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K 687:9<;�=?>-@-A5BDC 4FEHG-IKJMLONQP K R-S<TVU�WYX/ZV[ J]\_^a` K- TVU�WYX/Z[cbMd/e Pf^agh^?iQj2glknmFoHI K >qp gVrs`Ht2u b5vq6/w/x-95TyUlWzX<Zy[Kb<{sd/e PT:UlWYX<ZV[+S8|+}D68~D�8|-}O�Kb�6��+� ^ @ t5P�Q�Q�+� 4 �Q�+� G-4H� | � G+4 �Q�+�H�Q� 6/�8�c9 � t2usPD�-u TVUlWzX<Z:[ V

gfk TVU�WYX<Z:[ W SR<�DS �F�H� �/�+�Q� J �/� �]��bMd/e P�+� JM�2� R 3<�F� @]�/� J80H1 9H�DbM� usP'a�+�< +¡Q¢<£
K- TyUfWYX5Zy[ V,W 9 �l^¤`<¥<¦ LK

(

V , W
) �-uqt 6 L

(

V , W
) 3

K-
�F�/�Q�

f : V → W§ I S5¨�© u TVU�WªX<Z:[ J¤LDN ( «Q¬�ba+®2¯F°�±H¬y6:²?³V9��Q�_´sB u )
P

7:9 L
(

V , K
) 6 V S)µQ¶2·y¸:bMdHC5B 4 V∗ b � g B u�P�H�

f : V1 × · · · × Vp → W 6 f (x1, . . . , xp) Ss¹ � o xi 9Hº ^a` �F� Scb]v �-�5 H¡H¢5£ b tK» (p = 2 S:bv56MµD¼5½ ¢<£ bF{ th» )
P¥/¦

LK
(

V1, · · · ,Vp ; W
) �-u5t 6 L

(

V1, · · · ,Vp ; W
) 3<¾F¿ �Q�Q�Q�Q§ I S<¨�© u TVUfWzX<Z:[ JaLDNFP�+� 3 6 V1 = · · · = Vp = V SsÀQÁ 4 L

(

V · · ·V
︸ ︷︷ ︸

p

; W
) J8\h^a`

L
(

V p ; W
) b ¥2N<P

f ∈ L
(

V1 , L
(

V2, · · · ,Vp ; W
) ) 9 �Â^24 f ′(x1, x2, . . . , xp) = f (x1)(x2, . . . , xp)

3 �Ã�Ä´KB u f ′ ∈
L
(

V1,V2, · · · ,Vp ; W
) Js�-Å ´]Æ u �2� 6 �H� �]� 3D�Du8P_Ç B J ²È³V@-�q��b�dHe PQ0O1F4fÇ S+�q�hS8ÉÊ 3

L
(

V1 , L
(

V2, · · · ,Vp ; W
) ) ' L

(
V1,V2, · · · ,Vp ; W

)

baËHÌ usPbO©¤9 L
(

V , L
(

V p−1 ; W
) )

' L
(

V p ; W
) ><Í�=ÏÎO¨ P wcb)ÌHC L

(

V , V∗
)

' L
(

V2 ; K
) 32�-usP

' µ-¶O·:¸cÐÑµ+¶ ¢Q£ V SqÒ (xi) 9 ��^)` V∗ S � |-ÓQÎ:@/}yS8Ô2Á (xi
∗) > xi

∗(x j) = δi j 9VÕ:=n�+�f´]Bu5PhÇ-Ç]3
δi j 6 Kronecker SQÖ+X_× ¥+¦�JMLVNÄØ δi j = 1 (i = j), δi j = 0 (i , j)

P
dim V < ∞ @ k C V∗ 6

(xi
∗)
g�k?Ù Í�´]B uyÇ b�>/p gVuqP Õ rq`fÇ ShbFv 4 (xi

∗)
J

(xi) 9qÚ � @ V∗ SqÒ 4y\h^�` µ-¶2ÛÃbsdHe P
dim V = ∞ @ k C V∗ S<@ g 9+6 (xi

∗)
gfknÙ Íh´sB-@ t }H> �2u�P

x ∈ V b ξ ∈ V∗ 9 ��^ ξ(x)
JO^ C ^ C 〈

ξ , x
〉 b � © P 〈

ξ , x
〉 95Ü t/`54 x

J]Ý � ^a` ξ S+º o baËHÌ ub 4lÇ BO6 ξ 9 �/� 9sÞ/ß NDuqg_kn4 V∗∗ S]} x∗∗ >5�/�_´�B uàØ 〈 x∗∗ , ξ
〉

=
〈

ξ , x
〉

(ξ ∈ V∗)
P�-�

x ∈ V 7→ x∗∗ ∈ V∗∗ 6 �Q� 3QáFây32�Ou ( x , 0 @ k C 〈

x∗∗ , ξ
〉

=
〈

ξ , x
〉

= 1 @ u ξ ∈ V∗ >Fß+ã N
1



u<g�k?4
x∗∗ , 0)

P Õ r]`H0-1H3 6 4 x ∈ V b x∗∗ ∈ V∗∗
J � �Qä�^È4 V ⊂ V∗∗ bMË-Ì u8P dim V < ∞ @ k C

V = V∗∗, dim V = ∞ @ k C V ( V∗∗
3H�-u8P

|h9 f ∈ L
(

V , W
) 9 �å^)4 f ∗ ∈ L

(

W∗ , V∗
) J

f ∗(η) = η ◦ f (η ∈ W∗) 9:Õh=æ�-� Ncu b 〈

η , f (x)
〉

=
〈

f ∗(η) , x
〉

(x ∈ V, η ∈ W∗) ><Í�=çÎD¨ P f ∗
J

f S)µ/¶ ¢<£ bMdFe P
V

f ∗(η) ��?
??

??
??

f // W

η
~~~~

~~
~~

~

K

f : V → W
J �F� �s��b NOu�P V S8è/ÉVS�Ò (xi) 9 ��^¤` yi = f (xi)

3 �D� k B u }DSMÔQÁ (yi) 6 W S8Ò 3�Hu�PfÇ SVbqv f ∗(yi
∗) = xi

∗ >qÍå=çÎ2¨ P<éDê]4 〈 f ∗(yi
∗) , x j

〉

=
〈

yi
∗ , f (x j)

〉

=
〈

yi
∗ , y j

〉

= δi j =
〈

xi
∗ , x j

〉

.Ç BH>5Ò J)ë Í Nyu8N/ìH` S8} x j
3 ÍFÎ ^)`Ht-uqgfk f ∗(yi

∗) = xi
∗ 32�-u�P

'5í5îDï+ð ·K¸ K- TKUÃWñX/Zh[ V
J:^ C k © Ý � N:u5P V S]òOp-Zh[ P b V∗ SqòOpHZh[ Φ 9 �Ã^s`Q4

P⊥ =
{

ξ ∈ V∗
∣
∣
∣
〈

ξ , x
〉

= 0 (∀x ∈ P)
}

, Φ⊥ =
{

x ∈ V
∣
∣
∣
〈

ξ , x
〉

= 0 (∀ξ ∈ Φ)
} JM4Vó BOô<B (V 9Qº ^)` ) P, Φ9 í8îOõ2ö ò+p/Z:[:b)dQe P P,Q

J
V S�òQpQZV[ 4 Φ,Ψ J V∗ S�òQpQZV[Kb NDu b 4Q÷Hø 9sp gOu Õ » 9

P = 0⇒ P⊥ = V∗, Φ = 0⇒ Φ⊥ = V,

P ⊂ Q ⇒ Q⊥ ⊂ P⊥, Φ ⊂ Ψ⇒ Ψ⊥ ⊂ Φ⊥,
P ⊂ P⊥⊥, Φ ⊂ Φ⊥⊥

>5Íù=çÎO¨ PhÇQÇ�g_k
P⊥ = P⊥⊥⊥, Φ

⊥
= Φ

⊥⊥⊥

>qú g B usP<é 6 V Ssò+pQZy[ P 9 ��^a` 6
P = P⊥⊥

3-�2usP<éDêq4
x < P @ k C 〈

ξ , x
〉

= 1,
〈

ξ , y
〉

= 0 (∀y ∈ P) @ u ξ ∈ V∗ ><ßQã NDu]gfkæ4 x < P⊥⊥
32�-u8P

V∗ SMòHp/Z:[ Φ 9 ��^a` 6 Φ ( Φ⊥⊥ b)@ u2Ç ba> �-usPûHü:ý)þ
1.1. (

Ç B26sÿ g @l© ` Õ t5P ) V∗ S�ò+p/ZV[ Φ >5~O�q|+}2@ k C Φ = Φ⊥⊥ ><Íå=çÎO¨ Ç b J�� Æ P
Φ ( Φ⊥⊥ bM@ u��KJ���� Õ (Φ 6	�D�]|-}O9F@ u )

P
ûHü:ýMþ

1.2.
�/�Q�H�

f : V → W b 4Vó S�Ú � �+� f ∗ : W∗ → V∗ 9 �l^)`
Ker f = (Img f ∗)⊥, (Ker f )⊥ = Img f ∗,

Ker f ∗ = (Img f )⊥, (Ker f ∗)⊥ = Img f

S8Í�=ñÎD¨ Ç b J�� Æ P ( 
��fW Ø (Ker f )⊥ ⊂ Img f ∗ >��� P���� 9 Ker f = 0 bÑ�+� ^)`����5P+��� 6��HZ[ V/Ker f
J b rs` ËHÌ usP )

��� �� 1.2 S��� J"!�» b 4 |V6 �hkÈgQ3-�-usP
# þ

1.1. 1. f > á5âD3-�HuOÇ b+b 4 f ∗ > § â232�-u2Ç bM6F�%$ 3H�2usP
2. f > § âO3-�-uOÇ b/b 4 f ∗ > áqâO32�-u-Ç b�6F�%$ 3-�2usP
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' µ�¼V½ ¡'& L
(

V1, V2 ; K
)

' L
(

V1 , V2
∗ ) S2} J V1 × V2 RhS+µ�¼y½ ¡'& b/dce P Ú � | �)( f ∈

L
(

V1, V2 ; K
) 9 ��^)4 Ú � | ��( t f ∈ L

(

V2, V1 ; K
) J t f (x2, x1) = f (x1, x2)

3 �2� Nhu<P t f 6 f S�*+ bMdHCqB usP f ∈ L
(

V1 , V2
∗ ), t f ∈ L

(

V2 , V1
∗ ) b-, u bqv 4 t f = f ∗|V2

32�HusP
dim V2 < ∞ @ k C t f = f ∗3-�2usP

f ∈ L
(

V1, V2 ; K
) 6

1.
N/ì+` S x2 ∈ V2 9 ��^ f (x1, x2) = 0 @ k C x1 = 0

32�HusP
2.
N/ì+` S x1 ∈ V1 9 ��^ f (x1, x2) = 0 @ k C x2 = 0

32�Hu
S�.D¨2S�/�0 J"1 w N b5v 4�2�3�4V3-�Hu b th»?P5 � S�/60V6 f ∈ L

(

V1 , V2
∗ ) > á5âD3-�-uOÇ b J)4 5 .:S�/�0V6 t f = f ∗|V2 ∈ L

(

V2 , V1
∗ ) > á5âD3-�-uOÇb J É Ê NDusPbD©a9 dim V1 = dim V2(= dim V2

∗) < ∞ SsÀ-Á J ËHÌ u8P f ∈ L
(

V1 , V2
∗ ) > á<â @ uDÇ bHb f > § â @ uÇ b ( t f = f ∗ > á<â ) b�6/�7$ 3-�-uqgfkæ4 f >%8�9�: 32�-u w/�H9+6 4 RHS�.D¨2S	/�0:S »�; S � ¨-�+A 3< p 3O�-u]P f >�8�9�:y@ k C f : V1 → V2

∗ 6]Ú â (
�/� �]� ) � g�k>= �H� f −1 : V2

∗ → V1(' V1
∗∗) ><ß+ãNyu]P

f −1 6 V2
∗ × V1

∗ R2S�869�:HÚ � | �6( b?, uDÇ b)> 3 v u8P x ∈ V1, y ∈ V2 9 ��^M` ξ = f (x) ∈ V2
∗,

η = t f (y) ∈ V1
∗ baÜÃ©5b 4 f −1(ξ, η) =

〈

f −1ξ , η
〉

=
〈

x , η
〉

=
〈

η , x
〉

=
〈 t f (y) , x

〉

= t f (y, x) = f (x, y).
N

@�@ ;
f −1(ξ, η) = f (x, y)

>5Íù=çÎO¨ P' ¶�ACBED/¶�AFB î�G µO¼5½ ¡�& f ∈ L
(

V2 ; K
) (

' L
(

V , V∗
)) b NOu�P f 6 f = t f S:b]vÑ¶�A (symmetric)

4
f = − t f Scb<vHDH¶6A (antisymmetric) bMd-C<B u8P+N @�@ ; èQÉKS x, y ∈ V 9 ��^M` f (x, y) = f (y, x) Scbv<9 ��I+4 f (x, y) = − f (y, x) Scb5v597J ��IO32�-u]P �Fw]è/ÉKS x ∈ V 9 ��^)` f (x, x) = 0 SKbqvF6 f 6 îG

(alternating) bMd-C<B u]PLK�M Ú � | ��( 67J �6I23O�2u8P K S	N o , 2 @ k C = 97J �6I �6( 6 K6M �( 9/@ usP
# þ

1.2. K S�N o 6 , 2 b NDu8P f ∈ L
(

V2 ; K
) 6 ��I2g ¨ K6M ( J ��I ) @ k C f = 0

32�-usP
O�P �Q� glk t f = f = − f , Q2ÌH9 2 f = 0.

^ w<> rs`q4 2 , 0 6 E�= }D� g_kæ4 f = 0
P

�

R
1.1. K S�N o > = 2 SsÀ+Áy6	S/É ^ @HA]BDCF@ k @ tqP�� Ì+C K = Z2

4
V 6 K R 2 |+} 4 e1, e2

J
V SsÒT b ^?4 V SsÚ � | ��( f

J
f (e1, e1) = f (e2, e2) = 0, f (e1, e2) = f (e2, e1) = 1 9DÕ r8` �/� NDu b 4 f 6 ��Ig ¨ K�M23-�-usPl^¤gh^ f , 0
3H�-u8P

R
1.2 ( U�V�WYX[ZQ·D¸�\L]�^ ). K = R S�ÀQÁ 4 V ×V RHS_8�9�:a` ��I Ú � | ��( g ∈ L

(

V2 ; R
)

' L
(

V , V∗
)J

V S�]�^�b8d+e P g ∈ L
(

V , V∗
) b�ËOÌ u b/v 4 g > V S�b�c 3y�DuDÇ b]6 g > áFâ:3/4-g ¨ g = tg

3�DuDÇ b89Q�L$ 32�Du]P b�c g S/¨ t wFT:U�WçX/Zc[ (V, g)
JMé b�cOTcU�WzXQZc[_bMd+e P (V, g), (V ′, g′)

Jé b�cDT:U�WçXFZc[Kb NVu8P �Q�H�H� f : V → V ′ 6 g ( x , y ) = g′ ( f (x) , f (y) ) (x, y ∈ V)
J_1 w N b<v 4�de

(isometry)
3D�Du b tl»aP�f�g �H�-�-� f 6 áQâV3D�OuqP/éyê/4 f (x) = 0 @ k CqèHÉhS y ∈ V 9 �Ã^�`

g ( x , y ) = g′ ( f (x) , f (y) ) = 0 � g_k g S�8�9�:�hV9OÕ:= x = 0
3 @HA5BOC<@ k @ tqP

(V, g)
JMé b�cDTKUÃWÏXQZK[hb ^¤4 n = dim V < ∞ bÈ�-� N:uqPhÇ Shb<v 4 � � MHo�iV3 ÕK©kj k B `Ot
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u Õ » 9 V S5Ò (ei)
3
g(ei, e j) = εiδi j

J71 w N {/SQ>QßDã Ncu<PKÇOÇ]3 εi 6 (s, t)
J

s + t = n @ u 8mln o SLo�b ^8` εi = 1 (1 ≤ i ≤ s), εi = −1 (s + 1 ≤ i ≤ s + t = n)
3 �K� k B u8o:3y�yu5P_Ç S:Õ » @FÒ

(ei)
J	p6qKí5î Û (orthonormal basis) b8d-e P (s, t) 6%rts�u K Ò T e 95Þ k"vQ4 g �-A 3�w � u8oV3fÇ BJ
g S%x�y6z (signature) b]dOe P g 6 �-� �F� g : V → V∗ � gÃk]ó S = �O� g−1 : V∗ → V >+ß2ã ^M4

g−1 J V∗ × V∗ RDS%8t9�:2Ú � | �t( b�, uVÇ b�> 3 v u5P x, y ∈ V 9 �å^s` ξ = g(x), η = g(y) b�Üå©Qb
g−1(η, ξ) = g(x, y) = g(y, x) = g−1(ξ, η) >5Í�=çÎy¨ g�k g−1 6 �6I23F4 V∗ S%b�c 3-�OusPhÇ B J g {m|�}�~��õ

V∗ � \%]�^�b)dFe P (ei)
J

V S�r�s�u K Ò T b NDu b 4 g(ei) = εiei
∗ S+º m > �2usP (ei

∗) 6 V∗ S�r�s�u KÒ T 354 V∗ S	� ¦Qo 6 V b)��� (s, t)
32�-u�P

'5í	� Ð í�� {

Vi
}

i∈I
J

K T:UlWYX<ZV[+S���b Nyu�P ÔHÁ�b ^)` S�u7� ∏

i∈I Vi =
{

(xi)
∣
∣
∣ xi ∈ Vi

} 6M«+¬�b¤®-¯/°�±+¬ J (xi) + (yi) = (xi + yi), a(xi) = (axi) bæ�Q� Nyu2Ç b 354 K T:UlWYXFZV[H9F@ u8PhÇ B J K TVU�WXFZc[+S	� {

Vi
}

i∈I S í	� b�d+e P ¹ j ∈ I 9 ��^)`<4 �-� π j :
∏

i∈I Vi → V j
J
π j((xi)) = x j 9DÕ:=ñ�Q� NVub 4 π j 6 § â �/� 9F@ u�PhÇ B J ²n³D@ § â bMd/e P

⊕i∈IVi =
{

(xi)
∣
∣
∣ xi ∈ Vi, xi , 0 b)@ u i 6s~y�7� } J

K T:UlWzXFZ:[+S�� {

Vi
}

i∈I S í�� b)d/e P u	� ⊕i∈IVi6�u7� ∏

i∈I Vi S�òQpQZV[ 3H�-u > 4 Vi , 0 b)@ u i >5~O�%� ^¤g @ t b]v59+6 4 u	�V9 ���ONDusP ¹ j ∈ I 9��^)`<4 �+�
ε j : V j → ⊕i∈IVi

J |:S ( 9OÕV=ñ�Q� NDu Ø ε j(x) = (xi),
ÇQÇ�3

xi = x (i = j), xi = 0 (i , j)
32�usP

ε j 6 K-
�/� @ á5âD3-�Hu8PhÇ B J ²?³D@ á<â b)dQe P

u7��b_u	�V6 ó B2ôqBF|V9_� ìyu���� �H� h�� 3 7����-A k B u8P��m� 6�� á � gfkæ��� 9��t� u8P
# þ

1.3 (
í�� \L��� ¢<£���� ). è/ÉVS K- TVUfWzX<Z:[ W b K-

�/�+�Q�
f j : W → V j ( j ∈ I) S_� ( f j) 9 ��^`54

f j = π j ◦ f ( j ∈ I)
J_1 w N K-

�F�+�+�
f : W →

∏

i∈I Vi >�� � ¨5ßQã NDu8P
W

f
��

f j

##F
FF

FF
FF

FF

∏

i∈I Vi π j
// V j ( j ∈ I)

# þ
1.4 (
í�� \L��� ¢/£��6� ). è+ÉcS K- TVU�WYXFZ:[ W b K-

�/�H�+�
f j : V j → W ( j ∈ I ) S�� ( f j) 9 �^a`<4

f j = f ◦ ε j ( j ∈ I) b)@ u K-
�F�+�+�

f : ⊕i∈IVi → W >�� � ¨<ß/ã NyusP
V j

f j ""D
DD

DD
DD

DD

ε j // ⊕i∈I Vi

f

��
W ( j ∈ I)

�
1.5.

{

Vi
}

i∈I ,
{

W j
}

j∈J
J

K- T�UàWÈXDZ�[:S�� b NluHP f ∈ L
(

⊕i∈IVi ,
∏

j∈J W j
) 9 (π j ◦ f ◦ εi)(i, j) ∈

∏

(i, j)∈I×J L
(

Vi , W j
) JM�QÅ ´sÆ u �+� L

(

⊕i∈IVi ,
∏

j∈J W j
)

→
∏

(i, j)∈I×J L
(

Vi , W j
) 6 �/� �8� 32�-usPbl©<9 ξ ∈ L

(

⊕i∈IVi , K
) 9 (ξ ◦ εi) ∈

∏

i∈I L
(

Vi , K
) J/�KÅ ´+Æ u �K� L

(

⊕i∈IVi , K
)

→ (ξ ◦ εi) ∈
∏

i∈I L
(

Vi , K
) 6 �/� �s� 32�-u8P+N @�@ ;M4 ( ⊕i∈IVi )∗ '

∏

i∈I (Vi)∗
P

�
1.6.

{

Vi
}

i∈I ,
{

Wi
}

i∈I
J �)�-���+Ô+Á J {M¨ K- TyUlWzX5ZV[HS���b ^?4 ( f j)

J �/�+�Q�
f j : V j → W j ( j ∈ I)S��Ãb NDusPhÇ Scb]v f ((xi)) = ( fi(xi)) b)@ u K-

�F�+�+�
f : ⊕iVi → ⊕iWi >�� � ¨ �2usP

4



2 �¡  ¢t£¥¤¡¦¥§¥¨ª©¥«F£¬
2.1 ®°¯�±t²´³'mµL¶ V�WYX·Z/·:¸ I

J Ô+ÁÃb NyusP º o x : I → K 9 ��^M` I SsòHp/Ô-Á {

i ∈ I
∣
∣
∣ x(i) , 0

} J
x S�¸:b�de Pm¹ >5~y� 32�-u º o § I >+¨�© u K RHS5TVUlWzX<Z:[ J FK(I) b � tF`<4fÇ B J Ô-Á I

J Ò T b Nyu (KRHS )
µ%¶ VmWYXºZ/·V¸cbadQe P

R
2.1. Kn 6sÔQÁ {

1, · · · , n
} J Ò T b NOu ²7»sTVU�WªX<Z:[ 3-�2u�P §6¼�½�¾ M(n,K) 6]T:UlWªXFZV[:b ^a`6 4 Ô+Á {

(i, j)
∣
∣
∣ 1 ≤ i, j ≤ n

} J Ò T b NDu ²7»8T:UlWYXFZV[ 3-�-u8P+� � o+¾ � (�¾ K[t] 6qT:UlWzX<ZV[Kb^a` 6 4-á � ( SsÔQÁ {
t0, t1, t2, · · · }

J Ò T b NDu ²�»8T:UlWYX<ZV[ 32�HusP
FK(I) 95Ü t<` I

J
FK(I) S8Ò T b)d/e%¿�»F6 Ç2»¤3-�-u Ø i ∈ I 9 ��^a` º o ei : I → K

J
ei( j) = δi j 92Õ=ñ�+� N BOC ei ∈ FK(I)

3<4 {

ei

∣
∣
∣ i ∈ I

} 6 FK(I) S8Ò T J ¨Ã© usP �H� e : i ∈ I 7→ ei ∈ FK(I) 6 á<â � gfk ib ei
J � �Fä2Nyu2Ç bs9OÕ:= 4 I

ó SO{]S J FK(I) SsÒ T b-À »<Ç b¤> 3 v u8PûHü:ýMþ
2.1. Ki

J
K S � ^ (Ki = K) b NDu b 4 FK(I) ' ⊕i∈I Ki

3-�2u�PhÇ S Ç b J"Á�Â ÆcÕ P
'7Ã�Ä�Å Z � \�ÆtÇ V,W

J
K R-SqTVUlWYX<Z:[cb NyusP

u7� V ×W
J Ò T b NOu K RHSV²7»8TyU�WYX5Z:[ FK (V ×W)

J Ë+Ì 4 D
J |VS g w ; Sq} g_knÙ ÍK´sB u

FK(V ×W) S�òHpFZV[Kb NOu Ø
(ax1 + x2, y) − a(x1, y) − (x2, y),
(x, ay1 + y2) − a(x, y1) − (x, y2),

(x, xi ∈ V, y, yi ∈ W, a ∈ K)

FK(V ×W)
J

D
3%Èfr w��HZV[ FK(V ×W)/D

J
V ⊗K W �Fw+6 V ⊗W b � tF`<4 V b W S (K RHS )

Ã�Ä
Å Z � b�d/e P � �-� π : F → V ⊗K W (= FK(V ×W)/D)

J ²æ³V@ § â b)d+e P x ∈ V, y ∈ W 9 ��^ π(x, y)J
x ⊗K y �FwQ6 x ⊗ y b � © PKÇ Bh{ x b y SLÉ���Ê)X���bMdHC]B usP'7Ã�Ä�Å Z � \ �6� É)��Ê¤X��VS8�/� glkÑ0H1 S Ç ba>6u ; 9�ú g B u8P

# þ
2.1. 1.

�+�
⊗ : V ×W → V ⊗W , (x, y) 7→ x ⊗ y 68Ú �Q� 3-�2usP

2. x ⊗ y (x ∈ V, y ∈ W) S g w ; S V ⊗W Sq} JHË�Ã�Ä�Å Z (pure tensor) b)dFe_b 4 V ⊗W S�èQÉ:Sq} x6�ÌtÉ���Ê)XOS�� x = x1 ⊗ y1 + · · · + xn ⊗ yn (xi ∈ V, yi ∈ W) S g w ; 9 LONcÇ b¤> 3 v u8PÇQÇ�3
n 6 0

0 RHS n oO32�-u8P x 9 ��^ n S ��Í $2><�c� usPfÇ B J x S e)Î �<wH6�Ï	zåb)dQe ( Ðo b)d/e7¿'»<6�Ñ�� NOu )
P

3. n
J

x ∈ V ⊗W S g ´2b ^?4 x = x1 ⊗ y1 + · · ·+ xn ⊗ yn b NDusPhÇ S:bqv {

x1, . . . xn
}

,
{

y1, . . . , yn
} 68¹ÓÒ�/� Ó/Î 32�HusP

T:UlWYX<ZV[ V b W SLÉ)��ÊaX��V6�|:9�� ìyu h�� 3 7����2A k B u8P
# þ

2.2 (
Ã�Ä�Å Z � \���� ¢<£��6� ). X

J
K RHS8è/É:S5TVU�WYX<Z:[cb ^?4 f : V ×W → X

J Ú �Q�Q�+� b
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NDu8PhÇ S:bqv f = f ′ ◦ ⊗ b)@ u (
1�ÔDJaE+G 9 Nyu )

�/�+�Q�
f ′ : V ⊗W → X >�� � ¨ �Hu8P

V ×W

f
%%J

JJJJJJJJJ

⊗ // V ⊗W

f ′

��
X

¨y�K= �QÅ
f ′ ∈ L

(

V ⊗W , X
)

7→ f = f ′ ◦ ⊗ ∈ L
(

V, W ; X
)

6sÚ â (
�Q� �8� )

3H�-usPhÇ B J ²n³y@/�8��bMd�Õ 4È0H1F3 6 Ç SF�8�VSsÉ Ê 3 L
(

V ⊗W , X
)

' L
(

V, W ; X
)

baËHÌ usP
O�P

f 6 FK (V ×W) S8Ò T V ×W
g_k TVUfWzX<Zy[ X �2S �+� � gfk 4 f ′′((x, y)) = f (x, y) (x ∈ V, y ∈ W)

J
1 w N �+�Q�+� f ′′ : FK(V ×W) → X >�� � ¨<ßQã NDusP �/�+�H� f ′ : V ⊗W → X 9Hº ^a` f = f ′ ◦ ⊗ ⇐⇒
f ′′ = f ′ ◦ π >qÍ�=ÏÎ rs`-t-usPyóOÇM3 f ′′ = f ′ ◦ π

J"1 w N f ′ S8ß/ã�b � É�h J�� ÆOC tQt5PhÇ S »�;�45� É
hVS�Ö » 6 π > § â b th»<Ç b glk"�hkÈg � gfkn4 ��:6 f ′ S8ßQã 3H�-u8P f SsÚ �/� h glk

f ′′
(

(ax1 + x2, y) − a(x1, y) − (x2, y)
)

= f (ax1 + x2, y) − a f (x1, y) − f (x2, y) = 0,

f ′′
(

(x, ay1 + y2) − a(x, y1) − (x, y2)
)

= f (x, ay1 + y2) − a f (x, y1) − f (x, y2) = 0.32�Ou]PHN @�@ ;s4 f ′′ 6 D R 3 0 � glk f ′′ = f ′ ◦ π
J_1 w N �+�+�-� f ′ : V ⊗W → X > well-defined

3�-u8P
�

��� �+� h�� J_! ÌHC 4�×�Ø�Ù 9�É���Ê)X��VS N/ì+` S�h�� J úfvLÚ NKÇ bÈ> 3 v usP�� Ì-C 0+1 S ��Û S�H� �q�h6 K- T:U�WçXQZ:[2S+®�É�Ü)Ý�°+9/Ü tQ` ÉÞ��Ê�X���ß�àV>F~ NVu	MQo)Ù h�á J�LyN {5S 32�Du > 4Ç B kÈN/ì+`yJ_��� �+� h�� glk ú�© Ç ba> 3 v usP
U,V,W, · · ·

J T:UlWzX<Zy[Kb NDusP
â�ã�ä �Q�+�H�

(U ⊗ V) ⊗W → U ⊗ (V ⊗W), (x ⊗ y) ⊗ z 7→ x ⊗ (y ⊗ z) >6� � ¨5ßHã ^È4 �+� �]� 32�2u Ø
(U ⊗ V) ⊗W ' U ⊗ (V ⊗W)

Pî6å ä �/�Q�+�
V ⊗W → W ⊗ V, x ⊗ y 7→ y ⊗ x >�� � ¨qß+ã ^?4 �/� �]� 3H�2uàØ V ⊗W ' W ⊗ V

P
æ	çtè ÐtéHê6\ K

�-�2�O�
K ⊗ V → V, a ⊗ x 7→ ax >�� � ¨/ß2ã ^a4 �H� �<� 3D�yu5P ��ëK9 �-�2�2�

V ⊗ K → V, x ⊗ a 7→ ax >�� � ¨<ß/ã ^Ñ4 �F� �8� 32�HuàØ K ⊗ V ' V ⊗ K ' V
Pí�� Ð�\ ð�ì ä �F�Q�+�

(V1⊕V2)⊗W → (V1⊗W)⊕ (V2⊗W), (x1, x2)⊗ y 7→ (x1 ⊗ y, x2⊗ y) >6� � ¨<ß/ã ^?4�/� �s� 3H�-usP �%ëy9 �F�Q�+� V⊗ (W1⊕W2)→ (V⊗W1)⊕ (V⊗W2), x⊗ (y1, y2) 7→ (x⊗y1, x⊗y2) >��� ¨5ß/ã ^æ4 �F� �s� 3H�-ufØ (V1⊕V2)⊗W ' (V1⊗W)⊕ (V2⊗W), V ⊗ (W1⊕W2) ' (V ⊗W1)⊕ (V ⊗W2)
P��� 9 �Q�H�-� (

⊕i∈IVi
)

⊗
(

⊕ j∈JW j
)

→ ⊕(i, j)∈I×J(Vi ⊗W j), (xi)i∈I ⊗ (y j) j∈J 7→ (xi ⊗ y j)(i, j)∈I×J >�� � ¨Fßã ^?4 �/� �s� 32�-u Ø (⊕i∈IVi
)

⊗
(

⊕ j∈JW j
)

' ⊕(i, j)∈I×J(Vi ⊗W j)0 RH9�� ì w �Q� �8�c6 t�v BK{2²æ³O@+�8��b)dHCqB u�PûHü:ýMþ
2.2. RH9�� ì w Ç b J"��� �H� h�� J � tF`��m� Æ:Õ P
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# þ
2.3. (vi)i∈I , (w j) j∈J

J+ó B:ôFB V, W S5Ò T b NVu b 4 (vi ⊗ w j)(i, j)∈I×J 6 V ⊗ W S5Ò T 3D�DuqP QyÌO9
dim(V ⊗W) = dim V · dim W >5Í�=çÎD¨ P
OmP

(vi ⊗ w j)(i, j)∈I×J > V ⊗ W
J)Ù Í NyuyÇ bs6 �_k¤g � glk?4fÇ B k S � |-Ó+Î6h J��DNÄØ ¹ (i, j) ∈ I × J9 ��^M`/� | ��( fi, j : V ⊗W → K

J
fi, j(x ⊗ y) = v∗i (x)w∗j(y) 9OÕK= �Q� NVu8P_Ç+Çs3/� | ��( v∗i : V → K,

w∗j : W → K 6 ó BOô<B v∗i (vk) = δik, w
∗
j(wl) = δ jl 9DÕ:=ñ�Q�_´8B `-tOu8P ´ ` ∑

k,l ak.lvk ⊗ wl = 0 (ak,l ∈ K) bNDu b 4�í�î 9 fi, j
J �+� ´�Æ ` ai, j = 0

J_ïcu8P+N @�@ ;�4 (vi ⊗ w j)(i, j)∈I×J 6 � |QÓ/Î 3H�-u8P �û-ücýMþ
2.3. xi ∈ V, yi ∈ W (i = 1, · · · , n) b ^?4 x1, · · · , xn 6 � |QÓ+Î�bÑ�Q� NVusP_Ç SKbqv x1 ⊗ y1 + · · · +

xn ⊗ yn = 0 @ k C y1 = · · · = yn = 0
3-�-u8PKÇ S Ç b J��m� ÆcÕ PûHü:ýMþ

2.4. fi ∈ L
(

V1 , W1
)

, zi ∈ W2 (i = 1, · · · , n) b ^?4 f1, · · · , fn 6 � |+Ó/Î 32�-u bn�Q� NDusP_Ç SVb5vN/ìH` S x ∈ V 9 ��^¤` f1(x)⊗ z1 + · · ·+ fn(x)⊗ zn = 0 @ k C z1 = · · · = zn = 0
32�HusPhÇ S Ç b J_�m� Æ:Õ P

R
2.2. e1, e2, · · ·

J
Kn S�N�ð+Ò T b NyusP |:S �/� �8�O> �HuàØ

Km ⊗ Kn ' Kmn, ei ⊗ ek 7→ en(i−1)+k (i = 1 · · ·m, k = 1 · · ·n)

Ç By6 Km ⊗ Kn S]Ò T ei ⊗ ek
J �6�c9-º ^)`�ñ ��(tò6ó 9%ô ì w:{5S J e1, · · · , emn b �+Å �yA u �-� 3D�usP è/É:S x = (x1, · · · , xm) ∈ Km, y = (y1, · · · , yn) ∈ Kn 9 ��^¤` x ⊗ y 9 �+Å2NOu Kmn S]}O6

(x1y1, · · · , x1yn, x2y1, · · · , x2yn, · · · · · · , xmy1, · · · , xmyn)
= (x1y, · · · , xmy)3-�2usPhÇ S]} J x ⊗ y b � © Ç b¤> �2usP

R
2.3. V1, W1

J/ó ByôqB V, W S8ò+p+ZV[hb NVusP V1 ⊗W1 ⊂ V ⊗W S-º m 6c² � @ Ç b+b-À�@QB u > 4_ÇB J_õ Ì `����h^)`�ö Õ »ÑP x ∈ V1, y ∈ W1 b NVu]P x b y S V1 ⊗W1 S�÷ 3 S�É)��ÊMX�� J�ø © x ⊗′ y b� tQ`
V ⊗W S6÷ 3 SLÉ'��ÊMX�� x ⊗ y b	ù�ú ^ Õ »ÈPKÇ Scb5v 4 ² � @]Ú � | �H� f : V1 ×W1 → V ⊗W,

f (x, y) 7→ x ⊗ y > �huHgùk�4 �V�V�:� f ′ : V1 ⊗ W1 → V ⊗ W, f ′(x ⊗′ y) = x ⊗ y
J �V� NluhÇ bq>3 v u (

�t� �V� hm� )
P

f ′ 6 á2âK3:�KuFP<é_êH4 V1 ⊗ W1 S/èyÉlS+} z 6 x1 ⊗′ y1 + · · · + xn ⊗′ yn S �9 � A uFP_ÇDÇ<3 n 6 z S g ´ 3H4 QcÌV9 (xi), (yi) 6 ó BKôHB � |yÓOÎ 3:�:u ( û�� 2.1
J%üþý

)
P ´ `

f ′(x1 ⊗′ y1 + · · ·+ xn ⊗′ yn) = x1 ⊗ y1 + · · ·+ xn ⊗ yn = 0 @ k C 4 (xi) 6 � |+Ó/Îy� g_k ��� �� 2.3 S��� g_kæ4
yi = 0

3 @HAqBDCF@ k @ t<PHN @�@ ; x1 ⊗′ y1 + · · · + xn ⊗′ yn = 0 bM@ r8`54 f ′ 6 á<âO3-�2usP Õ rs` V ⊗WS�òHp/ZV[ { ∑

i xi ⊗ yi

∣
∣
∣ xi ∈ V1, yi ∈ W1

} J
V1 ⊗W1 b-À rs` Õy© 4 x ⊗′ y b x ⊗ y

J ù�ú NDu)�Q� 6/@ t5Pû-ücýsþ
2.5. V1

J
V S8ò-pQZc[Kb NVu8P_Ç SKb5v � 2.3

3 � ì wVÕ » 9 V1 ⊗W 6 V ⊗W S8òHp+Zc[ 3O�usP
π1 : V → V/V1, π : V ⊗W → V ⊗W / V1 ⊗W

J ²?³D@ § â b ^?4 π1(x) = x̄, π(z) = z̄ b � © PhÇ S:bqv)èÉ:S x ∈ V, y ∈ W 9 ��^)` x̄ ⊗ y
J

x ⊗ y 9 � N �/�+�+� ϕ : (V/V1) ⊗W → V ⊗W / V1 ⊗W >�� � ¨5ß+ã ^Ñ4
ϕ 6 �/� �8� 32�-usPhÇ S Ç b J"ÁOg �VÕ P ¨y�K=

(V / V1) ⊗W ' V ⊗W / V1 ⊗W, x̄ ⊗ y 7→ x ⊗ y (x ∈ V, y ∈ W)

>5Íù=çÎO¨ P
'a�c�)ÃÿÄþÅ Z � p(≥ 3) �lS-TlU�W?X2Z�[ V1, . . . ,Vp b ó Bhô-BfS+} x1, . . . , xp 9 ��^5`24Vó B k S
ÉY��Ê<Xm� V1 ⊗ · · · ⊗ Vp

4
x1 ⊗ · · · ⊗ xp

J����´Ù 9H�V� N�u�Ø V1 ⊗ · · · ⊗ Vp = (V1 ⊗ · · · ⊗ Vp−1) ⊗ Vp,
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x1 ⊗ · · · ⊗ xp = (x1 ⊗ · · · ⊗ xp−1) ⊗ xp.

V1 ⊗ · · · ⊗ Vp 9q¨ t/` {Ñ|:S ��� �+� h��2>��M³QÍù=zÎO¨ P
# þ

2.4 (
�H��Ã�Ä�Å Z � \���� ¢F£���� ).

�+�
⊗ : V1 × · · · × Vp → V1 ⊗ · · · ⊗ Vp, (x1, · · · , xp) 7→ x1 ⊗ · · · ⊗ xp6 ¾y¿ �y�V�:� 3c�huQP_^<g {8èyÉ�SHT�U�W?XOZ�[ X b ¾y¿ �y�V�:� f : V1 × · · · × Vp → X 9 � ^`

f = f ′ ◦ ⊗ b<@ u (
1�ÔhJ5EDG 9 N_u )

�D�y�V�
f ′ : V1 ⊗ · · · ⊗ Vp → X >�� � ¨-ßDã Nhu/P ¨h�Ã=

f ′ ∈ L
(

V1 ⊗ · · · ⊗ Vp , X
)

7→ f = f ′ ◦ ⊗ ∈ L
(

V1, · · · ,Vp ; X
) 6sÚ â (

�/� �]� )
3-�2usP

V1 × · · · × Vp

f ,,

⊗ // V1 ⊗ · · · ⊗ Vp

f ′

��
XÇ B J�� 6_=<²æ³D@+�8��bMd�Õ 4-0H1Q3 6 Ç SF�]�:SsÉ Ê 3 L

(

V1 ⊗ · · · ⊗ Vp , X
)

' L
(

V1, · · · ,Vp ; X
) b)ËÌ u8PûHü:ý)þ

2.6.
�/�+�Q�

(V1⊗· · ·⊗Vp)⊗ (Vp+1⊗· · ·⊗Vp+q)→ V1⊗· · ·⊗Vp+q, (x1⊗· · ·⊗ xp)⊗ (xp+1⊗· · ·⊗ xp+q) 7→
x1 ⊗ · · · ⊗ xp+q >�� � ¨5ßQã ^æ4 �/� �8� 3-�-uåØ (V1 ⊗ · · · ⊗Vp)⊗ (Vp+1 ⊗ · · · ⊗Vp+q) ' V1 ⊗ · · · ⊗Vp+q.

Ç S Çb J��m� ÆcÕ PhÇ B J ²?³D@/�]��bMd/e PûHü:ýMþ
2.7. x1 ⊗ · · · ⊗ xp (xi ∈ Vi) S��VS V1 ⊗ · · · ⊗ Vp Sq} J�ËmÃ�Ä�Å Z�bMdFe P V1 ⊗ · · · ⊗ Vp S8èFÉ:Sq}O6

ÌtÉ)��ÊaXDS��VS g w ; 9 L2NKÇ ba> 3 v usPhÇ S Ç b J"�m� ÆcÕ P

2.2 ®°¯�±t²´³	��
�'M¢F£ \ Ã�Ä�Å Z � f ∈ L
(

V1 , W1
)

, g ∈ L
(

V2 , W2
) 9 ��^Ñ4 ϕ f ,g ∈ L

(

V1 ⊗ V2 , W1 ⊗W2
) J

ϕ f ,g(x1 ⊗ x2) =

f (x1)⊗g(x2) 9OÕV=ç�F� NOu�P ϕ f ,g 6 f , g S8¹YÒ¤9Qº ^¤`F� |y� g_k 4 �/�/�H� ϕ : L
(

V1 , W1
)

⊗L
(

V2 , W2
)

→
L
(

V1 ⊗ V2 , W1 ⊗W2
)

, f ⊗ g 7→ ϕ f ,g >5�/�_´sB usP
# þ

2.5. ϕ 6 áqâD3-�-usP
O�P

ϕ( f1 ⊗g1+ · · ·+ fn⊗gn) = 0 @ k C f1 ⊗g1+ · · ·+ fn⊗gn = 0
3-�HuOÇ b J�� Æ2C t/t5P f1, · · · , fn 6 � |QÓÎ 32�Hu bæ�Q� NOu�P ϕ( f1⊗g1+ · · ·+ fn⊗gn) = 0

J
x⊗y 9 �Q� ´sÆ u b 4 f1(x)⊗g1(y)+ · · ·+ fn(x)⊗gn(y) = 0.Ç BH>5è/ÉcS x ∈ V

3 Í�=ÏÎO¨ glkn4 ��� 	� 2.4 S	�� J"!hrs`<4 g1(y) = · · · = gn(y) = 0
P ´ k 9 Ç B+><èÉ:S y ∈ W

3 Íù=zÎO¨ gfk 4 g1 = · · · = gn = 0,
N @�@ ; f1 ⊗ g1 + · · · + fn ⊗ gn = 0

3-�-usP
�

ϕ 6 á<â � glkn4 f ⊗ g b ϕ f ,g
J � �Fä2Nyu-Ç ba> 3 v usP-NOu b

( f ⊗ g)(x ⊗ y) = f (x) ⊗ g(y) (x ∈ V, y ∈ W).ûHü:ý)þ
2.8. f ∈ L

(

V1 , W1
)

, g ∈ L
(

V2 , W2
) b NOu�P Ker ( f ⊗ g) = (Ker f )⊗V2+V1⊗(Ker g) b Img ( f ⊗ g) =

(Img f ) ⊗ (Imgg) >5Í�=çÎO¨ Ç b J"� Æ P
R-S ��� ��:S	�� glk |yS Ç ba>�u ; 9�ú g B usP

# þ
2.6. 1. f b g > á5â @ k C f ⊗ g ∈ L

(

V1 ⊗ V2 , W1 ⊗W2
) 6 á<âO3-�-usP

2.
= 9 V1 , 0, V2 , 0

354
f ⊗ g > á5â @ k C f b g 6 áqâD3-�-usP
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3. f b g > § â @ k C f ⊗ g 6 § â23-�2usP
4.
= 9 W1 , 0, W2 , 0

3<4
f ⊗ g > § â @ k C f b g 6 § âO3-�2u�P

'���� Ï	z�\ ¢F£ RHS�� É)��Ê)X���b �+��� 3 bO©¤9 W1 = V2 = K S�À+Á J ËQÌ usP V1, W2
J5ó BDôqB V,

W b � © P ξ ∈ V∗ ' L
(

V , K
)

, y ∈ W ' L
(

K , W
) 9 ��^)` ϕξ,y ∈ L

(

V , W
)

' L
(

V ⊗ K , K ⊗W
) 6

ϕξ,y(x) = ϕξ,y(x ⊗ 1) = ξ(x) ⊗ y(1) = ξ(x)y =
〈

ξ , x
〉

y

3 �Q�_´�B u �/�+�Q� 32�-u�P� ò 4 û�� 2.5 S �m� Sf©Q=�� ^ 9/@ u > 4 ϕ : V∗ ⊗W → L
(

V , W
)

, ξ ⊗ y 7→ ϕξ,y > á<âO32�-u2Ç b J)4��^)` Ü ÇO»lØ ϕ(ξ1 ⊗ y1 + · · · + ξn ⊗ yn) = ϕξ1,y1 + · · · + ϕξn,yn = 0 b Nyu]PKÇHÇ�3 ξi ∈ V∗, yi ∈ W, y1 · · · yn 6 �|+Ó+Îåb NVusP-Nyu b?è+É:S x ∈ V 9 ��^M` ξ1(x)y1 + · · · + ξn(x)yn = 0 bM@ usP y1 · · · yn 6 � |HÓ/Îc� g�k?4
ξ1(x) = · · · = ξn(x) = 0, x 68è/É:� gfk ξ1 = · · · = ξn = 0

4 Q-ÌH9 ξ1 ⊗ y1 + · · · + ξn ⊗ yn = 0 bM@ usPl^ w<> r`54
ϕ 6 á5â232�-usP

ξ ⊗ y b ϕξ,y J � �<ä�^Ñ4 V∗ ⊗W
J

L
(

V , W
) Ssò+pQZy[cb?,D@ ^ wcbqv<9 4

(ξ ⊗ y)(x) =
〈

ξ , x
〉

y (x ∈ V)

>5Íù=çÎ rs`Ht2u8P
# þ

2.7. V∗⊗W ⊂ L
(

V , W
) b?,O@ ^ w:bqv 4 V∗⊗W S]}y6 L

(

V , W
) 9<Ü-A u ~O��Ð o S �Q� b ^a` 7��t�A k B u�PhÇ/ÇM3 f ∈ L

(

V , W
) SLÏ�z (rank) 6 rank f b � g B 4 W S�òQp/Zy[ Img f =

{

f (x)
∣
∣
∣ x ∈ V

} Ss|+}3-�2u�P ~y��Ð o bs6 Ç Ss|H}+><~O�Q@ uOÇ b J É Ê Nyu�P û�� 2.1 9<Ü t<` �F� ^ w f = ξ1 ⊗ y1 + · · · ξn ⊗ ynS “
g ´ ” 6 �H� f S�Ð o 9 f�^Mt5P

O�P
f ∈ V∗ ⊗W @ k C 4 f = ξ1 ⊗ y1 + · · · + ξn ⊗ yn S g w ; 9 � A u�P n

J
f SLÉ)��ÊaXDS g ´ (

Ç B J�� =õ Ì v rank′ f b � © ) b NDusPÇ Scbqv 4 x ∈ V 9 ��^a` f (x) =
〈

ξ1 , x
〉

y1 + · · · +
〈

ξn , x
〉

yn. Q2Ì+9 rank f ≤ n = rank′ f < ∞
32�-u8P

= 9 f ∈ L
(

V , W
) 6 rank f = n < ∞ bÈ�H� NVu b 4+� |HÓHÎV@ y1, · · · , yn ∈ W > �yr]`F4 èHÉKS x ∈ V 9�å^s`

f (x) = x1y1 + · · · + xnyn,
ÇHÇ]3

xi ∈ K 6 x 9 Å � `H� É_9 w � uFg�kÈ4 ξ1, · · · , ξn ∈ V∗ > �Vr5`/4
xi =

〈

ξi , x
〉

(i = 1, · · · , n) b)@ usP-N @�@ ; f = ξ1 ⊗ y1 + · · · + ξn ⊗ yn >5Í�=ÏÎ ;s4 f ∈ V∗ ⊗W
32�-usPyó^a`

rank′ f ≤ n = rank f >5Íù=çÎ2¨ P rank f ≤ rank′ f b��2Æ `q4 rank′ f = rank f
J"ïKusP

�

�
2.8. dim V < ∞ �5w+6 dim W < ∞ @ k C V∗ ⊗W ' L

(

V , W
) 3H�-u8P

���
dim V = dim W = ∞ SKb<vF9H6 L

(

V , W
) S�÷Q9�Ð o >��:�2Sy{<SF> �Du5glk V∗ ⊗W , L

(

V , W
)3H�-u8P

# þ
2.9. |VS (a), (b), (c) S��-B g SsÀQÁV9 4 ²?³O@ á5â ϕ : L

(

V1 , W1
)

⊗L
(

V2 , W2
)

→ L
(

V1⊗V2 , W1⊗W2
)

6F�]�:9F@ uàØ (a) V1,W1 ><~D�]|H} , (b) V2,W2 ><~D�8|-} , (c) V1,V2 ><~D�q|H} P
O�P

ϕ > áqâ @ u2Ç bs6� c9 ��^)`-�-u]gfkn4lÇ B+> § â @ u2Ç b J�� ÆOC < p 3-�2u�P
(a) SsÀ-Á Ø e1, · · · , ep, ē1, · · · , ēq

JFó Byô5B V1,W1 S8Ò T b NVu8P èQÉKS f ∈ L
(

V1 ⊗ V2 , W1 ⊗W2
) 9 ��^`

pq �:S �Q� fi j ∈ L
(

V2 , W2
)

(i = 1 · · · p, j = 1 · · ·q)
J

f (ei ⊗ x) =
∑q

j=1 ē j ⊗ fi j(x) (1 ≤ i ≤ p)

9



9OÕ:=ñ�Q� NDu]P εi j : V1 → W1
J
εi j = ei

∗ ⊗ ē j, i.e. εi j(ek) = δikē j b Nyu8P_Ç Scbqv 4H÷+ø 9 ÁOg � k B u Õ» 9 f =
∑

i j εi j ⊗ fi j ba@ r8`Ht2usP Q-Ì-9 ϕ 6 § â23-�2usP
(b) SsÀ+Á_{8�7ë 3H�-u8P
(c) SsÀ+Á:6! :9 ï wHº m

V1
∗ ⊗W1 ' L

(

V1 , W1
)

,

V2
∗ ⊗W2 ' L

(

V2 , W2
)

,

V1
∗ ⊗ V2

∗ ⊗W1 ⊗W2 ' L
(

V1 ⊗ V2 , W1 ⊗W2
)

gfk_�KkÈgQ3-��":»æP
�

'a�-�tÃ�Ä�Å Z � Ð �H�F H¡Q¢F£ �/�/�H�
ϕ : V1

∗ ⊗ · · · ⊗ Vp
∗ → L

(

V1, · · · ,Vp ; K
)

' (V1 ⊗ · · · ⊗ Vp)∗

ξ1 ⊗ · · · ⊗ ξp 7→ ϕξ1 ...ξpJ ËHÌ usPhÇQÇM3 ϕξ1 ...ξp 6
ϕξ1···ξp (x1, · · · , xp) = ϕξ1 ···ξp (x1 ⊗ · · · ⊗ xp) = ξ1(x1) · · · ξp(xp)3 �Q�_´�B `Ht2u8P

# þ
2.10. ϕ 6 á<âO3H�2usPf^ag { V1, · · · ,Vp S�÷FS � ¨ J SQô_© N/ì+` >5~O�q|H}O@ k C ϕ 6sÚ âO32�-u�P

Q2ÌH9 ϕ
J ²?³D@ á<â ( Ú â S:b]v<6:²æ³D@Q�8� ) bMd/e P

OmP �þ� 6 p 9Hº Nyu��#� ¬V9yÕ u]P p = 1 S�À-ÁV6K² �/3-�OusP p > 1 b ^Ñ4 p − 1 � 3 67û��K6sÍ+Î ^M`t2u b NDusPHN @�@ ; ψ : V2 ⊗ · · · ⊗ Vp → L
(

V2, · · · ,Vp ; K
) J<ó S “ ²?³O@ á<â ” b NDu8P|VSc²æ³D@ �+� S8Á/Í

V1
∗ ⊗ · · · ⊗ Vp

∗ ' V1
∗ ⊗ (V2

∗ ⊗ · · · ⊗ Vp
∗)

↪→α L
(

V1 , V2
∗ ⊗ · · · ⊗ Vp

∗)
)

↪→β L
(

V1 , L
(

V2, · · · ,Vp ; K
) )

' L
(

V1, · · · ,Vp ; K
)

J ËHÌ usPhÇQÇM3 α 6
α(ξ1 ⊗ · · · ⊗ ξp) = αξ1, ξ2⊗···⊗ξp , αξ1 , ξ2⊗···⊗ξp (x1) =

〈

ξ1 , x1
〉

ξ2 ⊗ · · · ⊗ ξp

9OÕ:=ç�/�h´sB u �/�Q�Q� 3q4  c9 ��� ´MB2wDÕ » 9 áqâO3H�2u�P dim V1 < ∞ �5w+6 dim V2, · · · , dim Vp < ∞@ k C α 6�Ú âO32�HusP
β 6 β( f ) = ψ ◦ f

3 �-��´qB u �O� 3y�yu5P$�%� ¬hS5�2� g�k ψ 6 áQâ � g�kÈ4 β { áQâ:3y�yu5P ´ k 9
V2, · · · ,Vp SF@ g S � ¨ J'& © N/ìH` >5~y�]|-}-@ k C ψ 68Ú âD3q4fÇ S:bqv56 β {ÈÚ â b)@ u�P
ϕ′ = β ◦ α b¤Ü�©5b 4q÷+ø 9 Á�Â-3 v u Õ » 9 ϕ = ϕ′ >5Íù=çÎ2¨ ( ($):6 ��� 9���� u )

P_^ wF> rs` ϕ 9<¨ t` û��:S�*,+Q>5Íù=zÎO¨ P �ûHü:ýMþ
2.9. ²æ³D@ áqâ

V1
∗ ⊗ · · · ⊗ Vp

∗ ⊗W

→ (V1 ⊗ · · · ⊗ Vp)∗ ⊗W

→ L
(

V1 ⊗ · · · ⊗ Vp , W
)

J ËHÌ usP V1, . . . ,Vp,W S »�; S � ¨ J S+ô_© NQìQ` ><~D�8|-}2@ k CsÚ âO3-�-usP
10



2.3 ®°¯�±t²´³.-0/21436587296:43' ÆtÇ V
J

K R-SqTVU�WYXFZV[ 4 L
J

K S�;=< I b NDu8P L 6V²?³V9 K RHSqTVU�WYXFZV[cb)Ë+Ì u2Ç ba>3 v 4 L b V S K R+S�É���Ê)X�� L ⊗K V
J b u2Ç bÈ> 3 v u�PÇ+ÇM3 ¹ a ∈ L 9 ��^?4 K-

�F�+� G
ϕa : L ⊗K V → L ⊗K V

J
ϕa(b ⊗ x) = ab ⊗ x (b ∈ L, x ∈ V)

9OÕ:=ç�/� NyusPt�hkÑg 9 �Q� (a, z) ∈ L× (L⊗K V) 7→ ϕa(z) ∈ L⊗K V 6 L⊗K V RH9 L- TVU�WªX<ZV[+S ë#>hJ�Q� NDu]PhÇ S L- T:U�WYX/Zc[+S ë�> 6y{2bsS K- TVU�WYX/ZV[-S ë�> b í Î ^)`-tDusP-N @�@ ; a ∈ K ⊂ L9 ��^a` 6 ϕa(z) = az (z ∈ L ⊗K V) >5Íù=çÎD¨ PDóDÇM3/0-1q4 a ∈ L, z ∈ L ⊗K V 9 �l^ ϕa(z)
J

az b � © Ç b9 NyusP
L- T:UlWçX<Z:[ L ⊗K V

J
V S L �DS�?6z�@$A�b \LIONyusP K-

�Q� @ á5â τ : V → L ⊗K V, τ(x) = 1 ⊗ x
J

²æ³y@ á5â b)d/e P
L ⊗K V 6 VL b<{ � g B u8Pû-ücýsþ

2.10.
{

ei
}

I
J

V S K R-S8Ò T b Nyu b 4 {

1 ⊗ ei
}

I 6 L ⊗K V S L R-S]Ò T 3O�2u]PhÇ S Ç b J"�Æ P (
^ wF> r8` L ⊗K V S L R+S8|H}y6 V S K RHSs|-}O9 f�^Mt<P )

R
2.4. V

J_é TVUlWzX<Zc[cb NDusP VC = C ⊗R V 6 V S!B�C 4 b<{8dHCqB usP V > R R n |H}2@ k C 4 VC6 R R 3 2n |-} 4 C R 3 6 n |-} 3H�2usP
R

2.5. V
J

K- TyUlWzX<Z:[ 4 W
J

V S K- òHpFZV[Kb NDu8PhÇ Scbqv L ⊗K W 6 L ⊗K V S K- ò+pQZV[ 32�u
(
�

2.3)
Pl^agK^Ñ4

L ⊗K W 6 L- TVUlWYX<ZV[ L ⊗K V 9qÜOA u L S �Q� 3�D � ` Ü�= 4 L- ò+pFZ:[+9<@ rs`t2u8P
�Fw 4 ��� �� 2.5

3 � ì w K- TVUlWYX<ZV[+S �/� �]�
L ⊗K (V / W) ' L ⊗K V / L ⊗K W, a ⊗ x̄ 7→ a ⊗ x

6 L-
�/� �8� 3 { �-u�P ¨D�h=

(V / W)L ' VL / WL, 1 ⊗ x̄ 7→ 1 ⊗ x (x ∈ V)

>5Íù=çÎO¨ P
' ?6z�@$A�E!FHG ¢5£ \JI e
# þ

2.11. Φ
J èFÉcS L- TVUlWYXFZV[ 4 f : V → Φ

J
K-
�/�/�H� b NDusPhÇ S:b]v 4

1. L-
�Q�/�+�

f ′ : VL → Φ
3q4

f = f ′ ◦ τ,
N @�@ ;

f ′(1 ⊗ x) = f (x) (x ∈ V)J"1 w N {qSq>�� � ¨qß+ã NyusP
V

f   @
@@

@@
@@

@

τ // VL

f ′

��
Φ

11



2.
�+�

f ∈ LK
(

V , Φ
)

7→ f ′ ∈ LL
(

VL , Φ
) 6 K-

�F� �]� 3H�2usP
O�P è/ÉVS b ∈ L, x ∈ V 9 �l^)` f ′(b⊗ x) = b f (x)

J"1 w N K-
�Q�/�+�

f ′ >6� � ¨<ß/ã Nyu-Ç bs6 4 É)��ÊX��:S�h�� gfk"�hkÑgQ32�-u�P f ′ 6 L-
�/� 3 { �HusPFéDêq4 ÌtÉ���Ê¤X b ⊗ x 9 ��^¤`

f ′(a(b ⊗ x)) = f ′(ab ⊗ x) = ab f (x) = a f ′(b ⊗ x)

3-� = 4 L ⊗K V SsèQÉVS]} z 6�Ì�É)��ÊaXDSs~D�%�y� glkK� 6h= f ′(az) = a f ′(z) >qÍ�=ÏÎO¨ P��¿cS�Ñ�Ll{ �Kk¤g<P �Ç S f ′
J

f S L-
�/�/�H� �OS�I e bMd/e P

# þ
2.12. V1, · · · ,Vp

J
K- TyUlWzX5ZV[ 4 Φ J L- TVUfWzX<ZV[ 4 f : V1 × · · · × Vp → Φ

J
K-
¾/¿ �Q�Q�H� bNDu8PhÇ S:bqv 4

1. L-
¾Q¿ �/�+�+�

f ′ : V1
L × · · · × Vp

L → Φ
354

f ′(1 ⊗ x1, · · · , 1 ⊗ xp) = f (x1, · · · , xp) (xi ∈ Vi)

J"1 w N {qSq>�� � ¨qß+ã NyusP
2. f ∈ LK

(

V1, · · · ,Vp ; Φ
)

7→ f ′ ∈ LL
(

V1
L, · · · ,V2

L ; Φ
) 6 K-

�/� �8� 3H�-u8P
O�P � É�h:6 �hkÑgQ32�-u�P ßQãVS ��� 6 p 9+º NDu!�#� ¬y9OÕ usP� v p = 1 SVbqv<6� :9 �m�:^ w P|f9 p > 1 b ^8`-4 p − 1 � 3 6<��¿�SM*N+y>�r ^<t b)�y� Nhu/P f : V1 → LK

(

V2, · · · ,Vp ; Φ
) bqËDÌu5P$�%� ¬hSq�2�K9:Õh= 4 è-ÉhS g ∈ LK

(

V2, · · · ,Vp ; Φ
) 9 �å^�` g′ ∈ LL

(

V2
L, · · · ,Vp

L ; Φ
) > w � rq`Q4

g′(1⊗x2, · · · , 1⊗xp) = g(x2, · · · , xp)
J�1 w N<Pyóy^¤` ϕ : LK

(

V2, · · · ,Vp ; Φ
)

→ LL
(

V2
L, · · · ,Vp

L ; Φ
)

, g 7→ g′6 á<â K-
�F� 3-�Hu8P

ÁQÍ �+� ϕ ◦ f : V1 → LL
(

V2
L, · · · ,Vp

L ; Φ
) S L-

�Q�Q�Q� �OS!O ghJ f ′ b � © P+N @�@ ;M4 f ′ 6 L-
�/�+�Q�

f ′ : V1
L → LL

(

V2
L, · · · ,Vp

L ; Φ
) 3

f ′(1 ⊗ x) = ϕ( f (x)) (x ∈ V1)
J"1 w NFP-NDu b

f ′(1 ⊗ x, 1 ⊗ x2, · · · , 1 ⊗ xp) = f ′(1 ⊗ x)(1 ⊗ x2, · · · , 1 ⊗ xp)
= ϕ( f (x))(1 ⊗ x2, · · · , 1 ⊗ xp) = f (x)(x2, · · · , xp) = f (x, x2, · · · , xp)

� glk f ′ >'Py� u �+� 3-�Hu8P �

�
2.13. V1, · · · ,Vp,W

J
K- TVUlWYX<ZV[ 4 f : V1 × · · · × Vp → W

J
K-
¾/¿ �/�+�Q� b NDu�P_Ç Scb]v 4

1. L-
¾Q¿ �/�+�+�

f L : V1
L × · · · × Vp

L → WL 354
f L(1 ⊗ x1, · · · , 1 ⊗ xp) = 1 ⊗ f (x1, · · · , xp) (xi ∈ Vi)

J"1 w N {qSq>�� � ¨qß+ã NyusP
2. f 7→ f L 6 á<â K-

�Q� 3-�2usP
f L J�� 6f= f S L-

¾F¿ �Q�Q�Q� �OS�I e b)dQe P

12



bO©¤9 p = 1 SsÀ+Á J Ë+Ì u b 4O1�ÔDJ¤E+G 9 NDu f L >�� � ¨5ß/ã ^a`<4 f 7→ f L 6 á5â K-
�F� 3-�2u�P

V

f

��

τ // VL

f L

��
W

θ
// WL

wQ� ^"Ô/3 τ, θ 6 τ(x) = 1 ⊗ x, θ(y) = 1 ⊗ y
32�-usP

# þ
2.14. f : V → W

J
K-
�/�/�H� b NyusP f S�O g f L : VL → WL 68|VS�/60 J_1 w N º o f ′ : VL → WL

b ^)` 7��t�2A k B uàØ è/ÉVS x ∈ V 9 ��^a` f ′(1 ⊗ x) = 1 ⊗ y (y ∈ W) S � J b usP
O�P éDêq4

y 6 x 9 Å � `F� ÉV9 w � u8glk º o f : V → W, f (x) = y >5�Q�_´MB usP f 6 K-
�/� 354t�hkÑg

9 f ′ = f L 3-�2usP
�û-ücýsþ

2.11. f : V × V → K
J Ú � | ��( b ^È4 f L : VL × VL → L

J
f S L- Ú � | �6( �ySQO g b NVu]PÇ SKb<v (a) f > ��I @ k C f L { ��IH4 (b) f >�J �6I @ k C f L {�J ��IH4 (c) f > K6M @ k C f L { K6MO3�-uOÇ b J�� Æ Pû-ücýMþ

2.12. V,W
J

K- TVU�WYX/ZV[hb Nyu8P è+É:S x ∈ V, y ∈ W 9 ��^a` 1 ⊗ (x ⊗ y)
J

(1 ⊗ x) ⊗ (1 ⊗ y)9 � N L-
�/�Q�+�

ϕ : (V ⊗W)L → VL ⊗WL >6� � ¨<ß/ã ^Ñ4 L-
�Q� �8� 3-�Hu8P ¨y�c=

(V ⊗W)L ' VL ⊗WL, 1 ⊗ (x ⊗ y) 7→ (1 ⊗ x) ⊗ (1 ⊗ y) (x ∈ V, y ∈ W)

Ç S Ç b J�� Æ P

3 RTSVU W2XYS[Z]\_^a`
3.1 b2c
dfe�gihJj$e=g k�l$mQo�n!o�p0nQq�r=s=tiuMv�w$x%yJz${0y�|#}�~����4���'�#r#�,�M�=s��i�!���'��u���o
��xM�iw$x#�H���

K � n�e�g (algebra)
�Qy

K � n'������$��� E
u��i��u��=�H�!�% '¡��!¢%£$¤=¥#¦

µ : E × E → E
nJ§

¨�©MªQ«$¬ �Jw�®�
(x, y) ∈ E × E

u�¯�®�
µ(x, y)

yJ£±°�u
x · y ² ª y xy

�³�,´�¡±�
E
u±��µ��

x
�
y
n�¶·�

�� M¡i���
µ ∈ L

(

E, E ; E
)

' L
(

E ⊗ E , E
) ~±´��¸=¹

µ
��º#»=¥$¦

µ : E ⊗ E → E
��¼�½%��¾%�±¿!��À±���

Á �M�#m/o�y�Â�ÃMk=�=º�»�k ÁNÄ �±¿®Å%Æ�®¡i���
m#Ç

E
y���È#É�n

x, y, z ∈ E
u�¯6��x

(xy)z = x(yz)
��Ê ª �Ë�'ÀMu��±Ì=Í�Î���Ï ¨ ¡$�

xy = yx
�!Ê ª ��

ÀMuQ�#Ð#ÑH�®Ï ¨ ¡����
m#Ç

E
u�¯6�®�$j$e�g

(opposite algebra) Eo y=Ò%Ó�Ô±� xo (x ∈ E)
´Ë��Õ���m�Ç%�±�0Ö#nQ¥$¦�y

xo + yo =

(x + y)o, axo = (ax)o, xoyo = (yx)o �$×=Ø6��¡��J� Eoo �$Ù�m=Ç Eo n�Ö�n ² ª Ù%m#ÇÚ��Û�� ( Eoo = (Eo)o)
�

Ò,Ó�Ô±�
(xo)o � xoo �³�Ü���

d
(Ý ) ÞißQà h'á±â=e=g E, E′

�
K � n�m�Ç4���i����º�»#ã�ä f : E → E′

y
f (xy) = f (x) f (y) (x, y ∈ E)

�
Ê ª �Ú�MÀ��

E
´Ú�

E′ å n�e�g ÞißJà² ª yMæ,u Þ�ß'à ���% '¡0���±ç0èQé f
y�¢#ê Á �� ��=Ù�ã�äÚ¿ ² ªçièJé,��ë����¾'n0�'À

f
�

E
´Ú�

E′
n � å n ßJà ����ì±�

13



¾�¡�uQ¯H�®�#º#»=ã�ä
f
�

f (xy) = f (y) f (x) (x, y ∈ E)
��Ê ª �Ë�±ÀMy Ý�Þ0ßQà ���% '¡����#l0yËí�î�ç�èé

f
y�¢#ê Á �� ��#Ù#ã#ä¿ ² ª î�çièJé%��ë%���Ë¾�¡0� E

´�
E′
n � å n Ý�ßJà ���#ì±�ï ½� Qã=ä

E → Eo, x ∈ E 7→ xo ∈ Eo y�î0èQé��±��ã�ä E → Eoo, x ∈ E 7→ xoo ∈ Eoo y#èQéi��ë%�Q�%~�´�
Eoo y E

��è±£±ð%�=�0À����
E
´Ú�

E′ å nQî#ç0èQé f
�

E
´�

E′o å n�çiè'é g
��yJ�0ñQò

g(x) = f (x)o (x ∈ E)
uió0í³£�¯�£�uJ¯#ô

��x�w%���±õ,����u��ië%�!m$Ç
E′ å n�î�ç0èQéH��y�Ù�m�Ç E′o å n!ç0èQé�u�ö Á � Á w±�Á �

E
�'÷#ø Á �! Q��î�èJé

E → Eo y�è�é,�±�Ú¾Qn�ù=ú�y E
�

Eo �$û!ü,���!ý�õ�y Á w'�
d!á$â#e=g0h�þ=ÿ����,h��$e=g

E
n��=�=�0�

F
y

x, y ∈ F
Á �! 

xy ∈ F
�MÕ í	��vË�'À��

E
n�á$â#e=gi�

ë%����w=wJ�
x ∈ E, y ∈ F [ x ∈ F, y ∈ E]

Á �� 
xy ∈ F

�$Õ2í
�,vÚ�MÀ
E
n���þ=ÿ���

[ � þ�ÿ���� ]
�,ë��

��wË�K����´#v��������J��y����iþ=ÿ����H���� '¡i����� ² ª y��������J��y����#m�Ç,��ë��Q�ï ½� 
E, E′

��m�Ç4�f�i�0�K��çièJé
f : E → E′

n�ä
Img f =

{
f (x)

∣
∣
∣ x ∈ E

} y
E′
n����#m#Ç��%ë����=£

�
f : E → E′

n��
Ker f =

{

x ∈ E
∣
∣
∣ f (x) = 0

} y
E
n� "!#�����J�%�,ë%�J�±ÙNu

F
�

E
n� "!������J� Á

�! �$#�i�
E/F

y�¥#¦
π(x)π(y) = π(xy) (π : E → E/F

y&%(' Á�) ê
)
u=ñi��xMm�Ç�u Á í

(
¾!¡0�*�$e=g8���

ì
)
�
π
y ) ê=ç0èJé���Ö=n���y

F
u'£,+����J�±È=É�nQçièQé

f : E → E′
uJ¯6�K�

f̃ (π(x)) = f (x)
�$×�ØË�Q¡

��ç0èQé
f̃ : E/Ker f → Img f

y$è�é���ë%���
d�-�.�Î�e�gih Þ�ßQà h!á$â"/�0 E

��m$Ç4�f�,�Q�
E
n'Ã

e
y

ex = xe = x (x ∈ E)
��Ê ª �Ë�MÀf�

E
n�-�.

1 �!w�K�$È�É�nQm$Ç
E
y ª ´�~$´±£�v,n'æ�2�Ã���¿!v$�=æ,2�Ã0�%¿!v±m$Ç�y�-�.�Î�e=g

(unital algebra)
�

�� M¡i���=æ�2�3Jm$Ç ª�4 n$ë$v ² ífu�¯H��x%y���æ�2#3�çièJé=�%æ�2�3��=��m#Ç�576!�J¼=½,�$n'�8%9',��ë����� Á ¨�4
E, E′

y'æ,2�3Jm�Ç%�%ë��i�����Q�
E
nJæ�2�Ã��

E′
n'æ,2�Ãiu�ã%�±m�Ç#ç0èQé

f : E → E′
��-

.�Î Þ�ß�à ����ì$� F
�

E
n��=�=m�Ç%�%ëÚí �=´#v

E
nMæ�2�Ã��;:<Ë�'Àf�

F
y

E
n�-�.�ÎJá±â=e#g��%ë��

��wË�K�¾!¡%y����#m#Ç
F
�Mm#Ç·����x�æ�2#3±�%ë����!w�M¾%�>= � n�¾%�J��É@?M�,� (F

�#æ�2�3$��ë © x
¿���Ö#n'æ�2�Ã�y

E
nMæ�2�Ã���ë%����y�A� Á w$´Ú�

)
�

B"C&D�E
3.1. E, E′

��m#Ç#�
f : E → E′

�!m$Ç#ç0èQéH�������
E
n � y'æ�2#3±��ë%�i�(F�×%�i���

f
� ) ê Á

�! 
E′, f

¿�æ�2�3±�%ë��%¾%�J�HG,Æ��
ö �

E
n��,���Q�%��æ�2�ÃN�;:#I� J�iÖ±¡�y

E
%(J,�%ë%�Q�Ë� ª � © x�,���Q�0u=ñ���x�y'æ�2�ÃN��¿ ª

Á w�¿JnM��K#õ,�%ë����
E
��æ�2�3Qm�Ç��

F
�

E
n� �!������J�Ú�f�#¡% ���$=m�Ç

E/F
��ó�LM%(' Á�) ê

π : E → E/F
yJæ�2#3M�

ë��
( N�O#P�Q 3.1

�*R�S
)
�

T
3.1. U K

%9J0y
K-
m�Ç4�$��x#æ�2V3XWZY#ú#3M´#vM÷#ø%�%ë��Q�

T
3.2. V

�'�N�H���#�N�Ë�����'�
f , g ∈ L

(

V , V
) n�[

f · g
�

f · g = f ◦ g
��×=Ø0���i¾����

L
(

V , V
) y

æ"2\3]W^Y%ú\3±m%ÇËu Á �M�¾�nMm%Ç6�
L ( V )

�#Û����
L ( V )

n#æ"2�Ã�y�_�5�`�sa
I
�0ë0�M�$º%»%ã�ä

a ∈ K 7→ aI ∈ L ( V )
y'æ�2�3Jç0èJé��±�H���fu

V , 0
Á �� Q��æ±ê�çiè'é��%ë%�Q�cb,½�u

V , 0
Á �� J�

K�
L ( V )

n��=�=m$Ç {

aI
∣
∣
∣ a ∈ K

} �'è±£±ð%�i�%¾����#�0À����
T

3.3. E
�

K � n'æ�2#3dW^Y�ú�3Jm�Ç·�����Q� M(n, E)
�

E
nJÃ0�!Õ#�H�����

n × n e�f (ai j)
) U �#v6�!�

K
m#ÇË��Ûi�#�

M(n,E)
yMæ�2�3XWZY�ú�3��%ë,�J�Ú�,��u

M(n,K)
�

L ( Kn )
n#��u#ycg�h�ig'� Á è'é��%ë

����� Á ¨#4 �
M(n,K)

nQÃ
A = (ai j)

uQ¯6��x
fA(x) = y, yi =

∑

j ai jx j
�±×�ØÚ��¡0�

fA ∈ L ( Kn )
��¯�ô��Æ
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��ã�ä%�Mm�Ç�n$èJéH� Á © x=w,���
T

3.4 (Hamilton j\k 1 g ). (
��Ü�K�,�6�·���Mx

) l Ã 1, i, j, k
´2�;m�Õ8�$¡,�

1(, 0)
y�æ2NÃ��%´0v

i2 = j2 = k2 = −1, i j = − ji = k, jk = −k j = i, ki = −ik = j
�!Ê ª �

R-
m=ÇË�

(Hamilton
n

) l Ã�Ç U ��w#wM�
H
�JÛ,���

a, b, c, d ∈ R, a+ bi+ c j+ dk = 0
���i�����

(a+ bi+ c j+ dk)(a− bi− c j− dk) = a2 + b2 + c2 + d2 = 0,

a = b = c = d = 0
~$´�³�

1, i, j, k
y
R � £#¤�n����%ë%�Q�cb,½�u l Ã±Ç U y#èQéÚ��o�w$x�p±£�v�qcrH�®� R

� 4
¤�Ã���ë��Q�
l Ã$Ç U y M(2,C)

n�s"���=m#Ç8���!x�s�ti�i�,¾%���#��À��Q� ª ��½% Q¤�n
2 × 2 u a e"f y Pauli e"f���� '¡=x�w%�wv

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −
√
−1√

−1 0

)

σ3 =

(

1 0
0 −1

)

Pauli e"f y σpσq =
√
−1σr (p, q, r

y�xVy�z
), σpσq + σqσp = 0 (p , q)

n�ñQòN��Ê ª ��x%w%�J�N¾'n0¾���´
�³�,´���ó��!u��

i = −
√
−1σ1, j = −

√
−1σ2, k = −

√
−1σ3

�f��µ= ��
R � 1, i, j, k

��m#Õ%�i�
M(2,C)

n�s��
�#m#Ç�y l Ã±Ç U H ��ë%���
H
yMæ�2�3XWZY=úV3±�%ë��Q�±��÷#ø,�%y Á wM�

H
nJÃ

x = a + bi + c j + dk
uQ¯6�fx

x̄ = a − bi − c j − dk
�

x
n;{c| 1 �!�$ì±�

x · x̄ = a2 + b2 + c2 + d2 �'Õí	��v�¾��f´Ú�;}�®´%uQ�#È$É�nJÃ
x , 0

y�÷#Ù%�%ë��
( x̄/(x · x̄)

�'Ù�Ã�u Á �
)
�N¾Jn,ó,� Á m�ÇN�!ÐV~�e#g

(division algebra)
����ì±�±k4�$��x,y�÷#o�k·�$¿���L'��� U �±¿��#ì±�

x ∈ H 7→ x̄ ∈ H
y
H
n&%���î�èJé�H�0½$x�w����

dfe�g j�� ¶�� ��� {

Ei
}

i∈I
��m#Ç�n��4�����Q�

�N�·���#�N�%n���[
E =

∏

i Ei
uJ¸�¹Ë�

(xi) · (yi) = (xi · yi)
�®×�Øi�0�i¾����$�

E
yJm=Çu Á �'�¾�¡��

{

Ei
} n � ¶4�!��ìM�

Ei
�=���#x�Y#úV3

[
÷�ø��Mæ�2#3

]
Á �! ,��[

E
y�Y#ú#3

[
÷=ø#�Mæ,2V3

]
� Á �Q�#æ�2#3#n�ù�ú��

1i
�*�

Ein'æ,2�Ã����xM�
(1i)
�

E
n'æ�2�Ã6� Á �Q�

² ª ���6� ���0��#�!x%nc��� ⊕iEi
yJm#ÇNn���[ ∏

i Ei
n� "!V�����Q�%�%ë6í�������m�Çi�%ë%�Q���´Ë�

Ei
�=���=x=æ�2#3±�,ë ©Mª �=��x�¿����

⊕iEi
yJ£$°�u±æ�2#3±� Á wXv����,��æ�2&3Qm#Ç·� Á ��n#yJ���VA��

n
i
�$n��$w�x�ë���yM����x

Ei = 0
� Á © x=w%�!ù=úi~=µM��ë%���

v ² í�æ,2�3�m#Ç�n$ë$v ² í�u�¯��x%y;�&� ��� E1 ⊕ · · · ⊕ En
~=µM�M×�Ø,�0À�xM�0¾Jn!ù�ú#�����H�;��[0u

� w�y Á ��������yJæ�2#3Qm$Ç�u Á ���
dfe�g j��&�c� �$¶ E1, E2

�
K-
m=Ç4���i�J�=���6� ���0��#�!x%n,�NÓ"�!�,[

E1 ⊗ E2
ucg�h�i�g±� Á ¸

¹
µ : (E1 ⊗ E2) ⊗ (E1 ⊗ E2)→ E1 ⊗ E2

�
µ
(

(x ⊗ x′) ⊗ (y ⊗ y′)
)

= xy ⊗ x′y′

�K×=Øi�i��¾%���
E1 ⊗ E2

�!m#ÇNu±�0��¾%���=��À#�Q�Ë¾JnQ¸�¹Ë�!§0½ ª m=Ç
E1 ⊗ E2

��e�g
E1, E2 j,�M�

� �$¶4����ì±�$×#Ø0u,ó�í
(x ⊗ x′) · (y ⊗ y′) = xy ⊗ x′y′ (x, y ∈ E1, x′, y′ ∈ E2)

E1, E2
��Y=ú�3

[
÷�ø=�%æ�2&3

]
m�Ç Á �� 

E1 ⊗ E2
y�Y=ú#3

[
÷�ø=��æ,2#3

]
m=Çi��ë��J�

1, 1′
��Ö'¡��±¡

E1, E2
nMæ�2=Ã6�f��¡, 

1 ⊗ 1′
y

E1 ⊗ E2
n'æ�2�Ã���ë����
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� E
3.1. E, Ei

�
K � nQm=Ç4���i�����%���H� �����N�#��x�n&%�' Á èQé (E1 ⊗ E2) ⊗ E3 → E1 ⊗ (E2 ⊗ E3),

E1 ⊗ E2 → E2 ⊗ E1, K ⊗ E → E, E ⊗ K → E
y��iw���¡¿�m$Ç�n$èQé,��ë��Q�

E1, E2
�=æ�2&3dWZY�ú#3Mm=Çn�ù%ú��#m�Ç�n��Ó��!��[

E1 ⊗ E2
y'¤�u��V��������ã�ä��"���,�� �¡,µË�

¡i�Q�
� E

3.2 ( ¢,£�¤�¥�¦c§ ). E1, E2
y'æ�2V3¨W©Y#ú#3�m�Ç%��ë����(F�×�K��Ö'¡��'¡%nMæ�2=Ã��

1, 1′
���2���±ã=ä

θ1 : E1 → E1 ⊗E2, θ2 : E2 → E1 ⊗E2
�±ÖM¡�'¡

θ1 : x ∈ E1 7→ x⊗1′ ∈ E1 ⊗E2, θ2 : x′ ∈ E2 7→ 1⊗ x′ ∈ E1 ⊗E2u,ó�í�×�Ø,���i�K�
θ1, θ2

y'æ,2V3�ç0èQé%�±�
θ1(x)θ2(x′) = θ2(x′)θ1(x) (x ∈ E, x′ ∈ E2)

��Ê ª �$�
F
�

K � n=ü·n=È�É·n,æV2ª3XWZY�ú�3�m�Ç ����� f1 : E1 → F, f2 : E2 → F
��æ�2¨3=çHè�é�,�

f1(x) f2(x′) = f2(x′) f1(x) (x ∈ E1, x′ ∈ E2)
�!Ê ª �N¿Jn=~������i�®�

f1 = f ◦ θ1, f2 = f ◦ θ2
� Á �!m�Ç�çièJé

f : E1 ⊗ E2 → F
�"pM£�v%ë����

f
yJæ�2#3±��ë%���

E1, E2 , 0
Á �! 

θ1, θ2
y'æ'ê���ë%���N¾!¡�Q�V%9' Á æ'ê·�!��ì$�

E1

f1 ))

θ1 // E1 ⊗ E2

f

��

E2
θ2oo

f2uuF
«V¬ º=»=ã�ä

f : E1 ⊗ E2 → F
�

f (x ⊗ x′) = f1(x) f2(x′)
��Ê ª �N¿MnM��p�£�v,ë��J�

f (θ1(x)) = f (x ⊗ 1′) =

f1(x) f2(1′) = f1(x),
è��u

f (θ2(x′)) = f2(x′)
�MÕ í®�,v��

f
y�ç�èJé,��ë�����s�¯'�

f (x ⊗ x′)(y ⊗ y′)) = f (xy ⊗ x′y′) = f1(xy) f2(x′y′)

= f1(x) f1(y) f2(x′) f2(y′) = f1(x) f2(x′) f1(y) f2(y′) = f (x ⊗ x′) f (y ⊗ y′)� Á © x�w%��� ² ª �#×#Ø,´Ë��}N�f´%u f
y'æ,2�3$��ë��Q�

f ′ : E1 ⊗ E2 → F
�

f1 = f ′ ◦ θ1, f2 = f ′ ◦ θ2
�!Ê ª �±ü�n�ç0èJé4���i�0�

f ′(x ⊗ x′) = f ′(x ⊗ 1′) f ′(1 ⊗ x′) =

f ′(θ1(x)) f ′(θ2(x′)) = f1(x) f2(x′),
b%½�u

f ′ = f (
£±É"�

)
�

E, E′ , 0
Á �! 

1, 1′ , 0
~$´Ú�

θi
y�}���´,u'æMê,��ë��Q�

�

T
3.5. V1, V2

�
K-
���6���±�����������¨%(' Á º=»iè'é

L
(

V1 , V1
)

⊗ L
(

V2 , V2
)

' L
(

V1 ⊗ V2 , V1 ⊗ V2
) y

m�Ç0èQé,��ë��wv
L ( V1 ) ⊗ L ( V2 ) ' L ( V1 ⊗ V2 ) .

T
3.6 ( °�±&j Kronecker

¶
).
¤0n�m�ÇièQé���ë��Q�

M(m,K) ⊗M(n,K) ' M(mn,K), Ei j ⊗ Ekl 7→ En(i−1)+k,n( j−1)+l

s�¯J�
M(m,K)⊗M(n,K) ' L ( Km )⊗L ( Kn ) ' L ( Km ⊗ Kn )

n$è�é%��ë����¾Qn$è�é0nM�M�
Ei j⊗Ekl ∈ M(m,K)⊗

M(n,K)
u=y

f (ep ⊗ eq) = δ jpδlq ei ⊗ ek
�M×VIË�K¡i�

f ∈ L ( Km ⊗ Kn )
�'¯#ô,�,���N�,�!u

Km ⊗ Kn ' Kmn ( ²��³�z
)
~#´�

L ( Km ⊗ Kn ) ' L ( Kmn )
n=èJé0�,ë,�J�

f ∈ L ( Kmn )
�!¼%½��0�

f (en(p−1)+q) = δ jpδlq en(i−1)+k��ë%���
£ � �

En(i−1)+k,n( j−1)+l ∈ M(mn,K)
u�y

f ′(en(p−1)+q) = δn( j−1)+l,n(p−1)+q en(i−1)+k
�$×VI�f¡i�

f ′ ∈ L ( Kmn )
�

¯#ô,�i�'�M�
δn( j−1)+l,n(p−1)+q = δ jpδlq

~$´Ú�³�
f = f ′

��ë��J�Ú� ª � © xM�
Ei j ⊗ Ekl

u=y
En(i−1)+k,n( j−1)+l

�±¯
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ô%�i���
M(m,K) ⊗M(n,K)OO

��

oo // M(mn,K)OO

��
L ( Km ) ⊗ L ( Kn ) oo // L ( Kmn )

£=°Ën ef A = (ai j) ∈ M(m,K), B = (bkl) ∈ M(n,K)
uM¯8��xiyM�

A ⊗ B
u%yM¤n

mn
¤n ef (ai jB) ∈

M(mn,K)
�±¯#ô,�,�wv

A ⊗ B←→





a11B a12B · · ·
a21B
...





.

��´�n e�f � A
�

B
n

Kronecker
¶4����µ��

A ⊗ B
���Ü�Q¾%�f��ë,���

Kronecker
[0y � u�¶N��ó��!u�r"�3=u8£$¤�·#ø

A, B
n��NÓ����,[%��ë%���

B"C&D�E
3.2. A,C ∈ M(m,K), B,D ∈ M(n,K), x ∈ Km, y ∈ Kn �����Q� Kronecker

[in�É&?M�
(A ⊗ B)(x ⊗ y) = (Ax) ⊗ (By),
(A ⊗ B)(C ⊗ D) = AC ⊗ BD

�MÕ í	�,v�¾��J����¸=� e�f n�¹$¦�u,ó © x�G%Æ�� ª ~���� x ⊗ y = (x1y, · · · , xmy)
�f�i���

T
3.7. E

�
K � nMæ�2�3ªWºY#úV3Qm�ÇH�#���¼»�æ�n ª IJ��¾!¡,y K � �VAJ¤=Ã=�%ë����(F�×���� (p = dim E <

∞)
�¾Qn��'À��=¤in$èJé,��ë%�wv

E ⊗K M(n,K) ' M(n, E), λ ⊗ (ai j) 7→ (λai j)

sV¯M� � n�³��'×�ØÚ�!¡i� K
º$»=ã=ä

ϕ
��ëí��

ϕ
yMæ�2#3�m�Ç0n�çiè�é���ë��Q�

ϕ
� ) ê���ë��,¾��!y�½c¾

u�¿"À��0À$���$m#Ç0y Ä 4 �'¿
K � pn2 ¤=Ã,~$´Ú� ϕ y�èQé��

B"C&D�E
3.3. E1, · · · , En, F

yMæ�2�3Qm�Ç·���,�����0�6� �±�����$��x%n&%9' Á èJé
(E1 ⊕ · · · ⊕ En) ⊗ F ' (E1 ⊗ F) ⊕ · · · ⊕ (En ⊗ F)

�$liyËí³æ�2�3Qm#Ç0n$èJé·� Á © x�w%��¾%�J�;¿cÀ�Æ�ó!�
dfe�g j�Á gÂ�Ã E

�
K � nJm=Ç�� L

�
K
n�Ä"Å U ���0�Q� L

y
K � nJm�Ç8�(¶ Á Æi��¾%�Qu�Æ#É��0�J����0�

E
n

L å n�ò#Ç�Ä�Å L ⊗K E
y

K-
m�Ç�n��NÓ����,[%�%ë��'�M�Ú¾!¡,y

L-
�0�6� �$�0�±�N¿Qëí���¸�¹

y�³
(a ⊗ x)(b ⊗ y) = ab ⊗ xy

´�;}��f´%u
L-
º�»,�%ë����� ª � © x

L ⊗K E
y

L � n�m#Ç,�%ë����
E
��Y�ú#3

[
÷�ø

]
Á �! 

L ⊗K E
y�Y=ú�3

[
÷=ø

]
�'Ù¿#¿ 4cÇ µJÕ2íÈ�,v±�

E
��æ�2#3 Á �� 

L ⊗K E
y'æ,2�3M�±�

1 ⊗ 1E
��æ�2�Ã,u Á ���

� E
3.3. Ω

��È#É�n
L-
m#Ç=�

f : E → Ω
�

K-
ç�èJé·���i�i�³�

f
n

L-
º�»=ã#ä å n O�É f ′ : L ⊗K E → Ω

y
L-
çièJé,�%ë����

E, Ω, f
��æ�2#3 Á �� 

f ′
y'æ�2#3±�%ë����
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«�¬
L⊗K E

y
1⊗ x (x ∈ E)

n�»�nJÃ,u�ó0í
L � m=Õ��¡��'´Ú���fÈ#É0n x, y ∈ E

u�¯6��x
f ′((1⊗ x)(1⊗ y)) =

f ′(1 ⊗ x) f ′(1 ⊗ y)
�*G%Æ, 

f ′
�

L-
ç0èQé���ë��,¾��Q��ÊV}�� ª ¾���u Á �Q��s�¯J�

f ′((1 ⊗ x)(1 ⊗ y))

= f ′(1 ⊗ xy) = f (xy)

= f (x) f (y) = f ′(1 ⊗ x) f ′(1 ⊗ y)� Á © x�w%���
Ë�Ì y

1 ⊗ 1E
�

L ⊗K E
nJæ�2�Ã�u Á �J´�

f ′(1 ⊗ 1E) = f (1E) = 1Ω.
� Á ¨V4 �

f ′
yMæ�2#3±��ë%���

�

3.2 Í4c¨ÎÐÏ�b8c
d;Ñ=g�Ò¨Ó�e�g

E
�

K � n�m=Ç8�#��� Γ �;Ô�¹�Õ8���i�J� E
u�¯��0�

Γ
éNn�Ñ#g�Ò\Ö

(grading)
��y
Γ
�

×�Ø n�Ù=úH���K�
E
n��=�$���±´Ú��Õ��;� {

Ep
}

p∈Γ
�M¤�n�Ú�Û��Ê ª ��¿'nM��ë%�wv

1. E = ⊕p∈ΓEp,

2. Ep · Eq ⊂ Ep+q ( p, q ∈ Γ).

Γ
é�nQ¤$Ç�Ü0µ#n�Ý#×Ë�!¡ ª m�Ç�

Γ
é�n�Ñ$g�ÒÞÓfe#g

(graded algebra)
����µ$�M��ß�à

E = ⊕p∈ΓEp
�'Û,�$�

¤�ÇNn�Ô�¹cÕ
Γ
���!x,y

Γ = Z,Z2
n�á0v�n�ù�úi��K�õi�,ë,�J�¾�¾��

Z2 = Z/2Z
��ë,�Q�Mr��0��y

Z/2nJÃ��
(0), (1)

�³Û��$�
(p) =

{

p′ ∈ Z
∣
∣
∣ p′ ≡ p (mod 2)

} �%ë����
T

3.8.
£"·�Ç,Âcâ�³�k

K[t] = ⊕p∈Z,p≥0Ktp y Z éËnJ¤�ÇÜ6À�m�Ç���ëi�J�Ë¾�¾$u Ktp y p
¤n±æ�â³

atp

(a ∈ K)
��v·���;���$�0�,��Û%���

T
3.9. Z

é0nQ¤�ÇcÜÀ�m�Ç
E = ⊕p∈Z

y���¤�n�³,��G%��ó��!u#%('0u
Z2
é�u�¿�¤�ÇcÜ�µ��K¡0�wv

E = · · · ⊕ E−1 ⊕ E0 ⊕ E1 ⊕ E2 ⊕ · · ·

=
(

⊕p≡0Ep

)

︸      ︷︷      ︸

E(0)

⊕
(

⊕p≡1Ep

)

︸      ︷︷      ︸

E(1)d;Ñ=g�Ò¨Ó�ã�ä7å��c/&0 �!´Ú�®m=Ç�u�AÚ�H�$�ië,��æ�n±���H�������
V
uJ¯·��x¿f¤=Ç�Ü�µ,�'¼�½ ª"ç �

��è"é���ë%�'�=� Á ¨#4 �����H���$�N�
V
uJ¯i�i�

Γ
énJ¤�Ç"ÜNµ�y

V
n���������´6�®ÕN��� {

Vp
}

p∈Γ
�

V = ⊕p∈ΓVp
�!Ê ª �¿Jn±��ë%�i�®×�Ø,�i���iÖ0��x

Γ
é�n�¤#Ç"Ü�µ#n�Ý=×�Q¡ ª �0�6� ���0�%�

Γ
é�n�Ñ#g

Ò8Ó�ãVäêåë��/�0
(graded vector space)

����µ$�M�"ì,à
V = ⊕p∈ΓVp

�MÛ,��¾%��yQm�Ç0n��'À,��è@í��%ë����
¤#ÇcÜÀ�m�Ç�yQ¤$ÇcÜËÀ��i�6� �$�0�#n��#ü Á ù=úH��¼#½��¡i�Q�
¤�ÇÜËÀJ�N�H� ���N�

V = ⊕p∈ΓVp
u±�,w=x

Vp
u�îi�i�'Ã�

p
¤Nn�ïÑ 1

(homogeneous element)
���

ì±�,ð=¤�Ã
x
y

x , 0
Á �! 

x ∈ Vp
Á �

p ∈ Γ
��p±£�v�¿�×,�����Ë¾�¡0�

x
n�Ñ�g

(degree)
�!��ì$�

B"C&D�E
3.4. E = ⊕p∈ΓEp

�!¤�Ç�ÜËÀ�m�Ç·�f���Q�
E
n'æ�2�Ã

1
y

0
¤0n�ð=¤�Ã��%ë��%¾%�J�HG,Æ��

d;Ñ�g�ÒêÓMá�â@/Þ0�h�ïVÑ�ñ&ò ¤�¥ V = ⊕p∈ΓVp
�'¤,Ç#Ü·À$�Ú�2������H�J��$�

V
n��0�,��

W
y

W = ⊕p∈Γ(Vp ∩W)
nN�'À

V
n¨Ñ=g�Ò¨Ó�á�â�/&0

(graded subspace)
�%ë,�i�!wË�®�c=%��n

(a), (b)
yJ¤�Ç�Ü

À��%ë��%¾���u$è�óôv
(a)

∑

p xp ∈ W (xp ∈ Vp)
Á �! 

xp ∈ W, (b)
���$�0�

Wp ⊂ Vp
��ë © x

W = ⊕pWp.
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V = ⊕p∈ΓVp, W = ⊕p∈ΓWp
�Mè@í

Γ
é�nQ¤�Ç�ÜËÀ��0�6� �±�����$�®�

r ∈ Γ
�����Q�$º$»=ã=ä

f : V → W
y

f (Vp) ⊂ Wp+r (p ∈ Γ)

��Ê ª ��'À��
r
¤0n�ïcÑ,ñò ¤,¥ �%ë��i�!w�®��%��u 0

¤0n�ð=¤�º�»=ã=ä0y�Ñ�g@õ�ö�÷$º$»�ã=ä·�±¿�Ï ¨
¡i�Q�
B�C@D�E

3.5. f : V → W
�

r
¤�n�ð=¤�º#»=ã�ä4�������K�

(a) Ker f
y

V
nQ¤#Ç�ÜÚÀH���#���J�

(b) Img f
y

W
n�¤#ÇcÜËÀ>�=�#�0�M�%ë����¾Jn�¾%�J�*¿,´"I0ó��
f (Vp) ⊂ W−p (p ∈ Γ)

Á ��º�»=ã�ä
f
�'¼�½%��ý#õ6¿�ø±xH���J�N¾Mn,ó�� Á

f
y�Ñ#g&õ�j@ù�ú�û��!wË�®�±¤

Ç��Ù�uM���!º�»=ã#ä0y'£±°0u�ð=¤,�%y Á wM�
Lr

(

V , W
) �

V
´6�

W å n r
¤�n�ð=¤�º#»�ã=ä�üµ=ì%n�Ù�ú·���i���®�

Lr
(

V , W
) y

L
(

V , W
) n����#�

�#�,ë,�J�
r ∈ Γ

) U u�ý� Lr
(

V , W
) n�� ∑

r∈Γ Lr
(

V , W
) �������,ë,��¾,�Qy�½�¾0u�¿�À,��À#�Q�Ë¾�¡��

Lgr.
(

V , W
) ��� �³�=� Á ¨V4 �

Lgr.
(

V , W
)

= ⊕r∈ΓLr
(

V , W
) y�¤�Ç"ÜÀ!���� �±�0�±�%ë����

B"C&D�E
3.6.

∑

r∈Γ Lr
(

V , W
) �"���%��ë��%¾��'�*G�Æ#�

La−gr.
(

V , W
)

= ⊕r∈ΓL−r
(

V , W
) ��wÚ�>ì�àH¿*þ"ÿ·��x=�4�K�N¾�¡�y±�N�6� �#�������x�y

Lgr.
(

V , W
) u

5H��w$�M�
Lgr.

(

V , W
) ��y�j j Ñ�g�ÒMÖM� Á ��¡#x%ë���¤�Ç�ÜËÀ��0�� �±���M��ë%���

V,W, X
�
Γ
é�n�¤#ÇcÜËÀ����� �$�0�N���K�

r, s ∈ Γ
�f�i���

f ∈ Lr
(

V , W
)

, g ∈ Ls
(

W , X
) Á �! 

g ◦ f ∈
Lr+s

(

V , X
) y"}��´��%ë��J�¾�¾�´�f£�°Nu

f ∈ Lgr.
(

V , W
)

, g ∈ Lgr.
(

W , X
) u'¯H��x

g ◦ f ∈ Lgr.
(

V , X
)

��ë%�%¾��f�M�%´i���
Lr

(

V , V
)

, Lgr.
(

V , V
) �MÖ'¡V�M¡

Lr
(

V
)

, Lgr.
(

V
) �*ß�ì%���Q�

Lgr.
(

V
) y

L ( V )
n'æ,2�3��=�#m#Ç,�%ëÚí��

Lgr.
(

V
)

= ⊕r∈ΓLr
(

V
) y�¤$Ç"ÜÀ�m$Ç,�%ë����

d;Ñ#g�Ò8Ó�e=g j'Þ,ßQà E = ⊕pEp, E′ = ⊕pE′p
��¤#ÇcÜNÀ�m�Ç·�f������m�Ç�ç0èQé

ϕ : E → E′
y

ϕ(Er) ⊂ E′r (r ∈ Γ)

��Ê ª �Ë�'À
(
v ² í ¤�Ç%� 0

n��'Àf��Ï%wJøi½��0��¤�Ç���%vÚ�JÀMu
)
Ñ#g�ÒªÓ®e=g jJÞ�ßQà �±¿�Ï ¨ ¡0���

T
3.10. E = ⊕pEp

��¤#ÇcÜÀ!m�Ç4�f�0���
x ∈ E

uQ¯6�!xM�
x
u,ó$�*���#�

(left multiplication) ex : E → E�
ex(y) = x · y (y ∈ E)

u,ó�í ×�Ø,�����
x ∈ E 7→ ex ∈ L ( E )

yQº�»%�±�
x ∈ Er

Á �� 
ex ∈ Lr

(

E
) ��ë��J´Ë���

£±°�u
x ∈ E

Á �� 
ex ∈ Lgr.

(

E
) ��ë����

E
y'æ�2#3]W Y�ú#3±��ë%�i�f���i���'ã=ä

x ∈ E 7→ ex ∈ Lgr.
(

E
) y

¤�Ç"ÜÀ�m�Ç�n'æ,2V3�ç0èQé%�%ë��Q�
���

.
è��u

x
u,ó±���$¸=¹

e′x(y) = y · x
¿�×$Ø��0À$�J�M��r=�,��y�� ¨ Á wM�

d��=â � Ý �#â E = ⊕p∈ΓEp
�!¤�ÇcÜÀ�m�Ç4�����

r ∈ Γ
���,���

E � n r
¤0n��#â

(derivation)
�!y

r
¤0n�ð�¤#º#»#ã#ä

D : E → E
�'�

D(xy) = (Dx)y + x(Dy) (x, y ∈ E)

��Ê ª ��¿Jn��'wË���
² ª Γ = Z,Z2

n0�MÀ��
E � n r

¤0n Ý �#â (antiderivation)
��y

r
¤in�ð=¤=º$»#ã�ä

D : E → E
�±�

D(xy) = (Dx)y + (−1)prx(Dy) (x ∈ Ep, y ∈ E, p ∈ Γ)
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��Ê ª ��¿Jn��'wË�
(
¨ ¡ ¨ ¡,nQ×$Ø�u�ó!¡% 
	�Ç=¤�n�î��=�0y�=�%�%ë��

)
�

���
.
ª ~��

Γ = Z2
n�ù=ú����#Ç=¤0n�î��=�N� ª µ�uQî��#�·���$ì$�

T
3.11.

£�·#Ç=Â,âc³#k
K[t]

uM��w$x
“
�#�

” D : tp 7→ ptp−1 y −1
¤0n��#�%�%ë����

¤�u�º�»c·�ø�n���ø��"[#��î��#ø��c[��!×�ØH�±ó,�K�
A, B

�$Ö'¡�M¡
p, q
¤�n�ð=¤#º�»c·#ø

E → E
���,�

(
���ÐW î����H��y,AN� Á w

)
�

AB − BA, AB − (−1)pqBA
�MÖM¡��'¡

A
�

B
n���Ñ��±¶�� Ý �=Ñ��$¶a�!��ì$�N¾�¡6�!y p + q

¤in�ð=¤=º$»
·�ø���ë����
r=�,�%y��=s� Á w$�±�#¤in
� Q �MÕ8íÈ�,v$�

� E
3.4. D,D′

��Ö'¡V�'¡
r, r′
¤0n��#� Á �! Q���=ø��c[

DD′ − D′D
y

r + r′
¤�n��#�,��ë��Q�

D,D′
�%Ö'¡��'¡

r, r′
¤0n�î��#� Á �� ��=î��=ø��c[

DD′ − (−1)rr′D′D
y

r + r′
¤0n�î��=����ë%���

Ê�}=yQz�{0u�������
T

3.12. (
Â� U �����Ë� ª�� yQz< )s

n
¤�Ã$Âc U M

n
�#��»c³ ª�4 ��`N�!¤=ÇcÜËÀ�m�ÇË�J¼�½%�i�K�����#�
d
y

1
¤0nQî��#�=������ �$ù

X
uQ¯·���*��[

iX
y
−1
¤�nQî �=���,ë%�J�cb,½�u

iX ◦ d + d ◦ iX
y

0
¤0nJî!�=�

(
�=�

)
�%ë,�J�����#»"³

u�`�s��i�
Lie
�=�

LX
yi¾!¡6�#��y�ü�u�×#ØË�Q¡i�

0
¤�n��=�,�%ë��'�±�

LX = iX ◦ d + d ◦ iX
n�ñ�ò%�,ë��

(H.Cartan
n=ñ�ò�³

)
�

d;Ñ=g�Ò¨Ó#"�$V/&0 ¤#Ç"ÜÀQ���H� �$���
V = ⊕pVp

uJ¯H�!x±�=¤#Ç�ÜÚÀ����·�������
V (∗) = ⊕pVp

∗ � Vn�Ñ#g�Ò8Ó%"�$�/#0
(graded dual space)

����ì$�
V (∗) ⊂

∏

p Vp
∗ ' V∗(= L

(

V , K
)

)
~�´Ü�!�

V (∗) ⊂ V∗
�;¶ Á �H¾N�J�0�6À,�#�¾0¾±� ∏

p Vp
∗ ' V∗(=

L
(

V , K
)

)
n!É@?���&V}���x=��¾��®�

ξ = (ξp) ∈
∏

p Vp
∗ u�¯6��x ξ′ ∈ V∗

�
〈

ξ′ , x
〉

=
∑

p
〈

ξp , xp
〉

(x = (xp) ∈ V)

u�ó © x±×=Ø��0�J�$¯�ô
ξ ∈

∏

p Vp
∗ 7→ ξ′ ∈ V∗

yQº=»�èJéi��ë,�,¾,���,½�¾iuJ��´i�
( ' 1.5

�;R�S
)
�N¾Mn

É&?±� ∏

p Vp
∗ ' V∗ = L

(
V , K

) ��ë%���
¾'n$èQé�n$�#�M�

ξ ∈ V (∗) u�¯#ô�����º�»=ã=ä ξ′ ∈ V∗ = L
(

V , K
) y Ä n�ó,��u��� V¡%µN�®¡0�J´�(�,�
¶

x )0ó,�K�
K
��¤�ÇcÜÀfm#Ç

K = ⊕pKp
��¼#½%�

(
¿ 4"Ç µ

K0 = K, Kp = 0 (p , 0)
��ë��Q�¾�¡��

K-
m$Ç4�$��x,n

Ku�¯,����p±£�n�¤#Ç�Ü0µ±��ë��
)
�

� E
3.5. ξ ∈

∏

p Vp
∗ ���i���¾Jn��'À ξ ∈ Vp

∗ ⇐⇒ ξ′ ∈ L−p
(

V , K
) �MÕ8íÈ�,v��

«�¬
ξ′ ∈ L−p

(

V , K
) y

ξ′(Vq) ⊂ Kq−p (∀q)
�!w��É&?M��ëí �Ú¾!¡,y

ξ′(Vq) = 0 (q , p)

u$è�ó%��ë������ Q n*,+%y,¾=¾!´�;}��f´#��ë Ç �K� �

¾,�#�!x
ξ ∈ Vp

∗ uQ¯�ô�����º#»�ã=ä ξ′ ∈ L
(

V , K
) y
−p
¤�n�ð�¤#º=»�ã�ä·�#�!x��" ¡�µ��¡0�,¾,���±�
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´ ©Mª ��� Á ¨V4
Vp
∗ ' L−p

(

V , K
)

, V (∗) ' La−gr.
(

V , K
)

�MÕ í	�,v$�
B"C&D�E

3.7.
¢�£$¤#»�³ 〈 · , · 〉 : V (∗) × V → K

�.-�/�0,��ë��%¾��J��ÊV}'ÆNó��
V
n±¤,ÇVÜ6ÀQ¢,¯

V (∗) n%Ö,n ² ª ¤%ÇVÜ·ÀQ¢,¯6� V (∗∗) ��� �=��� %*' Á æ#ê x = (xp) ∈ V 7→ x(∗∗) =

(xp
∗∗) ∈ V (∗∗) �,ë��Q� xp ∈ Vp

�
xp
∗∗ ∈ Vp

∗∗ � x ∈ V
�

x(∗∗) ∈ V (∗∗) �±èM£�ð,�i�i�K� V
y

V (∗∗) nQ¤#ÇcÜÚÀH������±�M�#È�É�n
ξ ∈ V (∗), x ∈ V

uQ¯6��x
〈

ξ , x
〉

=
∑

p
〈

ξp , xp
〉

=
∑

p
〈

xp , ξp
〉

=
〈

x , ξ
〉

�MÕ í	�,v$�
d;Ñ#g�Ò8Ó%"�$ ¤,¥ ¤�u

V = ⊕pVp, W = ⊕pWp
��¤#ÇcÜÀ��i����±�i�N���®�

p, r ∈ Γ
�����Q�

f ∈ Lr
(

V , W
)

, ξ ∈ Wp
∗ ' L−p

(

W , K
) Á �J '�

f ∗(ξ) = ξ ◦ f ∈ Lr−p
(

V , K
)

' Vp−r
∗ �iëi�'��� Á ¨&4 �

f ∈ Lr
(

V , W
) Á �� 

f ∗ : W∗ → V∗
y

Wp
∗ � Vp−r

∗ n!1$u�ã·�K�b�½�u W (∗) � V (∗) n 1�u�ã��$� f ∗
n

W (∗)

å n32#A�� f (∗) ���Ü�$�K� f (∗) : W (∗) → V (∗) y −r
¤�n�ð�¤=º#»=ã�ä,�,ë,�wv

f (∗) ∈ L−r
(

W (∗) , V (∗) ) �iÖ0�!x
}N�f´%u�¯#ô

f ∈ Lr
(

V , W
) 7→ f (∗) ∈ L−r

(
W (∗) , V (∗) ) y�º�»,��ë��Q�£�°�n

f ∈ Lgr.
(

V , W
) y�ð�¤�º#»�ã�ä�n��

f =
∑

r fr
~$´6���

f ∗ =
∑

r fr∗
yJl�yÚí

W (∗) � V (∗) n�1�uQã�K�
f (∗) = f ∗|W(∗)

�'×#Ø,�0À$���
f (∗) =

∑

r fr(∗) ~$´Ú� f (∗) ∈ Lgr.
(

W (∗) , V (∗) ) ��ë%���
f (∗) � f

n�Ñ$g�ÒªÓ%"�$ ¤�¥ (graded dual map)
���$ì$�

f (∗) n�×�Ø,´Ú��}���´,u�È#É0n x ∈ V, ξ ∈ W (∗), f ∈ Lgr.
(

V , W
) u�¯6��xM�

〈

f (∗)(ξ) , x
〉

=
〈

ξ , f (x)
〉

�MÕ í	�,v$�
¯=ô

(∗) : f ∈ Lgr.
(

V , W
)

7→ f (∗) ∈ Lgr.
(

W (∗) , V (∗) ) y�¤�ÇË��Ù0u±���Qæ±ê#º�»=ã=ä��%ë��Q�
X = ⊕pXp

¿f¤�Ç�ÜËÀ��i�6� �M�������i���
f ∈ Lgr.

(

V , W
)

, g ∈ Lgr.
(

W , X
) Á �! 

g ◦ f ∈ Lgr.
(

V , X
) ��ë

í��¾Jn��'À
(g ◦ f )(∗) = f (∗) ◦ g(∗) �±Õ2í®��v$�� ª � © xM��%��u

V = W
n!ù=ú�J¼#½,�i�³��¯#ô

(∗) : f ∈ Lgr.
(

V
)

7→ f (∗) ∈ Lgr.
(

V (∗) ) yMæ�2V3Jî�ç0è�é��ë%���
d*ï"Ñ�",4�Ñ�ò�5

V = ⊕pVp, W = ⊕pWp
��¤�Ç"ÜÀ!������±�i�N�f�����

¢�£$¤�»�³
f : V ×W → K

y
f : V → W∗

�9¶ Á � ª �JÀMu
1. f (V) ⊂ W (∗),

2. f : V → W (∗) y r
¤in�ð�¤

��ë%� Á �! ��
r
¤�n;ïcÑ�",4�Ñcò�5,��ë��0��w�K�

� E
3.6. f : V ×W → K

�
r
¤0n�ð�¤#¢�£$¤�»�³4�����0�³��687Q¢�£�¤�»�³ t f : W × V → K

y
−r
¤0n�ð#¤

¢�£�¤�»�³,��ë��Q�
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«�¬ È�É0n
x ∈ V, y ∈ W

u�¯6��x
〈 t f (y) , x

〉

= t f (y, x) = f (x, y)

=
〈

f (x) , y
〉

=
〈

y , f (x)
〉

=
〈

f (∗)(y) , x
〉

(x ∈ V, y ∈ W)~±´�³� t f = f (∗) |W
��ë%���

f (∗) : W (∗∗) → V (∗) y −r
¤0~M´Ú��� t f : W → V (∗) ¿ −r

¤��%ë��Q�
�

=����%y
0
¤�n�ð=¤#¢�£$¤#»�³0~�µ��'¼#½%�Q�

f : V × W → K
�

0
¤�¢�£#¤�»�³2�!�0�N���c��¤�Ç

p
u�v,w#x

f (Vp) ⊂ Wp
∗ ~#´H� fp : Vp → Wp

∗ �±�
fp = f |Vp

u,ó�í ×�ØÚ��¡i���
fp
��¢�£±¤�»c³

fp : Vp ×Wp → K
�(¶ Á �Ë���

f ( x , y ) =
∑

p fp ( xp , yp ) (x = (xp), y = (yp)) (1)

��Õ í>�v���s8¯=�
f (x) = ( fp(xp)), fp(xp) ∈ Wp

∗.
b�½�u

f ( x , y ) =
〈

f (x) , y
〉

=
∑

p
〈

fp(xp) , yp
〉

=
∑

p fp ( xp , yp )
� Á © x±�

(1)
��9���� ² ª

( t f )p =
t( fp) (2)

�NÕ_í��8v��s ¯�� t f ( y , x ) =
∑

p ( t f )p ( yp , xp ).
£ � � t f ( y , x ) = f ( x , y ) =

∑

p fp ( xp , yp ) =
∑

p
t( fp) ( yp , xp ).

ÈiÉn
p
u#¯ �Jx%�

x, y
�

xq = yq = 0 (q , p)
Á ��ó�±u;:Úì·���

( t f )p ( yp , xp ) =
t( fp) ( yp , xp ).

b�½�u
(2)
�;9·�K¡0���

� E
3.7. V = ⊕pVp, W = ⊕pWp

��¤=Ç�ÜÚÀJ���·� �$�N��!�i�'�
0
¤�¢,£�¤=»�³

f : V ×W → K
y��=Õ��

Vp ×Wp
å n�2VA fp : Vp ×Wp → K

�3-�/ 00n��JÀ��,´#v�Ö=n��'ÀMu,Aí<-�/�0,��ë%���
«V¬

(1)
´�±¿�}�f´=�,ë,�'�±�#¤�n�ó���u�¼�½,�,¾,��¿���À��J�

f
y�-�/!0

⇔ f , t f
y±æ$ê

⇔
�#¤=Ç

p
u

ñi��x
fp, ( t f )p =

t( fp)
yMæMê

⇔
�#¤#Ç

p
u#ñi��x

fp
y-�/�0=�

�

d�=�á$¶
(I) E = ⊕pEp

��¤�Ç�ÜÀ�æ,2#3dW Y�ú�3'm�Ç4�#�®�
E(∗) = ⊕pEp

∗ ��Ö#nJ¤�ÇcÜÚÀ�¢=¯ (
���� ���

�
)
���i���

E(∗) n ç �!y�¤�ÇcÜÀ�m$Ç,�%ë����(F#×H� Á w±�
x ∈ E

u�¯H��x
ex ∈ Lgr.

(

E
) �

x
u,ó$����¸=¹H����� v

ex(y) = x · y
�N¾Jn��'À��

ix = ex
(∗) ∈ Lgr.

(

E(∗) ) ���w$x±��`�s�a
ix
�

E(∗) u±��µ�� x
u,ó$� � =!á$¶ (right interior product)

�!�$ì±�iÖ0�fx
ix(ξ)

�
x
u�ó±�

ξn��>�H��[·����ì
(
z${�y

ξ
u

x
���%´Ë�9`#s��x=w%�0��w�;�!?�@ A=��¿�v�MóQw

)
�,�B�*�c[���ßN�fxC�H�

[H��¿��#ì±�
ix(ξ)

�
x D ξ ����w$x%ë���r¿Jë��J�$¯#ô x ∈ E 7→ ix ∈ Lgr.

(

E(∗) ) yQ¤�ÇÚ��Ù�uM�0�Qæ�2#3Jî#çèQé���ë����
�*�c[0n�×�Ø,´�*}N�f´%u

〈

ix(ξ) , y
〉

=
〈

ξ , ex(y)
〉

=
〈

ξ , x · y
〉

(x, y ∈ E, ξ ∈ E(∗)).

E = ⊕pEp, F = ⊕pFp
��¤�Ç�ÜÀ�æ�2�3XW Y�ú�3'm�Ç·�=�K�

f : E → F
�!¤#Ç"ÜËÀ�m=Ç�nMæ,2#3�ç�èQé·���

���Ë¾Jn��'À
f ◦ ex = e f (x) ◦ f (x ∈ E) (3)

�MÕ í	�,v$��sV¯M�
( f ◦ ex)(y) = f (x · y) = f (x) · f (y) = (e f (x) ◦ f )(y).³

(3)
n� �´�n�¤�ÇcÜËÀf¢#¯��� © x

ix ◦ f (∗)
= f (∗) ◦ i f (x) (x ∈ E) (4)

��9N���
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d�=�á$¶
(II)

¤�u
E = ⊕pEp

yJ¤#Ç"ÜËÀ��0�H� ���0�'�
E(∗) = ⊕pEp

∗ �$Ö=nQ¤#Ç"ÜËÀ�¢=¯·�#�®��Ô0½�x E(∗)y�¤#ÇcÜÀ�æ�2�3XW Y#ú#3Qm$Ç���ë%�i� F=×%�����
E
n � yQm�Ç,��ë��i�(F�×6� Á w'�

ξ ∈ E(∗) u�¯6��x'� eξ ∈ Lgr.
(

E(∗) ) ��l�yËí
�$¸=¹·�����Q�£�¤�·�ø
ϕ ∈ Lgr.

(

E
) ��q�r6��x

ϕ(∗) = eξ
��Ê ª ��x=w%�0�'Àf�

E
u=y

ξ
u,ó±���E�*��[%�±×�Ø%��À$�0��w

�®�Ë¾'n��MÀ!� � ì0n�ñ�òË��Ê ª � ϕ
yM£±ÉNu�F ² �'´�K�iÖ±¡�� iξ

�K��w$x$�
E
u±��µ��

ξ
uió$���>�;�

[·���=ì±��Ö���x
iξ(x)

�
ξ
u�ó��

x
n��G�H��[·�!�#ì��,�>�*��[N��ß��xC�;�c[4��¿Q�#ì$�

iξ(x)
�
ξ D x

�
�iw�x�ë���r¿Që%���

E
u±��w#x

ξ
uió$���>�;�"[��$×#Øi��À��%ói� Á

ξ
n�Ù�ú�y

E(∗) n±æ,2&3�����m#ÇË�Jv4���Q�Ë¾'n�����mÇ�i�%í�ë�½,�M�
Ξ
�³�2�±���#¯#ô

ξ ∈ Ξ 7→ iξ ∈ Lgr.
(

E
) y�¤�Ç��Ù�u'���Jæ�2V3Jî�ç0èQé%�%ë����

�*�c[0n�×�Ø,´�*}N�f´%u
〈

ξ · η , x
〉

=
〈

eξ(η) , x
〉

=
〈

η , iξ(x)
〉

(x ∈ E, ξ ∈ Ξ, η ∈ E(∗)).

3.3 Í4c¨ÎÐÏ�b8cIHEJLK,MINPO�QSR
d;Ñ�g�Ò�Ó!e,g j � E = ⊕p∈ΓEp

��¤�Ç�ÜÀ�m�Ç2�����
I = ⊕pIp

�Q¤�Ç�Ü6À� �!@�"���±�
(Ip = Ep ∩ I)

�
π : E → E/I, πp : Ep → Ep/Ip

�V%9' Á�) ê·���i���
⊕p∈ΓEp/Ip

u±�%µ=�!¸=¹�
πp(x) · πq(y) = πp+q(xy)

u,ó�í�×$Ø����0�
⊕p∈ΓEp/Ip

yQ¤�Ç�ÜËÀ�m�Ç�u Á �Q�
I
yQ¤$ÇcÜËÀ'~±´Ú�³��ã�ä

E/I → ⊕p∈ΓEp/Ip, π(
∑

p xp) 7→
∑

p πp(xp)
y

well-defined
�±m$Ç�n�èQé%�%ë����

Ö0¾��
E/I
��¤�Ç"ÜÚÀ!m#Ç

E/I = ⊕p∈ΓEp/Ip
��¼�½#x±�¾!¡��

E = ⊕p∈ΓEp
n�Ñ=gcÒ¨Ó'þ=ÿ����

I = ⊕pIpù T�û��H����ì±�
π
y�¤$Ç"ÜÀ�m�Ç�n�ç0èQé%�%ë��Q�

E′
��ü0n�¤�ÇcÜËÀfm�Ç4���®�

I′
�

F
n�¤#ÇcÜNÀ; �!V�,���Q���

π′ : E′ → I′
�V% ' Á�) êH�f�i���

f : E → E′
�

f (I) ⊂ I′
Á �!º�»#ã�äH�������Ë¾Jn��'À

f̄ ◦ π = π′ ◦ f
��Ê ª �Mº#»#ã=ä

f̄ : E/I → E′/I′
�

p±£�v�q�r%�����Ë¾�¡0�
f U�V Ó%WYX�ú,�Me=g j�¤,¥ ���#ì±�

f
�

r
¤ Á �� 

f̄
y

r
¤#�

f
�

[
æ�2#3

]
çièQé Á �! 

f̄
y

[
æ�2�3

]
çièQé=�

f
�

[
î

]
�#� Á �� ��

f̄
y

[
î

]�#�,��ë����
d;Ñ=g�Ò¨Ó�e�g j��M��� ��¶0h Á gÂ�Ã E = ⊕pEp, E′ = ⊕pE′p

�
K � nJ¤=Ç"ÜÚÀ�m=Ç·���0�Q�Ë¾'nN�'À��Ó����,[

E ⊗ E′ = ⊕p

(

⊕q+q′=p(Eq ⊗ E′q′ )
)

y ² ª ¤�Ç�Ü6À�m�ÇËu Á �'��s@¯$� x ⊗ x′ ∈ Eq ⊗ E′q′ (p = q + q′), y ⊗ y′ ∈ Es ⊗ E′s′ (r = s + s′)
�!�����f�

(x ⊗ x′) · (y ⊗ y′) = xy ⊗ x′y′
y

p + r
¤0n�ð=¤�Ã���ë��Q�cb%½=u

p
¤�n�È�É�nJÃ

z
�

q
¤�n�È$É�nJÃ

w
u�¯H�

xM�
z ⊗ w

y
p + r

¤inJÃ���ë��Q�
¾!¡0�*Ñ�g�Ò8Ófe#g

E
�

E′ j,�&��� �$¶·���#ì±�Ö=n�¤$Ç"Ü0µ#n�×�Ø�u,ó0í��
x ∈ E

�
p
¤#�

x′ ∈ E′
�

p′
¤0n�ð�¤�Ã Á �! 

x ⊗ x′ ∈ E ⊗ E′
y

p + p′
¤�n�ð

¤�Ã���ë����
¤�u

E = ⊕pEp
�

K � nQ¤$ÇcÜËÀ�m$Ç�� L
�

K
n�ÄcÅ U �����Q� E

nQò�ÇcÄ�Å
L ⊗K E = ⊕p (L ⊗K Ep)
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y�ð0¤,Õ��
L ⊗K Ep

�
L
n,`is0�8Zªí'xiw��#´4���

L � n±¤�ÇVÜ·À±�Ë�2���%�Ë����ë0�$���Ë�'u$È,Én
a, b ∈ L, x ∈ Ep, y ∈ Eq

uQ¯��x
(a⊗ x) · (b⊗y) = ab⊗ xy ∈ L⊗K Ep+q

~M´Ú�
(L⊗K Ep) · (L⊗K Eq) ⊂ L⊗K (Ep+q)�MÕ í	� 4 �

L ⊗K E
y

L � nQ¤$ÇcÜËÀ�m#Ç%��ë%���N¾!¡0� K [�j Ñ�g,ÒªÓ�e�g E j L \j�Á g"Â,Ã4���#ìM�
B"C&D�E

3.8. E, Ei
�

K � n�¤�Ç"ÜÀ�m�Ç·�f�i�����%�0�Ú���±�����$��x%n&%9' Á èJé
(E1 ⊗ E2) ⊗ E3 → E1 ⊗ (E2 ⊗ E3),
E1 ⊗ E2 → E2 ⊗ E1,

K ⊗ E → E,

E ⊗ K → E

y��iw,��¡N¿�¤�Ç"ÜNÀ�m#Ç�n±èJé,�%ë���¾%�J�*G%Æ��
B"C&D�E

3.9. (
� Q 3.2

uM��w$x
)

E1, E2
�
Γ
é�n�¤#Ç�ÜÀ�m�Ç Á �! 

θ1, θ2
yQ¤�ÇN���%v��

F
¿
Γ
é�nQ¤$ÇcÜËÀ��M�

f1, f2
�±¤�ÇN���%v Á �� ��

f
yQ¤�ÇË�#�%v��

¾!¡�!n�¾��J�;G�Æ��
d�] ^ �&��� �M¶ ¾=¾!�%y�¤�Ç�n�Ô=¹�Õ

Γ
y
Z ² ª y Z2

�f���Q�
E = ⊕pEp, E′ = ⊕pE′p

�!¤�ÇcÜËÀ�m$Ç4�
�,����0Ó��f�,[

E⊗E′ = ⊕r∈Γ
(

⊕p+p′=rEp ⊗ E′p′
) u�_�`H�!ya Á �#b ª Á ¸#¹

µ̂ : (E⊗E′)⊗(E⊗E′)→ E⊗E′��×#ØH��xM�Ú¾�¡���¤�Ç"ÜÀfm#Ç�u±����¾%�f�#�0À$����� Á ¨�4
(E ⊗ E′) ⊗ (E ⊗ E′) ' E ⊗ E′ ⊗ E ⊗ E′

�
E ⊗ E′ ⊗ E ⊗ E′ ' E ⊗

(

⊕p′E′p′
)

⊗
(

⊕qEq

)

⊗ E′

' ⊕p′,q

(

E ⊗ E′p′ ⊗ Eq ⊗ E′
)

n0ói�Qu"����� c4�f�
µ̂
�

E ⊗ E′p′ ⊗ Eq ⊗ E′ � � µ̂(x ⊗ x′ ⊗ y ⊗ y′) = (−1)p′qxy ⊗ x′y′
��Ê ª ��º#»�ã%ä8�

��x$×=Ø��i�Q�Ë¾'n�b ª Á ¸�¹
µ̂
�!§i½ ª m#ÇË�

E ⊗̂ E′
�K��w$x$�#¤=Ç"ÜËÀ�m=Ç

E
�

E′
n3]�^ �@�c� �$¶

(twisted tensor product)
�!�$ì±��×�Ø0u�ó0í �

E ⊗̂ E′
u'��w�xM�

(x ⊗ x′) · (y ⊗ y′) = (−1)p′q xy ⊗ x′y′ (x′ ∈ E′p′ , y ∈ Eq)

�MÕ í	�,v$�;d%¡"��Ó����,[
E ⊗̂ E′ = ⊕r∈Γ

(

⊕p+p′=rEp ⊗ E′p′
)

y�¤#ÇcÜÀ�m�Ç,�%ë����
E, E′

��Y=ú�3 Á �� 
E ⊗̂E′

y�Y#úV3J�
E, E′

��æ,2�3 Á �! 
E ⊗̂ E′

y
1E ⊗ 1E′

�f¸�¹�æ�2�ÃÚ����x�æ,2V3
��ë%���
� E

3.8. Γ = Z,Z2
�#�®�

E, E′, E′′
�

K � n Γ é�nQ¤#Ç"ÜËÀ�m#Ç4���i�Q�¾'n��MÀ������� �±�����=��x�n%9' Á èQé
(E ⊗̂ E′) ⊗̂E′′ → E ⊗̂ (E′ ⊗̂ E′′),

K ⊗̂E → E,

E ⊗̂K → E

y��iw,��¡N¿�¤�Ç"ÜNÀ�m#Ç�n±èJé,�%ë����
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�!´���0�H� �$���N�#��x%n
“
%(' Á

”
èJé

E ⊗̂ E′ → E′ ⊗̂E, x ⊗ x′ 7→ x′ ⊗ x
yQ¤#Ç"ÜËÀ�m�ÇNn$è'é�u Á �

Á w�¾���u�Æ�É,�i����Öi¾!�'º#»#ã�ä
ϕ̂ : E ⊗̂E′ → E′ ⊗̂E

�
ϕ̂(x ⊗ x′) = (−1)pp′ x′ ⊗ x ( x ∈ Ep, x′ ∈ E′p′ )

u�ó�í�×=Ø,�0�i�®�
ϕ̂
yQº=»ièJé��±�Ú¾�¡=�$¤�ÇcÜÚÀ�m=Ç�n#è

é�u Á © x�w%�%¾%���M�,´����
ϕ̂
��]�^ ß�à �!��ìM�d,¡c��Ó����,[�n��,�=ã=ä��c�N�;���ó��K�

� E
3.9. E = ⊕pEp, E′ = ⊕p′E′p′

�
Γ
é�n�¤�ÇcÜËÀfm�Ç4���®�Ë¾�¡6��y'æ,2�3dWZY#ú�3��9F#×,�����Ë¾Jn��JÀ

� Q 3.2
����� ª ã�ä

θ, θ′
yQ¤�ÇË��� 4 �#È$É�n

x ∈ Ep, x′ ∈ E′p′
u�¯H��x

θ(x)θ′(x′) = (−1)pp′θ′(x′)θ(x)
�!Ê

ª ���
�i�!u

F
�!È�É�nQöin

Γ
é�nQ¤�Ç"ÜÀfm#Ç,�M�¾�¡¿�æ�2#3dWZY=úV3��(F#×,�����

f : E → F, f ′ : E′ → F��¤#Ç�#�,v�æ�2#3 W ç0èQéH�#���JÈ#É0n
x ∈ Ep, x′ ∈ E′p′

u�¯6��x
f (x) f ′(x′) = (−1)pp′ f ′(x′) f (x)

��Ê ª ��¿
n��������Ë¾Jn��'À�¤#ÇN���,vMm#Ç#çièJé

g : E ⊗̂ E′ → F
�

f = g ◦ θ, f ′ = g ◦ θ′
��Ê ª ��¿'nM��p$£�v�qcr

���Q�

4 egfihkj_XYS
4.1 MlNmO�QÚb8cnK8opHrqPs
d �@��� �Me=g j�t u V

� U K � nJ������M�0�N�f������=Ç
p
u�¯H�

Tp(V)
�

Tp(V) =






V ⊗ · · · ⊗ V
︸        ︷︷        ︸

p

(p > 0),

K (p = 0),
0 (p < 0)

��×�IJ�
T(V) = ⊕p∈ZTp(V)

�%� �$�
T(V)

uË�2µ·�i¸·¹
µ : T(V) ⊗ T(V) → T(V)

��¤ n ó �0u�×Ø �Ü� v
T(V) ⊗ T(V) =

⊕p,q ( Tp(V) ⊗ Tq(V) )
����N�>c �'�

p, q ≥ 0
Á �� 

µ : Tp(V) ⊗ Tq(V) → T(V)
yMg¨h�i8g��6è,é

Tp(V) ⊗ Tq(V)→ Tp+q(V) ⊂ T(V),

(x1 ⊗ · · · ⊗ xp) ⊗ (xp+1 ⊗ · · · ⊗ xp+q) 7→ x1 ⊗ · · · ⊗ xp+q

����xM×�Ø,�����
p < 0 ² ª y q < 0

Á �! �¿ 4cÇ µ
Tp(V) ⊗ Tq(V) � � µ = 0

�%ë����
¸�¹

µ
��§i½ ª m�Ç

T(V) = ⊕p∈ZTp(V)
�

V
n �&�,� �Me�g (tensor algebra)

�!�$ì±�
×#Ø�u,ó0í

T(V)
uM�=w�x

(x1 ⊗ · · · ⊗ xp) · (xp+1 ⊗ · · · ⊗ xp+q) = x1 ⊗ · · · ⊗ xp+q (xi ∈ V)

�MÕ í	�,v$�
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d �@��� �Me=g j�¦�§
� E

4.1 ( ¢,£�¤�¥c¦c§ ). 1. T(V)
yMæ,2#3]WZY�ú�3Jm#Ç���ë6í��

Z
é�nQ¤#Ç"ÜÀ!m�Ç,�%ë%�Q�,Ö���xª%9'

Á æMê
α : V → T(V), x ∈ V 7→ x ∈ V = T1(V)

y�º�»,�%ë����
2.
È�É�n$æ�2@3dW Y�ú@3'm=Ç

F
�®º=»�ã%ä

f : V → F
u'¯·�!x

f = f ′ ◦ α
� Á �

(
� v��!÷�øNu��0�

)æc2@3MçNè±é
f ′ : T(V) → F

��p=£�v�qr0���J�N���Ju
F
�
Z
éËn'¤�Ç�Ü6À�m�Ç

F = ⊕p∈ZFp
�#�

f (V) ⊂ F1
� Á © x�w�� Á �! Q�

f ′
y�¤�ÇcÜÀ�m#Ç0n�ç0èQé%�%ë��Q�

V

f
!!C

CC
CC

CC
CC
α // T(V)

f ′

��
F«�¬ º$»#ã�ä

f ′ : T(V)→ F
���

Tp(V) � �±¤0n%ó��!u�×#Ø%���êv f ′(a) = a1F (a ∈ K(= T0(V))), f ′(x) = f (x)

( x ∈ V(= T1(V))), f ′(x1 ⊗ x2) = f (x1) · f (x2) (xi ∈ V), etc.¾Jn
f ′
�

f = f ′ ◦ α
��Ê ª �"p±£,nMæ�2�3�çièQé���ë��,¾���y,}N�f´#��ë%���

�

w
4.2. α : V → T(V), α′ : V ′ → T(V ′)

��% ' Á æ±ê·���i���$º#»�ã=ä
f : V → V ′

u�¯��xM�
α′ ◦ f = (⊗ f ) ◦α��Ê ª ��æ�2�3�ç0è�é

⊗ f : T(V)→ T(V ′)
�cp±£�v�q�r,���Q�

⊗ f
y�¤#Ç����v$�

f
�$æ±ê Á �! 

⊗ f
yMæMê���ëÚí �

f
� ) ê Á �! 

⊗ f
y ) ê,�%ë����

V

f

��

α // T(V)

⊗ f
��

V ′
α′

// T(V ′)

⊗ f
�

f U�V Ó�WSX�ú �&��� �Me�g jQÞißQà ����ì±�¤=Ç"ÜÚÀ�m=ÇNnQÈ#É�n±æ,2&3�ç�è'é
f ′ : T(V) → T(V ′)

y�p�£�v�n
f : V → V ′

uQ¯H��x,x�À#y6¾��Q¡0�!ç
èQé���ë��Q�,sV¯'�

f ′
y�¤=Ç���%v=´Ú�

f ′(V) ⊂ V ′
�±��b�½�u

f : V → V ′
�

f ′
n

V å n�2VA����xM×�Ø���%¾%�f�#�0À$���
f
yQº�»�ã�ä%�±�

f ′ = ⊗ f
��ë��%¾%�!y�}��´��%ë��Q�

Ò�z � ìin�� Q �|{ æ�2�3Qçiè�é D �}{ æ�2#3Qî#ç�èQé D u�7�À�ø�½$xN¿~*�+,y�Õ8íÈ�,v��%ë���m�Ç E ån�î�ç0èQé0y
E
n�Ù=m�Ç

Eo å n�çièJé�u�ö Á � Á w$´�K�
d �@�,� �'e�g j�Á g"Â�Ã V

�
K � nJ�0�� �M����� L

�
K
n�Ä�Å U ���,��� α : V → T(V), α′ : L⊗K V →

T(L⊗K V)
��% ' Á æMêH�$�®�

αL : L⊗K V → L⊗K T(V)
�
α
n

L-
º�»�ã�ä å n O�É ���i���=�i����æ�2#3 L-

ç
èQé

ϕ : T(L⊗K V)→ L⊗K T(V)
�
αL = ϕ◦α′

��Ê ª ��¿JnM��p±£=v�q�r�fx�w����
L⊗K T(V) ' ⊕pL⊗K Tp(V)��¼�½%�i���

ϕ
y

ϕ(1 ⊗ x) = 1 ⊗ x (x ∈ V)

��Ê ª �cp±£�v%nMæ�2�3
L-
ç0è�é,�%ë����

L ⊗K V

αL
&&LLLLLLLLLL

α′ // T(L ⊗K V)

ϕ

��
L ⊗K T(V)
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� E
4.3. ϕ

y�¤$Ç"ÜÀ
L-
m�Ç�n�èQé%�%ë��Q�N¾�¡��V%9' Á èQé4����ì$�

«V¬
L ⊗K T(V)

�
αL �����#ã�ä��c��%¿�vN¾%�K��� Á ¨�4 �#È=É�nMæ,2#3dW Y�ú&3 L-

m=Ç
F
�

L-
º=»#ã�ä

f : L ⊗K V → F
u�¯H��x'�

f = f ′ ◦ αL ��Ê ª �$æ,2�3 L-
ç�èQé

f ′ : L ⊗K T(V)→ F
��p±£�v�q�r,�,�%¾%�Q�

G%Æ� $w#w�nM��ë%���
τ : V → L ⊗K V, τ′ : T(V)→ L ⊗K T(V)

�$Ö'¡��'¡
τ(x) = 1 ⊗ x (x ∈ V), τ′(x) = 1 ⊗ x (x ∈ T(V))

�±×$ØË��¡��
ã�ä4�f�0���

f ◦ τ : V → F
y

K-
º#»�~$´�

f ◦ τ = f ′′ ◦ α
��Ê ª ��æ�2�3

K-
çiè'é

f ′′ : T(V) → F
�"p�£

v�qcr%�,�Q�
f ′ : L ⊗K T(V)→ F

�
f ′′
n

L-
ç0èQé å n O�É �f������� Á ¨V4 f ′′ = f ′ ◦ τ′

��Ê ª �cpM£in
L-çièJé·���i�

( f ′
y'æ,2�3M�%ë��

)
�N¾'n0�'À

f ◦ τ = f ′′ ◦ α = f ′ ◦ τ′ ◦ α = f ′ ◦ αL ◦ τ
~M´�

f = f ′ ◦ αL ��ë���Ë¾Jn,ó,� Á
f ′
�$£$É,��ë%�%¾%�M¿�è�0u0��x�G%Æ0���

V

τ

��

f◦τ

##F
FFFFFFFF

α // T(V)
f ′′

zzuuu
uu

uu
uu

u

τ′

��

F

L ⊗K V
αL

//
f

;;xxxxxxxxx
L ⊗K T(V)

f ′

ddIIIIIIIIII

�

4.2 �P�kMINPO�QÚb2c
dH{!� �M��� � T(V)

nJ¤�Ç"ÜËÀ�¢=¯#�0�
T(V)(∗) = ⊕p(Tp(V))∗

�.� �����,y�K#õi��ë,���
T(V)(∗) n'Ã�� V

� n��c·��Ó����6��w#w'�H����u (Tp(V))∗
nJÃ��

V � n�{�� p- �#��� � (covariant p-tensor)
����ì$�

f ∈ Tp(V)∗
�
g ∈ Tq(V)∗

n
“
��Óc�f�,[

” f ⊗′ g ∈ Tp+q(V)∗
�

〈

f ⊗′ g , x1 ⊗ · · · ⊗ xp+q
〉

=
〈

f , x1 ⊗ · · · ⊗ xp
〉

·
〈

g , xp+1 ⊗ · · · ⊗ xp+q
〉

u,ó�í�×�Ø,�����=£M°�n
f , g ∈ T(V)(∗) u�¯��x%y��

f ⊗′ g =
∑

p,q fp ⊗′ gq

u,ó�í�×�Ø����Q�¾#¾!�
f = ( fp), g = (gp)

���i���
T(V)(∗) yQ¤�Ç"ÜNÀ�m#Ç�u Á ���Ë¾�¡0��r#����y V � n�{� �@��� �Me=g��%ë��i�K×�Ø%�i�����c·��NÓ����$m�Ç�y�}���´,u'æ,2V3�Y=ú�3�m#Ç,��ë����

Ò�z Ãê6fy��VAJ¤�Ã�n
V
uQ¯6��x

T(V∗) ' T(V)(∗) nJÃiy��0Ö#n����=Õ#�,�.��� ' (
q��

)
n�·�ø�u�¯N��x

��� ' n�·#øNug{�� ��u D ·=ø��¡��,¾%��´6��{��"· D n;�=��v�w�x�w����Vg,�C�C��@Qp���wÚ�#�$¾ Ç n��·%�,y Á w±�!��u
T(V)

n'Ã�y
��� ' n�·$ø�ug{ î��iu D ·�ø��¡i��n'��{ î�· D ��Ó����Ú���� '¡��Q�
T(V)(∗) n��=Õ=� (Tp(V))∗

y
L
(

V p ; K
) u�èJé��%ë%�Q�=� Á ¨V4 �

f ∈ (Tp(V))∗
�

f ∈ L
(

V p ; K
) ��¶ Á �

¾����#�0À$�wv
〈

f , x1 ⊗ · · · ⊗ xp
〉

= f (x1, · · · , xp).

T
4.1.

s%�0�� �±���
V
n�¹��

g ∈ L
(

V2 ; R
) y����"·

2-
��Óc���6� ¶��,¾��f�#�0À$�Q�,Ö��9¶ Á �Ú���

〈

g , x ⊗ y
〉

= g ( x , y ) (x, y ∈ V).
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d
T(V∗) �>� T(V)(∗) \�j����r� -3� ϕ : T(V∗)→ T(V)(∗) �*_�5=ã=ä V∗ → V∗(⊂ T(V)(∗))

��x%À�y6¾!�$æ,2
3�ç0èQé·�f���wv

ϕ(ξ1 ⊗ · · · ⊗ ξp) = ξ1 ⊗′ · · · ⊗′ ξp
�

ϕ
yJ¤�ÇÚ����v�´Ú�K�

ϕ
�

0
¤0n�ð�¤�¢�£�¤#»"³

ϕ : T(V∗) × T(V) → K
��¶ Á �¾����=��À$�J��Ö�9¶ Á

�Ë�K�
ϕ(ξ1 ⊗ · · · ⊗ ξp, x1 ⊗ · · · ⊗ xp) =

〈

ϕ(ξ1 ⊗ · · · ⊗ ξp) , x1 ⊗ · · · ⊗ xp
〉

=
〈

ξ1 ⊗′ · · · ⊗′ ξp , x1 ⊗ · · · ⊗ xp
〉

=
∏p

i=1
〈

ξi , xi
〉

�MÕ í	�,v$�
ϕ
n��#Õ=�

ϕp : Tp(V∗)→ Tp(V)(∗) y� Q 2.10
����� ª { %9' Á æMê D V1

∗ ⊗ · · · ⊗Vp
∗ → L

(

V1, · · · ,Vp ; K
)n

V1 = · · · = Vp = V
�#� ª ù=ú0uQö Á � Á w$´Ú��æ±ê���ë%���cb%½�u

ϕ
y'æMê��%ë%���

dim V < ∞
Á �! 

ϕy�¢#ê=�%v ² í�¤#Ç�ÜÀ�m�Ç0n�èQé���ë��Q�
ϕ
y±æ$êN~#´6�®�

ξ ∈ T(V∗)
�
ϕ(ξ) ∈ T(V)(∗) �$è�£=ð·��x T(V∗) ⊂ T(V)(∗) �>¶ Á �Ë¾��!���NÀ=�'�=������

ξi ∈ V∗
uQ¯6��x

ξ1 ⊗ · · · ⊗ ξp ∈ T(V∗)
�
ξ1 ⊗′ · · · ⊗′ ξp ∈ T(V)(∗) ��û�ü%�i�!ý#õ�y Á � Á �J´Ú�³��£±°�u

f , g ∈ T(V)(∗) n�[ f ⊗′ g
�

f ⊗ g
����w#xË� ² © x¿ P�Q y Á w±�i~±´6�>=,�=�,yJ���0è%n±��ÖM¡�� Á µ±¡ ��

f ⊗′ g
��y!�,´c�M�

f ⊗ g
��� � �

�'x$� � n3�=pNu±�,w#x V
�

V∗
��7�À�ø�½i�0���¨%>' Á æ�ê

ϕ′ : T(V∗∗) → T(V∗)(∗) �,ë��,¾��Qu Á �J�
ϕ′
n

T(V) å n
2�A ϕ′′
y,¿ 4"Ç µ$æ±ê%��ë%����$¾ Ç �±×$Ø,´�*}N�f´�u

ϕ′′
y tϕ

u�56�!w±�=� Á ¨�4
ϕ
¿

tϕ
¿�æ'ê��M�6� ª � © xM�

ϕ
y�¢�£$¤$»c³·�#�fx�-�/�0%��ë����

d V Ó���� λ : V → W
�!º#»=ã�ä·���i�J�N¾�¾���y

λ
�,x%À�y6¾��Mç�èQé

⊗λ : T(V) → T(W)
�
λ
�;ß�ì

�K�
⊗λ
n�¤#ÇcÜËÀf¢#¯

(⊗λ)(∗) � λ∗
�Hß�ì��i���$¤#ÇcÜÀ�¢#¯0nQ×$Ø�u�ó0í

〈
λ∗ f , x

〉
=

〈
f , λx

〉
( f ∈ T(W)(∗), x ∈ T(V))

�MÕ í	�,v$�
λ∗
y
λ
u%ó±� V Ó~��� (pull-back)

���� '¡i�Q�
×#Ø,´Ú�;}N��´,u��#È#É�n

f ∈ (Tp(V))∗, xi ∈ V
u�¯H��x

〈

λ∗ f , x1 ⊗ · · · ⊗ xp
〉

=
〈

f , λx1 ⊗ · · · ⊗ λxp
〉

ë��±w�y
(λ∗ f )(x1, · · · , xp) = f (λx1, · · · , λxp)

�MÕ í	�,v$�
� E

4.4. λ : V → W
��º#»=ã�ä=�

ϕ : T(V∗) → T(V)(∗), ϕ′ : T(W∗) → T(W)(∗) ��%�' Á æ�2&3�ç�è'é·�����J�¾Jn��'À��
ϕ ◦ λ∗ = λ∗ ◦ ϕ′

�MÕ í	�%v��¾#¾!���,´�n
λ∗
y
λ∗ : W∗ → V∗

n�x%À%y6¾!�Jç0èQé
∧(λ∗) : T(W∗)→ T(V∗)

��É#?��K�,��´0n
λ∗
y
λ
u,ó±��x%À# H�

(∧λ)(∗) : T(W)(∗) → T(V)(∗) ��ë%���
T(W∗)

λ∗

��

ϕ′ // T(W)(∗)

λ∗

��
T(V∗)

ϕ
// T(V)(∗)
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«�¬ È�É0n
ηi ∈ W∗, xi ∈ V

u�¯6��xM�
〈

ϕ ◦ λ∗(η1 ⊗ · · · ⊗ ηp) , x1 ⊗ · · · ⊗ xp
〉

=
〈

ϕ(λ∗η1 ⊗ · · · ⊗ λ∗ηp) , x1 ⊗ · · · ⊗ xp
〉

=
〈

λ∗η1 ⊗′ · · · ⊗′ λ∗ηp , x1 ⊗ · · · ⊗ xp
〉

=
∏

i
〈

λ∗ηi , xi
〉

=
∏

i
〈

ηi , λxi
〉

,£ � �
〈

λ∗ ◦ ϕ′(η1 ⊗ · · · ⊗ ηp) , x1 ⊗ · · · ⊗ xp
〉

=
〈

ϕ′(η1 ⊗ · · · ⊗ ηp) , λx1 ⊗ · · · ⊗ λxp
〉

=
〈

η1 ⊗′ · · · ⊗′ ηp , λx1 ⊗ · · · ⊗ λxp
〉

=
∏

i
〈

ηi , λxi
〉

.� ª � © xM�
ϕ ◦ λ∗ = λ∗ ◦ ϕ′

�%ë����
�

� E
4.5. λ

u%ó$��x%À# 6�
λ∗ : T(W)(∗) → T(V)(∗) yQ¤�Ç"ÜÀfm#Ç�n'æ�2�3�ç0è�é,�%ë��Q�

«�¬ È�É0n
f ∈ Tp(V)∗, g ∈ Tq(W)∗, xi ∈ V

uQ¯6��x
〈

λ∗( f ⊗ g) , x1 ⊗ · · · ⊗ xp+q
〉

=
〈

f ⊗ g , λx1 ⊗ · · · ⊗ λxp+q
〉

=
〈

f , λx1 ⊗ · · · ⊗ λxp
〉

·
〈

g , λxp+1 ⊗ · · · ⊗ λxp+q
〉

=
〈

λ∗ f , x1 ⊗ · · · ⊗ xp
〉

·
〈

λ∗g , xp+1 ⊗ · · · ⊗ xp+q
〉

=
〈

λ∗ f ⊗ λ∗g , x1 ⊗ · · · ⊗ xp+q
〉

�#Õ í ��v�´·�®�
λ∗( f ⊗ g), λ∗ f ⊗ λ∗g

y
Tp+q(V) � �=£c+0���'� Ä 4 �#¿ p + q

¤n�ð,¤,Ã�~#´·�®�
Tr(V)

(r , p + q) � �%y 0
��ë��Q�cb%½�u

λ∗( f ⊗ g) = λ∗ f ⊗ λ∗g
�MÕ í	�iv$�Ú� ª � © x±��£±°�n

f , g ∈ T(V)(∗) u¯6��x�¿
λ∗( f ⊗ g) = λ∗ f ⊗ λ∗g

�MÕ2í	��v±�
�

T
4.2. (V, g), (V ′, g′)

��s&¹�����8�³�%�Ú�H�Q�N���$º,»iãiä
f : V → V ′

y
g ( x , y ) = g′ ( f (x) , f (y) )

(x, y ∈ V)
��Ê ª �6�±À*5 É (isometry)

�%ë,�0��wÚ�
(
ï

1.2
��R�S

)
�

f
��5 É �%ë,���!wÚ��n�yJ��Ï�wJø�½x ),�i�

f ∗g′ = g

�!wÚ�M¾,����ë,����s#¯'�¾!¡�y�³ 〈

f ∗g′ , x ⊗ y
〉

=
〈

g′ , f (x ⊗ y)
〉

=
〈

g′ , f (x) ⊗ f (y)
〉 �M¼�½�x!)$¡� c}

��´=��ë����
d �M��� �Me�g [cj ïcÑ�",4�Ñ�ò!5 f : V ×W → K

�!¢�£$¤�»"³·���i�Q�
f : V → W∗

��¼�½%�0�K�
f
yJ¤

Ç"ÜÚÀ!m�ÇNnMæ�2�3Jç0èJé
⊗ f : T(V) → T(W∗)(⊂ T(W)(∗))

��x,À�yH¾!�#�
⊗ f
y

T(V) × T(W) � n 0
¤=¢�£

¤�»c³·�9¶ Á ��¾%���#��À$���iÖ��9¶ Á �Ú���
(⊗ f ) ( x1 ⊗ · · · ⊗ xp , y1 ⊗ · · · ⊗ yp ) =

∏p
i=1 f ( xi , yi )

�MÕ í	�,v$��sV¯M�
ξi = f (xi)

���6�M�
(⊗ f ) ( x1 ⊗ · · · ⊗ xp , y1 ⊗ · · · ⊗ yp ) =

〈

(⊗ f )(x1 ⊗ · · · ⊗ xp) , y1 ⊗ · · · ⊗ yp
〉

=
〈

ξ1 ⊗ · · · ⊗ ξp , y1 ⊗ · · · ⊗ yp
〉

=
∏

i
〈

ξi , yi
〉

=
∏

i f ( xi , yi ).

f
n�687 t f : W × V → K

u$v�w#x�¿��Ë¾�¡0� t f : W → V∗
�!¼=½��i�®�

⊗ t f : T(W) → T(V∗)(⊂ T(V)(∗))
y

¢�£�¤�»�³
T(W) × T(V)→ K

��¼�½�K¡0���
(⊗ t f ) ( y1 ⊗ · · · ⊗ yp , x1 ⊗ · · · ⊗ xp ) =

∏p
i=1

t f ( yi , xi ) =
∏p

i=1 f ( xi , yi ),
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t(⊗ f ) ( y1 ⊗ · · · ⊗ yp , x1 ⊗ · · · ⊗ xp ) = (⊗ f ) ( x1 ⊗ · · · ⊗ xp , y1 ⊗ · · · ⊗ yp ) =
∏

i f ( xi , yi )

~±´�
⊗( t f ) = t(⊗ f )

�MÕ í	�%v��Nó © x
f
�3-�/�0 Á �� Q�

⊗ f
y�-�/�0,��ëÚí �

f
�M¯�Å Á �� ��

⊗ f
y�¯

Å%�%ë����
dim V = dim W < ∞

´iv
f
� -,/r0n±ù0úH�#¼0½����¾#n6�=À

f : V → W∗
y�¢,êÚ~%´8����Ù�ã0ä

f −1 : W∗ → V(' V∗∗)
�,q�r��i�J�

f −1 y W∗ × V∗ � n�- / 0=¢�£#¤=»c³��%ë,�Q� ⊗( f −1) : T(W∗) → T(V)('
T(V∗)(∗))

y
T(W∗)×T(V∗) � n 0

¤=¢=£$¤$»�³·�f¼#½Ë�K¡��Q�
f ◦ f −1 = id, f −1 ◦ f = id

~±´Ë�
⊗( f −1) = (⊗ f )−1�MÕ í	�,v$�

T
4.3.

s%�0�� �±���
V
n�¹��

g
y

T(V)
u�¹;�

⊗g
�;x,À%y¾��$�

B"C&D�E
4.1. ( ¡ ?#n$ë%� � ~=µJl © x�)%� )

g
�3¢=×có Á �� ��

⊗g
y�¢=×có%��ë����

² ª V
���VAQ¤�Ã$�

g
n£�à�

(s, t)
�f�,�0���

⊗g
n

Tp(V) � �,n£�à (sp, tp)
y

sp =
1
2 {(s + t)p + (s − t)p},

tp =
1
2 {(s + t)p − (s − t)p}

��ë%���c= � n,¾%�J��ÊV}'ÆNó��
d�=!á$¶

(I) T(V)(∗) � T(V)
n@%9' Á �*[ 〈

· , ·
〉 �J¼�½�����È�É0n

x ∈ T(V)
u�¯6��xM�

ix = ex
(∗) ���·�M���

〈

ix f , y
〉

=
〈

f , exy
〉

(x, y ∈ T(V), f ∈ T(V)(∗))

�MÕ í	�,v$�cb�½�u
x ∈ V, xi ∈ V

�
f ∈ (Tp(V))∗

u�¯H��x±�
〈

ix f , x2 ⊗ · · · ⊗ xp
〉

=
〈

f , x ⊗ x2 ⊗ · · · ⊗ xp
〉

ë��±w�y
(ix f )(x2, · · · , xp) = f (x, x2, · · · , xp)

�MÕ í	�,v$�
¤#ÇcÜÀ!m�Ç�nJ£$°=p%���� ª ó��!uJ¯#ô

x ∈ T(V) 7→ ix ∈ Lgr.
(

T(V)(∗) ) y�¤#Ç��ÙNuM�i�Qæ,2�3'î�çièJé��ë%���
� E

4.6.
È�É�n

x ∈ T(V)
uQ¯��x

ix ∈ Lgr.
(

T(V)(∗) ) y T(V∗)
��¤�·�u'���Q�

«�¬
f = ξ1 ⊗ · · · ⊗ ξp (ξi ∈ V∗)

Á �� ��
〈

ix(ξ1 ⊗ · · · ⊗ ξp) , x2 ⊗ · · · ⊗ xp
〉

=
〈

ξ1 ⊗ · · · ⊗ ξp , x ⊗ x2 ⊗ · · · ⊗ xp
〉

=
〈

ξ1 , x
〉 〈

ξ2 , x2
〉

· · ·
〈

ξp , xp
〉

=
〈

ξ1 , x
〉 〈

ξ2 ⊗ · · · ⊗ ξp , x2 ⊗ · · · ⊗ xp
〉

,

b�½�u
ix(ξ1 ⊗ · · · ⊗ ξp) =

〈

ξ1 , x
〉

ξ2 ⊗ · · · ⊗ ξp.¾�¡�y
ix
�

Tp(V∗)
�

Tp−1(V∗)
n Á ´%u!ã���¾%�Q�*G·�fx�w,����� Á ¨V4

ix
y

T(V∗)
��¤�·iuM�i���

T(V)
y

V
´� m�ÕN��¡0�J´Ë���#È�É�n

x ∈ T(V)
uQ¯6�fx

ix
y

T(V∗)
��¤,·�uM�����

�

¤�n�³�y � n�Ê�}#n 1'�'|0u�GË��¡=x=w,�wv
ix1⊗···⊗xp (ξ1 ⊗ · · · ⊗ ξp) =

〈

ξ1 , x1
〉

· · ·
〈

ξp , xp
〉

ξp+1 ⊗ · · · ⊗ ξq (xi ∈ V, ξi ∈ V∗, p ≤ q).
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4.7. λ : V → W

��º#»#ã�ä6���®�
λ∗ : T(W)(∗) → T(V)(∗) � λ

u,ó$��x�À� 6���f���Q�¾!¡N¿�¤�ÇcÜÀ�m
Ç�n'£±°=p%�'|�u���� ª ¾���~$�M�Cx%À� H�=���H�c[0n#ë$w=~�u�¤�n#ñ�ò,��ë�� v

ix(λ∗ f ) = λ∗(iλ(x) f ) (x ∈ T(V), f ∈ T(W)(∗)).

«�¬ È�É0n
y ∈ T(V)

u�¯6��x
〈

ix(λ∗ f ) , y
〉

=
〈

λ∗ f , x · y
〉

=
〈

f , λ(x · y)
〉

=
〈

f , λ(x) · λ(y)
〉

=
〈

iλ(x) f , λ(y)
〉

=
〈

λ∗(iλ(x) f ) , y
〉

.

�

d�=!á$¶
(II)

¤�u
f ∈ Tp(V)∗

uQ¯6��xM�#º�»=ã=ä
i f : T(V)→ T(V)

�
i f (x1 ⊗ · · · ⊗ xq) =






f (x1 ⊗ · · · ⊗ xp) xp+1 ⊗ · · · ⊗ xq (p ≤ q)
0 (p > q)

u�ó�í³×#Øi���Q� ª ~N�
p < 0

Á �� 
i f = 0

���0�J�#£�°Nn
f = ( fp) ∈ T(V)(∗) uQ¯·��x�y i f =

∑

p i fp

���
���Ë¾Jn��'À��

〈

e fg , x
〉

=
〈

g , i f x
〉

( f , g ∈ T(V)(∗), x ∈ T(V))

nQÕÜí
��v¾�����¿�´IË�f¡i�J��� Á ¨#4 �=È#ÉNn
f ∈ T(V)(∗) uQ¯·��x T(V)

u±��w#x
f
u�ó����>�;�c[Ë�

×�Ø����%¾��f�#��À�xM�
i f x
�

x
n

f
u�ó±�;�>�H�"[���ë%���

¯=ô
f ∈ T(V)(∗) 7→ i f ∈ Lgr.

(

T(V)
) y�¤#Ç�fÙ�uM���Qæ�2�3Jî�ç�èJé,�%ë����

i f
n�×�Ø�´Ú��¤�y�}N�f´���ë%���

iξ1⊗···⊗ξp (x1 ⊗ · · · ⊗ xq) =
〈

ξ1 , x1
〉

· · ·
〈

ξp , xp
〉

xp+1 ⊗ · · · ⊗ xq (ξi ∈ V∗, xi ∈ V, p ≤ q)

(
v�¡6�

)
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