Ã��%aÌ
��	

6.10. ξ ∈ V∗ $�k^P�_'±�"�# Ã�Ä Dξ : T(V)→ T(V) ��`�a(�
Dξ(1) = 0,

Dξ(x · y) =
〈
ξ , x

〉
y − x · Dξ(y) (x ∈ V, y ∈ T(V)) (18)

$*���á�(�Ö¹ ×�Í�Ì Dξ � Dξ(x) =
〈
ξ , x

〉
(x ∈ V) �M��Ï� T(V) Ó=�'æ���Ó −1 ¬�l�m
�O��§�Í Ì��A$,± T(V)

Ó��
��Ó −1 ¬�l�m������#æ��OÓ ξ ∈ V∗ � � Ø�_ Dξ Ó�#F$50².,��Î����S�Í,Ì
$%

Φ(x, y) =
〈
ξ , x

〉
y, Ψ(x, z) = −x · z Î,E.Î�± Φ,Ψ ���)æ(¬��'± (18) Ó�g�hM� Φ(x, y) + Ψ(x,Dξ(y)) ÎN0

�)Í�³¢´�±¢��×*� Dξ Ó�`�a	�O��§OÍ Ì
x ∈ V �Ö´�Å Dξ(x) = Dξ(x · 1) =

〈
ξ , x

〉
1 − x · Dξ(1) =

〈
ξ , x

〉 1 ³�´
Dξ(x · y) = Dξ(x) · y − x · Dξ(y) (x ∈ V, y ∈ T(V)).

�	��³¢´�����Ó p > 0 Î x1, · · · , xp ∈ V $k4P�_
Dξ(x1 · · · xp · y) = Dξ(x1 · · · xp) · y + (−1)px1 · · · xp · Dξ(y)

Ó�@õ�PB�M��Î.��±/£�¤}S�$�»*�M�OÎ��	���#Í�Ì�nU$��=��Ó x ∈ Tp(V) ��ú7ò�ó�ô�£�Ó5Ú 1 ³¢´
Dξ(x · y) = Dξ(x) · y + (−1)p x · Dξ(y) (x ∈ Tp(V), y ∈ T(V)).

�)�#�%� Dξ � −1 ¬SÓ�l�m
�*��§)Í,Ì
���l�m
�SÓ �(�%³�´�µÖ´�³(�O§�Í,Ì �
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? 	
6.11. Dξ ∈ L−1

(
T(V)

) � ξ ∈ V∗ $�"�#A$ ·�¸4P�±
(Dξ)2 = 0 (19)

���SÏ�#Ì�nU$ ± ξ, η ∈ V∗ �Ö´�Å
Dξ · Dη = −Dη · Dξ. (20)

$&%
ξ, η ∈ V∗, a ∈ K $�koP (Dξ + aDη)(1) = 0, (Dξ + aDη)(x · y) =

〈
ξ + aη , x

〉
y − x · (Dξ + aDη)(y)

(x ∈ V, y ∈ T(V)) 1 ³�´���3 6.10 �ALOà*Ï�æ����9$*�S�n± Dξ + aDη = Dξ+aη �)���×*Å(�Ö´��	ØÌ��^ Ö� Dξ

� ξ $�"�#9$,·(¸O��Í Ì
¥T¬9$ (Dξ)2(1) = 0, (Dξ)2(x · y) = x · (Dξ)2(y) 1 ³¢´�±�Õ%�Ö� ��3 6.9 �ALOàOÏ�æ����A$*�S� (Dξ)2 = 0 �����
×*Å(�Ö´��	Ø'Ì
+�Á)$ 0 = (Dξ+η)2 = (Dξ + Dη)2 = Dξ · Dη + Dη · Dξ. �

? 	
6.12. f � V Ó5�)¬	#	�FÎ���Í�Ì=�
��Ó ξ ∈ V∗ $kpPH_

Dξ(I f ) ⊂ I f .

$% ���MÓ x ∈ V, z ∈ T(V) $�k^P�_ Dξ((x2 − f (x)) · z) ��»	qO��Í�Î�±���×)� (x2 − f (x)) · Dξ(z)(∈ I f ) $�ÅrP
ØS�OÎ��+�O³%Í Ì�� d� S =

{
y ∈ I f

∣∣∣ Dξ(y) ∈ I f
} ÎM,E.0��´�Å ±

(x2 − f (x)) · z ∈ S (x ∈ V, z ∈ T(V)). (21)

���MÓ y ∈ V, w ∈ S $k4P�_ y · w ∈ I f , Dξ(y · w) =
〈
ξ , y

〉
w − y · Dξ(w) ∈ I f 1 ³�´ y · w ∈ S ��§)Í,ÌÖ����³

´�£�¤}S�$
y1 · · · yp · w ∈ S (yi ∈ V, w ∈ S ) (22)

���%³(×�Í Ì (21) Î (22) ��s�¼�_
y1 · · · yp · (x2 − f (x)) · z ∈ S (yi ∈ V, x ∈ V, z ∈ T(V)).

Î��.�+����Ó y ∈ T(V) ��ú�ò9ó�ô�£%Ó�Ú 1 ³�´���×%�
y · (x2 − f (x)) · z ∈ S (x ∈ V, y, z ∈ T(V))

�M�9U'�%Í Ì)�)�#�*��± I f ⊂ S , Dξ(I f ) ⊂ I f . �

t
6.13. Dξ � C(V, f ) â�Ó�í�¬�Ó�l�m�� D′

ξ
�	u���vA���Ì��)��%�

D′ξ ◦ π f = π f ◦ Dξ

����Ï(� C(V, f ) ÓT"�#�Â�) D′
ξ
���#æ7�#¸��rP0± D′

ξ
� D′

ξ
(β f (x)) =

〈
ξ , x

〉
1 f �=�����Ö´�×�Í�í)¬MÓ�l,m

�O�O§�Í Ì
f = 0 Ó5¨�©U$	� D′

ξ
�

D′ξ(x) =
〈
ξ , x

〉
(x ∈ V)

�+���7�7�M´0×�Í ∧(V) Ó −1 ¬�l�m��O�)§���±���×O� ξ $*�Í)w�ÿ�å�x�q iξ $5Å^P�Ø�Ì
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? 	
6.14. ��æ#¬�#	� h ∈ L

(
V2 ; K

) ' L
(

V , V∗
) $�k4P0±

ϕh(1) = 1,
ϕh(x · y) = x · ϕh(y) − Dh(x)(ϕh(y)) (x ∈ V, y ∈ T(V))

����Ï��"�# Ã�Ä ϕh : T(V)→ T(V) ���æ��¸��O��Í,Ì ϕh � T(V) Ó Z2- #dÓ ¬	é���y7�	Ì��
�MÓ ξ ∈ V∗ $
k4P

ϕh ◦ Dξ = Dξ ◦ ϕh (23)

�+@õ�PB�#Ì
$%

Φ(x, y) = 0, Ψ(x, z) = x · z − Dh(x)(z) ÎM,E.'Îa±�z
�	��Óg�hM� Φ(x, y) + Ψ(x, ϕh(y)) Î�0���Í Ì,+�Á,$��
×*� ϕh ���	�O�%Í�`�a#�%��§OÍ�Ì ϕh � Z2- #�Ó ¬(é��Hy7�d��Î��,�(���*³�´�µd´�³	��§����Ì
«�{MÓ�K%µ�$7c�
3 6.9 �H|FA® ϕh ◦ Dξ �

(ϕh ◦ Dξ)(1) = 0,

(ϕh ◦ Dξ)(x · y) =
〈
ξ , x

〉
ϕh(y) − x · (ϕh ◦ Dξ)(y) + (Dh(x) ◦ ϕh ◦ Dξ)(y) (x ∈ V, y ∈ T(V)).

���SÏ�#Ì	}	¾	± Dξ · ϕh �
(Dξ ◦ ϕh)(1) = 0,

(Dξ ◦ ϕh)(x · y) =
〈
ξ , x

〉
ϕh(y) − x · (Dξ ◦ ϕh)(y) − (Dξ ◦ Dh(x) ◦ ϕh)(y) (x ∈ V, y ∈ T(V)).

���SÏ'�#Ì¢Î#���.�'± Dξ ◦Dh(x) ◦ϕh = −Dh(x) ◦Dξ ◦ϕh 1 ³¢´�± Φ(x, y) =
〈
ξ , x

〉
ϕh(y),Ψ(x, z) = −x · z+Dh(x)(z)

Î�,O.'Î�± ϕh ◦ Dξ Î Dξ ◦ ϕh � ψ $	ª'�%Í¥�¦~`�a(�
ψ(1) = 0,
ψ(x · y) = Φ(x, y) + Ψ(x, ψ(y)) (x ∈ V, y ∈ T(V))

Ó��*��§�Í Ì�+�Á)$���*���=ÅrP�ØÌ �

? 	
6.15.

ϕ0 = id,

ϕh+h′ = ϕh ◦ ϕh′ (h, h′ ∈ L
(

V , V∗
)
)

�+@õ�PB�#Ì)�)�#�%� ϕh : T(V)→ T(V) � Z2- #�¬#é�8Ö� �S ¢¡ã£øSù)Ó5"�#S¥�#%��± h ∈ L
(

V , V∗
) 7→ ϕh ∈

GL ( T(V) ) �5Î��S¥�#*��§�Í Ì
$% �	���.c�
3 6.9 �%|F�Ì ϕ0(1) = 1 ³�� x ∈ V, y ∈ T(V) $�k4P ϕ0(x · y) = x · ϕ0(y) 1 ³�´�æ��)�A$%���
ϕ0 = id ��§OÍ�Ì
 Ï (ϕh ◦ ϕh′ )(1) = 1, ³
� x ∈ V, y ∈ T(V) $�k4P (ϕh ◦ ϕh′ )(x · y) = x · (ϕh ◦ ϕh′ )(y) − (Dh(x)+h′(x) ◦ ϕh ◦ ϕh′ )(y)

1 ³�´�±�Õ%���næ=�	�A$%�S� ϕh ◦ ϕh′ = ϕh+h′ �)§OÍ Ì �

? 	
6.16. f , f ′ ���)¬�#��	± h ���)æ¬�#	��± f ′ = f + h Î���Í Ì)�)��%� f ′(x) = f (x) + h(x, x) (x ∈ V) Î��

Í Ì��.Ó�Î�� ϕh(I f ) = I f ′ �O§�Í Ì
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$Û%
ϕh(I f ) ⊂ I f ′ �T»9¼dÅ�®-����§MÍ#Ì��And��´ f = f ′ − h 1 ³C´�±¢�	Ó�Î�� ϕ−h(I f ′ ) ⊂ I f c�@7BoP�±

I f ′ = ϕ0(I f ′) = ϕh ◦ ϕ−h(I f ′) ⊂ ϕh(I f ), +�Á)$ ϕh(I f ) = I f ′ �O§)Í Ì
���MÓ x ∈ V, z ∈ T(V) $kpPH_ ϕh((x2 − f (x)) · z) ��»	q%�%Í%Îa± (19), (23) � � Ø�_M��×�� (x2 − f ′(x)) · ϕh(z)

$5ÅrP�ØS��Î��+�*³*Í Ì��^ M� S =
{

z ∈ I f

∣∣∣ ϕh(z) ∈ I f ′
} Î,E.��Ö´�Å

(x2 − f (x)) · z ∈ S (24)

��§OÍ Ì} #Ï�����Ó y ∈ V, w ∈ S $kpPH_��=3 6.12 $*�S� ϕh(y · w) = y · ϕh(w) − Dh(y) ◦ ϕh(w) ∈ I f ′ , �)�#�*�
y · w ∈ S ��§�Í ÌÖ����³¢´2���SÓ9�2�	é p $�kpP%_

y1 · · · yp · w ∈ S (yi ∈ V, w ∈ S ) (25)

Ó�@õ�PB�M��Î���£�¤}S,$��O³	×�Í,Ì (24) Î (25) �%s7¼�_
y1 · · · yp · (x2 − f (x)) · z ∈ S (yi ∈ V, x ∈ V, z ∈ T(V)).

Î��.�+����Ó y ∈ T(V) ��ú	��¬��%Ó�Ú 1 ³¢´��×*�
y · (x2 − f (x)) · z ∈ S (x ∈ V, y, z ∈ T(V))

�M�9U'�%Í Ì)�)�#�*� I f ⊂ S , ϕh(I f ) ⊂ I f ′ Ì �

ð
Chevalley

x�¿9{46�8
f ′ = f + h Î���Í	Ì	�}3 6.16 $¢�A� ϕ f , h ◦ π f = π f ′ ◦ ϕh �=�¢Ï%�7"A# Ã9Ä

ϕ f , h : C(V, f )→ C(V, f ′) ���æ��'¸����%Í,Ì
T(V)

π f

��

ϕh // T(V)

π f ′

��
C(V, f )

ϕ f ,h
// C(V, f ′)

ϕ f , h � Z2- #SÓ,¬#éÖ��y7�+"�#�¥�#%��²	Ó�� Ã
Ä �
ϕ f , h

−1 = ϕ f+h,−h

��§OÍ Ì
? 	

6.17. f , f ′ �M��¬�#���± h �M��æ#¬�#	��± f ′ = f + h Î��%Í,Ì
ϕ f , h(1 f ) = 1 f ′ ,

ϕ f , h ◦ β f = β f ′

�+@õ�PB�#ÌÖ�	����± β f , β f ′ ��²�×^;.× V Ó C(V, f ), C(V, f ′) Ó,�.ÉOÓ����%� Ã�Ä ��§OÍ�Ì
$% "�#%¥T# ϕh : T(V)→ T(V) Ó �	�d���%Ø�](²MaÌ ϕh(1) = 1 1 ³�´ ϕ f , h(1 f ) = ϕ f , h ◦ π f (1) = π f ′ ◦ ϕh(1) =

π f ′ (1) = 1 f ′ �*§OÍ.Ì- #Ï x ∈ V ��´�Å ϕh(x) = x ÌÖ��×*� α : V → T(V) �-�����#û=�CÎ���×%Å,± ϕh ◦ α = α
�M�9U'�%Í ÌQP�Ï#��Ð�_± ϕ f , h ◦ β f = ϕ f , h ◦ π f ◦ α = π f ′ ◦ ϕh ◦ α = π f ′ ◦ α = β f ′ �O§�Í�Ì �
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¹�_����%$"�9U)Ó�§*Í	Ó��,±���¬�#�� f = [g] $"krP�±��*æ�¬�#)� h � h = −g ÓT¨7©%�O§%Í.Ìd�ÓMÎ#��±
f + (−g) = [0] Î���Í,Ì ψg = ϕ f ,−g ÎM, .'Îa±

ψg : C(V, f )→ C(V, [0])(' ∧(V)).

ψg � Chevalley
x5¿�{A6�8 Î�Þ�Å�×%Í*��Î��O§)Í Ì��,Ó�"�#�¥�#��.æ'çF$ f Ó�Ç�[�� g ÓSÎO��¾A$ ·	¸O�*Í,Ì

P�³�P K Ó��	é*� , 2 Ó�¨�©9$	� g �Hk��
��æ#¬�#�� Î�Ö%ü×%Å ( ²�×%�.æ��)�)Ó 1 ³�´ ) ± ψg ��R'S"T,R'£
$�VSÁOÍO��Î��	���Í Ì
? 	

6.18. n = dim V < ∞ ��´�Å,± dim C(V, f ) = 2n, dim C
(0)(V, f ) = 2n−1 ��§)Í,Ì

$9%
ψg �#¬OéA�"y���"'#Ö¥=#M�S§�ÍÌ)�����d�'± ψg(C(p)(V, f )) = ∧(p)(V) (p = 0, 1) ��@ �2B9�)Ìd�*Ð�_

dim C(V, f ) = dim∧(V) = 2n, dim C
(0)(V, f ) = dim∧(0)(V) = 2n−1. �

∧(V) = K⊕V⊕∧2(V)⊕· · · 1 ³�´ 10 = 1 , 0 ��§�� ± β0 = β �.û��O�)§�Í Ì�Î'��,� ψg(1 f ) = 1, ψg ◦β f = β

1 ³�´aæç9$ ¬SÓ��)Î���@?��B^�OÓ��§)Í,Ì
? 	

6.19. f �5�)¬,#)��± β f �-���� Ã�Ä V → C(V, f ) ± 1 f � C(V, f ) Óû���� Î���Í,Ì (a) 1 f , 0 �%§%Í.Ì
(b) β f �'û+�%��§)Í,Ì
²���� ¯�* ��� ± β f : V → C(V, f ) �}���%�û+��Î�Þ	ßS��Î�$AP'�O0Ì V ÓA� x Î C(V, f ) ÓT� β f (x) = π f (x)

��¥æ=±���ÍO�)Î�$*��� ± V � C(V, f ) Ó�ÿ��(øSùMÎ��%�#�M��Î��	�S�#Í Ì- Ï,± K Ó�� a Î C(V, f ) ÓA� a1 f

��¥æ=±4P%_ K � C(V, f ) Ó�ÿ��(øSùO���%�(����Î	c:�'����§)Í,ÌÖ��Ó*�*��	¥'æ�±d�.�%Í%Îa±d �ì5í�îTïJð
Ç(éMÓ�'(ÔMª�«(�M�

x2 = f (x)1 f  Ï)� x2 = f (x) (x ∈ V)

Ó�#F$#�OÍ Ì
? 	

6.20. ( ��3 6.8 Ó+�
�S� ) h′ : C(V1, f1)→ C(V2, f2) � û	�}S���¥�# Î��%Í�Ì h′ � h′(V1) ⊂ V2 ����Ï#���
´�Å,±�æ��OÓ5Å�Æ
"�# Ã�Ä h : V1 → V2 �)uO�Hv����% �ì5í�îTïJðñÇ(é�Ó���¥T# C(h) ��§�Í Ì
$% "�# Ã�Ä h : V1 → V2 � h = h′|V1 $*��� �(�O��Í ÌS 9ì�í�î+ïOð Ç	é�Ó5'	ÔMª�«	� x2 = f1(x)1 f1 (x ∈ V1)

Ó ¨�hA$�û	�^S��%¥T# h′ � �)� ¹5¼�Í�Î�± h′(x2) = (h′(x))2 = f1(x)1 f2 . æ#¾	±�'#ÔMª «#� y2 = f2(y)1 f2 (y ∈ V2)

Ó y $ h(x) �MÇ��*�%Í%Îa± (h(x))2 = (h′(x))2 = f2(h(x))1 f2 . +�Á,$ f1(x) = f2(h(x)) Î���Ð�_'± h ��Å
Æ%�)§�Í,Ì
h Î h′ Ó)§)Ø 1 $)�.± β2(h(x)) = h′(β1(x)) (x ∈ V1) ��@��CBAÐ�_OØ%Í³A´0±���3 6.8 �=L�à�Ï'æ
�O�9$S�M�
h′ = C(h) �O§)Í Ì��.Ó*�*�� h �#æ��*��§OÍO�)Î �(µÖ´0³	�O§�Í�Ì �

¸¹9º 	
6.4. e1, . . . , en � V ÓA'�¢CÎ���ÍSÎ�± {

ei1 · · · eip

∣∣∣ i1 < · · · < ip, 0 ≤ p ≤ n
} � C(V, f ) ÓA'�¢��O§%Í

(p = 0 ÓMÎ���� ei1 · · · eip = 1 Î��%Í ) ÌÖ�,Ó���Î.�5K*µ+¼d��Ì
��	

6.21. ¬�Ó��*�+@?�PB^� ®
ϕ f , h(1) = 1,

ϕ f , h(x · y) = x · ϕ f , h(y) − D′h(x)(ϕ f , h(y)) (x ∈ V, y ∈ C(V, f )).

$^%
f ′ = f + h ÎM,O.aÌ ϕh(1) = 1 Ó,¨�h�$ π f ′ � ��� ¹�¼MÍSÎ0±���hd� π f ′ ◦ ϕh(1) = ϕ f , h(1 f ) ±�g�hd� 1 f ′ Ì

1 f = 1 f ′ = 1 �'¥'æ�±*�(×*Å,±�z)æ�Ó��O��� ´�×%Í Ì
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¥�¬F$ x ∈ V, y ∈ T(V) $�k%�SÍ � ϕh(x · y) = x · ϕh(y) − Dh(x)(ϕh(y)) Ó�¨,h�$ π f ′ � �O� ¹�¼�ÍMÎ�±���hd�
ϕ f , h(π f (x) · π f (y)) ±�g�hS� π f ′ (x) · ϕ f , h(π f (y)) − D′h(x)(ϕ f , h(π f (y)). �(��� π f (x) = π f ′ (x) = x ��¥æ=±pP0± π f (y)

�H��Ï�$ y Î�0Ö�+���Î�±�z����O���F´0×SÍ�Ì �

? 	
6.22. f = [g] Î�P0± ψg : C(V, f )→ ∧(V) � Chevalley Ó�"	#�¥T# Î���Í Ì��,Ó�Î'��±
ψg(1) = 1,

ψg(x · y) = x ∧ ψg(y) + ig(x)(ψg(y)) (x ∈ V, y ∈ C(V, f ))

�	��� ig(x)(·) � g(x) ∈ V∗ $%�'Í ∧(V) Ó�w�ÿ�åO��§�Í Ì
\�À .��$ x, y, z, · · · ∈ V $k4PH_'± ψg(x · y · z · · · ) ��»�q^P%_)Ã�ÍSÎ�±�¬�Ó*�%�$#�OÍ�®

ψg(1) = 1,
ψg(x) = x,

ψg(x · y) = x ∧ y + g ( x , y ),
ψg(x · y · z) = x ∧ y ∧ z + g ( x , y ) z − g ( x , z ) y + g ( y , z ) x,

· · ·
· · ·

æçF$ ¬SÓ��*�+@õ��B� ® xi ∈ V $�k^PH_
ψg(x1x2x3 · · · xn)

=
∑[n/2]

m=0
∑
σ∈Πm

sgn (σ) g ( xσ(1) , xσ(2) ) · · · g ( xσ(2m−1) , xσ(2m) ) · xσ(2m+1) ∧ · · · ∧ xσ(2m).

�	��� Πm � ¬SÓ����Ö����Ï#� σ ∈ Sn Ó��Û Ö����§OÍ�® σ(i) < σ(i + 1) (1 ≤ i ≤ 2m − 1), σ(1) < σ(3) < · · · <
σ(2m − 1), σ(2m + 1) < · · · < σ(n). ����Í�$ σ ∈ Πm ����© {

1, · · · , n } ³�´ m ê�Ó��}ù ( ��  ¡ k ) ��*%���
�E.�Í��
©�¼���§OÍ�Ì
¸�¹�º 	

6.5. ( ��U	Ó#§OÍ�� 1 � ) â�Ó�����K*µ�¼M��Ì

6.4 �Q�f��@p�r���
ð�y
z
{
|}x�Ø5Ù^�¡ �K LFM	N ö�¢ fi � Vi Ó���¬�#	� (i = 1, 2) ± f � f1 Î f2 Ó���Ú Î��%Í,Ì β : V1 ⊕V2 →
C(V1, f1) ⊗̂C(V2, f2) �

β(x) = x1 ⊗ 1 + 1 ⊗ x2 (x = (x1, x2))

�'�	��¹�×�Í�"�# Ã
Ä Î��%Í�Ì β(x)2 = x1 ⊗ 1 + 1 ⊗ x2 Ó,¨�hÖ�M���*��Í�Î
β(x)2

= (x1 ⊗ 1)2
+ (1 ⊗ x2)2

+ (x1 ⊗ 1)(1 ⊗ x2) + (1 ⊗ x2)(x1 ⊗ 1)

= (x1)2 ⊗ 1 + 1 ⊗ (x2)2 + x1 ⊗ x2 − x1 ⊗ x2.

�	����£�¤MÓ Ñ Ò ��È%��Ó	��±�¥O×�ò9ó�ô�£#å 1 ³¢´��O§)Í Ì,+�Á)$
β(x)2 = f1(x1) ⊗ 1 + 1 ⊗ f2(x2)
= ( f1(x1) + f2(x2))(1 ⊗ 1) = f (x) 1 ⊗ 1.
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P Ï(�SÐ"_(û	�-S�S¥T# ϕ : C(V1 ⊕ V2, f1 ⊕ f2) → C(V1, f1) ⊗̂C(V2, f2) � β = ϕ ◦ β′ �5��Ï(�Fc'Ó'���(æ��#¸
�4P%_)ØOÍ Ì

V1 ⊕ V2

β ((PPPPPPPPPPPP

β′ // C(V1 ⊕ V2, f1 ⊕ f2)

ϕ

��
C(V1, f1) ⊗̂C(V2, f2)? 	

6.23. ϕ � ¬	é�8d��Ç(é�Ó�û��}S	¥�#O�O§�Í,Ì
$%

C(V1, f1) ⊗̂C(V2, f2) Î β ����� Ã�Ä �	�M��c�����Î�±0�)�#�*������Ó�û��-S��
©�Ç	é F Î h(x)2 = f (x)1F

(x ∈ V1⊕V2) �OÍ�"	# Ã
Ä h : V1⊕V2 → F Î�$�kpP�_ h = h′◦β ��Í û��^S��%¥�# h′ : C(V1, f1) ⊗̂C(V2, f2)→ F

���#æ��'¸
�O�%Í*�)Î.��»7¼OÅ�®��*��§)Í,Ì¯9* �)± i = 1, 2 Î��ÖÍ(Ì εi : Vi → V1 ⊕ V2, βi : Vi → C(Vi, fi), θi : C(Vi, fi) → C(V1, f1) ⊗̂C(V2, f2) �
�����)û���Î,�ÖÍÌ���ÍÖÎ β ◦ εi = θi ◦ βi (i = 1, 2) ��@ ��B9�OÌ hi = h ◦ εi Î�,³.�Î hi(xi)2 = h(xi)2 =

f (xi)1F = fi(xi)1F 1 ³C´ û)�ÂS	��¥�# h′i : C(Vi, fi) → F �Oæ7�ÂSU$�Ö  SÐ�_)± hi = h ◦ εi = h′i ◦ βi �
��ÏO�OÌ xi ∈ Vi $	koP"_�� h1(x1)h2(x2) = −h2(x2)h1(x1) 1 ³?´�æOç¢Ó��S¬-� xi ∈ C

pi (Vi, fi) $�k¦P_d�
h1(x1)h2(x2) = (−1)p1 p2 h2(x2)h1(x1) �+@�� B^�	Ìd�)��� pi ∈ Z2 �*§�Í.ÌQP,Ï(�SÐ"_�¥%×�ò ó
ô�£	å�Ó���� ÃÄ �)�A$��S�aû���S���¥�# h′ : C(V1, f2) ⊗̂C(V2, f2) → F �± h′ ◦ θi = h′i �%Í�c'Ó'���æ7�'¸��O�SÍO�*Î�$	�
Í Ì h ◦ εi = h′i ◦ βi = h′ ◦ θi ◦ βi = h′ ◦ β ◦ εi 1 ³¢´ h = h′ ◦ β �)����×*Å#�Ö´��	Ø'ÌÖ��×)� h′ Ó,¸
���+»7¼�Ï'Ì
(h′ Ó'æ=�)� ) �.$�û��-S"��¥A# h′′ : C(V1, f2) ⊗̂C(V2, f2) → F � h = h′′ ◦ β �5�SÏ(�)�¢´�Å,± (h′′ ◦ θi) ◦ βi =

h′′ ◦ β ◦ εi = h ◦ εi = h′i ◦ βi 1 ³�´ h′′ ◦ θi = h′i , h′′ = h′ �)���'×*Å(�Ö´���Ø'Ì
Vi

εi

��

h◦εi

##F
FFFFFFFF

βi // C(Vi, fi)
h′i

wwoooooooooooo

θi

��

F

V1 ⊕ V2
β

//
h

;;xxxxxxxxx
C(V1, f1) ⊗̂C(V2, f2)

h′

ggOOOOOOOOOOOO

�

ð#ó&ç�è�é�ê³ë � Ð}x5Ï�Ð�Ñ�Ò f � K- �S �¡¤£øSù V Ó5�)¬�#(�)± L � K Ó5Ó�Ô��	± f L � VL É%Ó5�)¬	#
� f Ó5×�Æ�±������� f L(1 ⊗ x) = f (x) (x ∈ V) �+����7�M´0×�Í VL Ó���¬�#	��Î��%Í,Ì
β : V → C(V, f ), β′ : VL → C(VL, f L) ��:�%�û=� Î�Pa± βL : VL → C(V, f )L � β Ó L- "�# Ã�Ä É*Ó�×�ÆFÎ

�%Í,Ì
��Ó�Î���±
���MÓ z ∈ VL $�k^P�_

(βL(z))2
= f L(z)

�+@õ�PB7�(Ì�FG'± z = a1 ⊗ x1 + · · ·+ an ⊗ xn Î�[^PH_
,E.'Î�± βL(z) = a1 ⊗ β(x1)+ · · ·+ an ⊗ β(xn) �)§�Í,Ì�+
Á,$

(βL(z))2 =
∑

i a2
i ⊗ β(xi)2 +

∑
i< j aia j ⊗ (β(xi)β(x j) + β(x j)β(xi))

=
∑

i a2
i ⊗ f (xi) +

∑
i< j aia j ⊗ B(xi, x j)

=
( ∑

i a2
i f (xi) +

∑
i< j aia jB(xi, x j)

)
1 ⊗ 1
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�	��� B � f $�8�µ��*Í���æ¬�#(�%�)§�Í Ì�Î�'�.� f L(z) =
∑

i a2
i f (xi)+

∑
i< j aia jB(xi, x j). +�Á,$ (βL(z))2 =(

f L(z)
)

1 ⊗ 1 = f L(z).

P Ï�SÐ�_'± βL = ϕ ◦ β′ �M��Ï#�(û	�^S��S¥�# C(VL, f L)→ C(V, f )L ���æ���¸
�^PH_�Ø*Í Ì
VL

βL
##H

HHHHHHHH

β′ // C(VL, f L)

ϕ

��
C(V, f )L

? 	
6.24. ϕ � ¬	é�8d��Ç(é�Ó#¥�#*�O§�Í�Ì

$ %
C(V, f )L Î βL �)�7� Ã}Ä �%� �9c=�A�MÎ��A»9¼dÅ��(Ø�Ì)���O���± F � L â�Ó)û)�&S��}©^Ç�é�Î

P�± h : VL → F � h(z)2 = f L(z)1F (z ∈ VL) �MÍ L- "'# Ã^Ä Î��dÍdÎ h = h′ ◦ βL ���ÖÏ��*û��ÛS��d¥=#
h′ : C(V, f )L → F ���æ���¸
�*�%Í��OÎ.�M»7¼*Å*�.Ø'Ì
τ : V → VL, τ′ : C(V, f )→ C(V, f )L �}�2�*�#û+� Î��%Í�® τ(x) = 1 ⊗ x, τ′(x′) = 1 ⊗ x′.

�%ÍSÎ βL ◦ τ = τ′ ◦ β �O§�Í�Ì
h ◦ τ : V → F � K- ",#��#± (h ◦ τ(x))2 = h(1 ◦ x)2 = f (1 ⊗ x)1F = f (x)1F 1 ³ ´0±d  ìTí^î�ïtð�Ç�éÖÓ'�
�.$��d��± h ◦ τ = h′′ ◦ β ���MÏ	��û��9S K- ��¥�# h′′ : C(V, f ) → F ���	æ�	¸��rP�_*Ø�Í��*Î�����³�Í.Ì
h′ : C(V, f )L → F � h′′ Ó�×�Æ Î���Í ÌO���(�%� h′′ = h′ ◦ τ′ ����Ï���æSÓ L- "�# Ã�Ä Î��%Í,Ì h′ ��û��-S
L- ��¥T#*�O§)Í Ì
�	��� Ã�Ä h′ ◦ βL : VL → F �.À)ÁOÍSÎ�±¢��×*� L- "�#%� (h′ ◦ βL) ◦ τ = h′ ◦ τ′ ◦ β = h′′ ◦ β = h ◦ τ �M��ÏFP
_)Ø*Í Ì�+�Á,$ h = h′ ◦ βL �)����×*Å#��´��	ØÌ
( æ=��� ) �9$ h′ : C(V, f )L → F � h = h′ ◦ βL �OÍ,û��}S���¥�# 1 Î��%Í�Î�± h′ ◦ τ′ : C(V, f )→ F �.û	�}S K-

��¥T#%�± (h′ ◦ τ′) ◦ β = h′ ◦ βL ◦ τ = h ◦ τ. �O§�Í Ì,+�Á)$ h′ ◦ τ′ = h′′ �)����×�Å#��´��)Ø'Ì)������ h′ �
h′′ Ó�×
Æ*��§�Í Ì��(��³�´ h′ Ó.æ����S�(µÖ´0³	�O§�Í�Ì

V

τ

��

h◦τ

  @
@@

@@
@@

@

β // C(V, f )
h′′

{{ww
ww

ww
ww

w

τ′

��

F

VL
βL

//
h

??��������
C(V, f )L

h′

ccFFFFFFFFF

�

6.5 ÜÞÝ7ß²à9áãâ�äæåD@A§=¨r© ÜÞÝ7ß/à�áãâ�ätå=¨
ðHªÖóÂç5è�é�ê/ë � Ð n < ∞, s + t = n Î�P0±�F n øSù Rn â�Ó���¬�#	� fs,t(x) =

∑s
i=1(xi)2 −∑t

j=1(xs+ j)2 «
À�Á*Í Ì+�)¬�#(� fs,t

« 8��#Ï F n ø�ù (Rn, fs,t) « Rs, t Î�0p¬OaÌ fs,t ��Ñ Ò é� (s, t) Ó,»#¼ ( ��®�a�k����
æ(¬�#,¯ ) gs,t ° Ç
[�¹ ×�Í'³�´a± Rs, t « FO»	¼*�M A¡á£(ø�ù (Rn, gs,t) Î~�A±�².¬OÎ	c °9³ Í.Ì="�#�Ç	é °.´
.¶µC´0×�_)ØOÍ ´ %$ ± Rs, t Î Rs′, t′ AÅ
Æ�"�#�¥T#7±Ö´�Å ± s = s′, t = t′ ° §�Í (Sylvester Ó�·,¸
>�¹ ) Ì
¥+¬A$"º�» n ø�ù Cn â)Ó���¬�#�¯ fs,t(z) =

∑s
i=1(zi)2 −∑t

j=1(zs+ j)2 $"k4P�_Fc�± fs,t
« 8��(Ï.øSù Cs, t « À

Á*Í7¬�ÎH °9³ Í.Ì Cs, t ¼ Rs, t Ó�º)»�a (C É�Ó «(é�Ó
Ô ) ° §*Í Ì¢Î�¬�½�F¬'Ó5¨�© ¼ s + t = s′ + t′ = n ±
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´�Å�Å�Æ�"	#S¥�#SÓ��-U ° Cs, t ' Cs′, t′ ' Cn, 0 ° §�Í Ì�F^G.± Ã�Ä (z1, · · · , zn) 7→ (z1, · · · , zs, izs+1, · · · , izs+t) 
Cn, 0 ³�´ Cs, t É�Ó�Å
Æ�"�#�¥A#9$�±%Ð"_)Ø*Í,Ì ´ Ð"_ Cs, t Ó* �ì�í�î�ïOðñÇ�é « À�Á%Í�¨�©A$ ¼ ± Cn, 0 1 �
$=��¾�²(×*Å5®�� ° §�Í,Ì
Rn, 0, R0, n, Rs, t (s, t > 0), Cn, 0 Ó)¿9ì5í�îAïJðñÇ�é�ÓÀ�Á ¼ ´ .ÂµF´�×�_
,=Ã�± n Ä}Ì s, t $�ÅAPH_	Æ���¸ Î
Þ)Å'×�Í%Ç�È���F´a×�Í,Ì�¬�¬ ° ¼ F�¿-ì5í�îAïOðñÇ(éMÓ�À�ÁFÎ 8- Æ	��¸A$��)Ø�_ú�û'$�V�×�_�,9¬�É0Ì
��	

6.25. E ¼ R â�Ó�û	�}S Ú��
©}S�Ç(é °�Ê γ1, · · · , γn ∈ E )ËOÐ_ Ê
γ2

i =


1 (i = 1 · · · s)
−1 (i = s + 1 · · · s + t),

γiγ j + γ jγi = 0 (i , j)

« �SÏ9PH_)ØOÍ�ÎH²*Í Ì�¬.ÓSÎ ³ û	�}S��AÌ�#
ϕ : C(Rs, t)→ E, ei 7→ γi

��#æ��'¸
��²%Í,Ì�¹7Í�$�Î�Ó(Ø=�	×�ÏT�^��+@fÃPB'_*Å Ê ϕ ¼ Ç	éUÌ�# ° ËOÍ�Ð
• dim E = 2s+t.

• ϕ ¼ ûA�OÌ
• ϕ ¼ ª��OÌ

$�% ¬,× ¼ ¿ ìTí}î=ï²ðPÇ)é�Ó���� ÃÄ ¸�ÑAÏ^Í"(�Î�Ò È"ÓQÍ�Ï7±�¬*Î ° Ë%Í'Ì�Ô^P.Ø�K9Ó ¼�Õ,Ö $�×UØ
´ ÉÚÙ �

�ÜÛ	�9Ý"�AÌ�Þ ϕ : C(Rs, t) → E, ei 7→ γi ,ß�à�á�â,ã^P Ê ϕ ¼ Ì�Þ ° Ë�ä"�på�æQÉÚçUÓ « Ê)è * ° ¼"é
Û'$

C(Rs, t) ' E, ei 7→ γi

åëê4¬�É�å�ìrÉÚÙ'í�î9P E ¼ Z2 Þ�Î�ï�ð ³Hñ ï ° Ë�äUå ¼	ò Í%±�æ	Ù Z2 Þ,Î�ï�ð ³Hñ ï ° Ë'ó�í.å�P%_Fc Ê
ϕ �Î�ï «%ô áQå ¼	ò ÍH±�æ�Ù
õ�ö

6.26. n ≥ 0 å�²Uä�Ù C(Rn, 0) ⊗ C(R0, 2) ÷�ø)æ	ù
γi = ei ⊗ e1e2 (i = 1, · · · , n),
γn+1 = 1 ⊗ e1,

γn+2 = 1 ⊗ e2.

å�ørú�å Ê
C(R0, n+2) ' C(Rn, 0) ⊗ C(R0, 2), ei 7→ γi (i = 1 · · ·n + 2). (26)

�û¦Ã¶ü'á	Ù�Ì"ý9÷ Ê C(R0, n) ⊗ C(R2, 0) ÷�ø)æ	ù γi
«�þ åHÌ.ÿ�¯F÷ ´ óù�¾��'²7äUå Ê

C(Rn+2, 0) ' C(R0, n) ⊗ C(R2, 0), ei 7→ γi (i = 1 · · ·n + 2). (27)
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�û¦Ã¶ü'á	Ù	ÎA÷ s, t ≥ 0 åH²7ä�Ù C(Rs, t) ⊗ C(R1, 1) ÷�ø,æ�ù Ê���� ¼
γi = ei ⊗ e1e2 (i = 1, · · · , s),
γs+1 = 1 ⊗ e1,

γs+ j+1 = es+ j ⊗ e1e2, ( j = 1, · · · , t),
γs+t+2 = 1 ⊗ e2

å�ørú�å Ê
C(Rs+1, t+1) ' C(Rs, t) ⊗ C(R1, 1), ei 7→ γi (i = 1, · · · , s + t + 2) (28)

�û¦Ã¶ü'á	Ù
���

γ2
i = −1, γiγ j + γ jγi = 0 (i , j) )û Ã�üFáUÏ=Í Ê	��
 6.25 ÷ ´ Ã ϕ(ei) = γi ±Fä C(R0, n+2) Ï Í

C(Rn, 0) ⊗ C(R0, 2) ���Û��UÝ��AÌÞ ϕ �ß�à)á�â�ã'²7ä�Ù ϕ(−eien+1en+2) = ei ⊗ 1 (i = 1 · · ·n), ϕ(en+1) = 1 ⊗ e1,

ϕ(en+2) = 1 ⊗ e2 î�Ï4Í ϕ ¼���� îFå��'ÏAäÙ ´ ó"ù�Î�������7Ï4Í Ê ϕ ¼ Ì�Þ�� � !#"%$���Í&�,æ�Ù(')"�*+
(26) ��Ë)ä�Ù'ÌÞ (27), (28) ,Ì"ýA÷�-Hù/.107ä�Ù �

2
6.27. Î%�ÌÞ1*)Ë)ä�Ù

C(R4, 0) ' C(R0, 2) ⊗ C(R2, 0) ' C(R2, 0) ⊗ C(R0, 2) ' C(R0, 4), (29)

C(Rn+4, 0) ' C(Rn, 0) ⊗ C(R4, 0), (30)

C(R0, n+4) ' C(R0, n) ⊗ C(R0, 4). (31)

�1� æ�3�"4, (26) å (27) ÏpÍ&5 6	÷�77Ï�"7äÙ �

8

 6.26 ÷�9�:.í('.åÏ¦Í Ê�;=<?>#@BA CEDëñ ïGF�à�H4÷ C(R0, 0), C(R1, 0), C(R0, 1), C(R2, 0), C(R1, 1),

C(R0, 2) JILK�M&N#O��JP(Q)"Aä�'�åR*/�1S7ä�ÙT ')�L'&"VUXW(Qæ�Y �� ;(<B>�@ A�C=D ñ ïB�Z�[(\^] :,ù�_'ä�Ù
õ�ö

6.28. YB�`Þ1* a)äcb
C(R0, 0) ' R.

C(R1, 0) ' R ⊕ R, e1 7→ (1,−1).

C(R0, 1) ' C, e1 7→ i.

C(R2, 0) ' M(2,R), e1 7→
( 1
−1

)
, e2 7→

( 1
1

)

C(R1, 1) ' M(2,R), e1 7→
( 1
−1

)
, e2 7→

( −1
1

)
.

C(R0, 2) ' H, e1 7→ i, e2 7→ j

�1� '��d%e	Fgf�hUÝ,÷J�%i�ä�')å)�	J�#j	k Ö �l�m%n 
 åRo7ä�Ù �

Y.÷�'�"GU�W(Q�æ#Y �B <L>g@1A�C=D ñ ï C,H,M(2,R), · · · �I4K�M�N�O�*�p	qFÝ)÷Lr�%s�t&� ñ ï���a
ä�#S%\Je�UuS�÷B-�ù�_�s1t�Ù
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v ö
6.29. YB�`Þ1* a)äcb

C(Cs, t) ' C ⊗R C(Rs, t), ei 7→ 1 ⊗ ei (32)

C(Cs+t, 0) ' C(Cs, t), ei 7→ ei (i = 1 · · · s),
√
−1ei (i = s + 1 · · · s + t) (33)

��� `"Þ (32) Fxw <�>)@1A/CyD ñ ïLgz�ï	{	|�}7÷�ø�æ	ù#~9÷/��eL-�í�'�å^��a�ä/SVUXj�d�\&��Q/��æ�Ù `
Þ (33) ,�e�U�S	� a ��t~Ù �

õ�ö
6.30. YB R- ñ ïB�`Þ�*�a)äcb
C ⊗R C ' C ⊕ C,

1 ⊗ 1 7→ (1,1), 1 ⊗ i 7→ (i,−i), i ⊗ 1 7→ (i, i), i ⊗ i 7→ (−1, 1).
(34)

C ⊗R H 'M(2,C),

1 ⊗ 1 7→ ( 1
1
)
, 1 ⊗ i 7→ ( i

−i
)
, 1 ⊗ j 7→ ( i

i
)
, 1 ⊗ k 7→ ( −1

1
)
,

i ⊗ 1 7→ ( i
i
)
, i ⊗ i 7→ ( −1

1
)
, i ⊗ j 7→ ( −1

−1
)
, i ⊗ k 7→ ( −i

i
)

(35)

H ⊗R H ' M(4,R) ('M(2,R) ⊗R M(2,R)),
1 ⊗ 1 7→ 1 ⊗ 1, 1 ⊗ i 7→ −p ⊗ r, 1 ⊗ j 7→ −r ⊗ 1, 1 ⊗ k 7→ −q ⊗ r,

i ⊗ 1 7→ 1 ⊗ r, i ⊗ i 7→ p ⊗ 1, i ⊗ j 7→ r ⊗ r, i ⊗ k 7→ q ⊗ 1,
j ⊗ 1 7→ r ⊗ p, j ⊗ i 7→ q ⊗ q, j ⊗ j 7→ 1 ⊗ p, j ⊗ k 7→ −p ⊗ q,

k ⊗ 1 7→ r ⊗ q, k ⊗ i 7→ −q ⊗ p, k ⊗ j 7→ 1 ⊗ q, k ⊗ k 7→ p ⊗ p,

'�')� 1 =
( 1

1
)
, p =

( 1
−1

)
, q =

( 1
1

)
, r =

( −1
1

)

(36)

�1� `Þ (34) F
C ⊗R C ' C ⊗R C(R0, 1) ' C ⊗R C(R1, 0) ' C ⊗R (R ⊕ R) ' C ⊕ C.

÷�j%`Þ (35) F
C ⊗R H ' C ⊗R C(R0, 2) ' C ⊗R C(R2, 0) ' C ⊗R M(2,R) 'M(2,C)

÷��%�(U&��æ�Ù'æ�3�"4, ��
 6.29  + (32) å (33) \&��ó"ù/7oú Ù('&"VU��`"Þ1* 1 ⊗ 1, 1 ⊗ i, ���)\ T "��
"J���4Q�"'í/�U÷��1o�')å��� �%Fgk Ö ÷g� 0Ls�t~Ù�YA÷�`"Þ (36) \&.1o	ÙB��3�� <V� N#�B�Få�-%ù H ' R4

� a�ä�Ù a, b ∈ H ÷��G-HùJj fa,b ∈ L
(
R4

) \ fa,b(x) = axb̄ ÷1s������1o7ä�Ù fa,b F a, b ���A÷�á�æ	ù R- ���Uî
S�U�j f (a⊗ b) = fa,b �'ä R- �����	� f : H⊗R H→ L

(
R4

) *�ß�à,á a)ä�Ù f1,1 = 1, fa,b ◦ fa′ ,b′ = faa′ ,bb′ ç'æg�� äAå f (1 ⊗ 1) = 1, f (a ⊗ b) ◦ f (a′ ⊗ b′) = f ((a ⊗ b) · (a′ ⊗ b′)) î#S(U�j f F�ÛJ�AÝ ñ ïL���`�Þ1��a,ä�Ù�Q�ù
à#HF÷ ñ ï E * E , 0 ��a�ó�ù#j S�á 0 å E �¡  è#¢ ÷�£�¤%¥�¦�§�NB\�,�í���æ.å�i&j E F#¨�© (simple) �
a�ä9å�æ(tÚÙ H ⊗R H F�Û�ª1��a�ä ( d%e Fgk Ö ÷×�Ø9ä ) Ù(-í�*Fó�ù f , 0 î�S?U Ker f = 0 � � !#"�$��
U^��æ�Ù�')"Qå�j ; Y�� * H ⊗R H, M(4,R) Brg6�U�å�, 16 � a,ä1')å^S(U f *�`"Þ�� a�ä�',å^*/7�S�"UäÙ
f * 1 ⊗ 1, 1 ⊗ i �«��\ T "���" 1 ⊗ 1, −p ⊗ r �¬��÷���oL'�å�����%Fgk Ö ÷�×'ØUä�Ù �

�®B¯ ö
6.6. H ⊗R H *�Û#ª ñ ï�� a�ä�'�åg\)d%eJ0Bs�Ù

õ�ö
6.31 ( °B±(²)³ ´�µE¶¸·	¹�º 8-»�¼	½ ). n ≥ 0 åRo7ä�Ù�Y� R- ñ ïB�`�Þ1*�a)ä�Ù

C(Rn+8, 0) ' C(Rn, 0) ⊗R M(16,R), (37)

C(R0, n+8) ' C(R0, n) ⊗R M(16,R). (38)
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�1�¾+
(26) å (27) \.ú��À¿¾-¡��ó�ùJj
C(Rn+8, 0) ' C(R0, n+6) ⊗R M(2,R)

' C(Rn+4, 0) ⊗R H ⊗R M(2,R)

' C(R0, n+2) ⊗R M(2,R) ⊗R H ⊗R M(2,R)

' C(Rn, 0) ⊗R H ⊗R M(2,R) ⊗R H ⊗R M(2,R)

' C(Rn, 0) ⊗R H ⊗R H ⊗R M(2,R) ⊗R M(2,R)

' C(Rn, 0) ⊗R M(16,R).

o���Á�6 (37) \)ÂFä�Ù (38) ,�`"ý1� a,äÙ �

n = 0, · · · , 7 ÷��?-%ù C(Rn, 0), C(R0, n) ��(\^Ã%Ä�ù�_'äUå�Y�1s�t�÷���ä ( n = 0, 1, 2  + F�~F÷gÂ'ù,æ�ä/S
U n ≥ 3  + \Hê¦ú ) b

C(R3, 0) ' C(R0, 1) ⊗R M(2,R) ' C ⊗R M(2,R) ' M(2,C),

C(R0, 3) ' C(R1, 0) ⊗R H ' (R ⊕ R) ⊗R H ' H ⊕ H,

C(R4, 0) ' C(R0, 4) ' H ⊗R M(2,R) ' M(2,H),

C(R5, 0) ' C(R0, 3) ⊗R C(R2, 0) ' (H ⊕ H) ⊗R M(2,R)
' M(2,H) ⊕M(2,H) (' (M(2,R) ⊕M(2,R)) ⊗R H).

C(R0, 5) ' C(R3, 0) ⊗R C(R0, 2) ' C ⊗R M(2,R) ⊗R H
' M(2,R) ⊗R C ⊗R H ' M(2,R) ⊗R M(2,C) ' M(4,C).

C(R6, 0) ' C(R0, 4) ⊗R C(R2, 0) ' H ⊗R M(2,R) ⊗R M(2,R) ' M(4,H).

C(R0, 6) ' C(R4, 0) ⊗R C(R0, 2) ' H ⊗R M(2,R) ⊗R H
' M(2,R) ⊗R H ⊗R H ' M(8,R).

C(R7, 0) ' C(R0, 5) ⊗R C(R2, 0) ' M(2,R) ⊗R M(2,C) ⊗R M(2,R) ' M(8,C).

C(R0, 7) ' C(R5, 0) ⊗R C(R0, 2) ' (M(2,R) ⊕M(2,R)) ⊗R H ⊗R H
' M(8,R) ⊕M(8,R).

� ����÷�ÂUígÅ�Æ�\^PF÷�-�í�,��\&YU÷�ÇBÈ,ä�Ù4'�'�� M(m,K)  ñ Á¾�H÷ K(m) ��ä/É�Ê4\&�=t?b
C(Rn+8k, 0) C(R0, n+8k)

n = 0 R(16k) R(16k)

n = 1 R(16k) ⊕ R(16k) C(16k)

n = 2 R(2 · 16k) H(16k)

n = 3 C(2 · 16k) H(16k) ⊕ H(16k)

n = 4 H(2 · 16k) H(2 · 16k)

n = 5 H(2 · 16k) ⊕ H(2 · 16k) C(4 · 16k)

n = 6 H(4 · 16k) R(8 · 16k)

n = 7 C(8 · 16k) R(8 · 16k) ⊕ R(8 · 16k)
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Ë »	¼�½LÌ/Í�ÎJÏ�Ð Ñ�Ò Ó���Ô�ÕL <�>�@ A/C¾D ñ ï C(Rs, t) ÷�á,æ�ù�,uÖ�×gØ'ægÙ�Ú�*/Û=U�"AäEb
v ö

6.32. s, t ≥ 0 åuo7äÙ C(Rs, 0)⊗R C(R0, 4) ÷�ø�æ�ù γi = ei ⊗ e1e2e3e4 (i = 1 · · · s), γs+k = 1⊗ ek (k = 1 · · ·4)

å�ørú�å
C(Rs, 4) ' C(Rs, 0) ⊗R C(R0, 4), ei 7→ γi. (39)

`"ý9÷ C(R0, t) ⊗R C(R4, 0) ÷�ø)æ	ù γi = 1 ⊗ ei (i = 1 · · ·4), γ4+k = ek ⊗ e1e2e3e4 (k = 1 · · · t) å¡ø^ú�å�j
C(R4, t) ' C(R0, t) ⊗R C(R4, 0), ei 7→ γi. (40)

�1� d�e�F�k�Ü9÷�×�ØAä (
8

 6.26 gd�e1\^Ý1Þ�÷/0�s ) Ù �

õ�ö
6.33. s, t ≥ 0 åRo7ä�Ù�Y� R- ñ ïB�`Þ�*�a)äEb

C(Rs, t+4) ' C(Rs+4, t) (41)

�L� dLe�F min(s, t) ÷�ß�o.ä�à�á1â�÷Ls�ä�Ù t = 0 Jã%ä4F#j ��
 6.32  + (39) åVå 6.27  + (30) \
��óùJj

C(Rs, 4) ' C(Rs, 0) ⊗R C(R0, 4) ' C(Rs, 0) ⊗R C(R4, 0) ' C(Rs+4, 0).

s = 0 �ã	ä(,g`"ý1��a)ägæ	ç � ÷ min(s, t) = 0 �ã	äU÷ + (41) F�è?-�æ#æ
YA÷ s > 0, t > 0 åRo'äAå�j�à	á�â�gé�� SVU

C(Rs, t+4) ' C(Rs−1, t−1+4) ⊗R C(R1, 1) ' C(Rs−1+4, t−1) ⊗R C(R1, 1) ' C(Rs+4, t).

å&�Uó�ùJj�ê�F(� + (41) F�û�ü1o'ägæ �

v ö
6.34. s ≥ 0 åRo'ägæ C(R1, s) ÷�ø)æ	ù γ1 = e1, γk = e1ek (k = 2 · · · s + 1) å¡ørú�å¡j

C(Rs+1, 0) ' C(R1, s), ei 7→ γi. (42)

�1� d�e�F�k�Ü9÷)ë�ìAä (
8

 6.26 gd�e1\^Ý1Þ�÷/0�s ) æ �

õ�ö
6.35. s, t ≥ 0 åRo7ä�æ�Y� R- ñ ïB�`gí�*�a)äEb

C(Rs+1, t) ' C(Rt+1, s) (43)

�1�
min(s, t) ÷�ßJo7ä)à�á�âA÷�s�ä�æ s = 0 ��í	F t = 0 )ã	äBF�~A÷ ��
 6.34 �/.¾-Hù a)ä�æ

s > 0, t > 0 )ã	äBF�j 8 
 6.26  + (28) \)�7ægj	à�á�âB�é��1S�U
C(Rs+1, t) ' C(Rs−1+1, t−1) ⊗R C(R1, 1) ' C(Rt−1+1, s−1) ⊗R C(R1, 1) ' C(Rt+1, s).

�

;(<B>)@ A/C¾D ñ ï C(Rs, t) �î�ï	� C
(0)(Rs, t) ÷#ð�æ	ù�,uY% 8 
 *�ûy�Âü1ð�æ

õ�ö
6.36. s, t ≥ 0 åRo7ä�æ C

(0)(Rs, t+1) ÷�ø)æ	ù γi = eies+t+1 (i = 1, · · · , s + t) åHø^ú�å�j
C(Rs, t) ' C

(0)(Rs, t+1), ei 7→ γi. (44)
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`"ý9÷ C
(0)(Rt+1, s) ÷�ø,æ�ù γi = et+1+iet+1 (i = 1, · · · , s), γs+ j = e jet+1 ( j = 1, · · · , t) å¡ørú�å

C(Rs, t) ' C
(0)(Rt+1, s) ei 7→ γi. (45)

å�úH÷
C(R0, n) ' C

(0)(R0, n+1) ' C
(0)(Rn+1, 0). (46)

�1�
(44) å (45) gd%e	Fgk�ÜA÷�ë1ì7ä (

8

 6.26 �d1e�\&Ý�Þ,÷J0Ls ) æ (46) F�e4UuS���a)ägæ �

ñóòõô÷ö
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