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1 ¨ª©¬«®°¯²±®³
´$µA¶4·¹¸,ºs»�¼A½:·¹¸ ¾:¿sÀ,Á

V,W, . . . ÂIÃ K ÄÆÅ�Ç¹ÈÉËÊ,Ì¹ÍÏÎ*ÐÒÑIÓÔÎeÕ&Ö,×�Ø*ÙsÚZÛÝÜßÞ ÁÏàá Ø"Â�âßã0äæå�Î*ç4èÒÐÏÑ�Ó V ∗
À
V Å µ:¶Ò·Ô¸ (V ÄæÅ,é:ä:êeë4ì4ÃíÅsîïÕbÑ�ÇÔÈðÉFÊÆÌÏÍ ) ñ"òÒÐ:Ó

x ∈ V, y∗ ∈ V ∗ Ö(ó�ô Á 〈x, y∗〉 = 〈y∗, x〉
def
= y∗(x) ÎFõ�ÕFÓ"ös÷�ÌæÍ V1 ⊂ V Ö ó�ô Á4»�¼,½s·æ¸ Â

V ⊥
1 = {y∗ ∈ V ∗| 〈y∗, x〉 = 0 for all x ∈ V1}

À è0øÏù á Ñ V ∗ Å ös÷,ÌÒÍ V ⊥
1

ÀAú Ñ�Ó
V ÂIâeã"ä:å4û0ÛüØ Á V ∗∗ Î V Î�Â�óAý x ∈ V 7→ x∗∗ ∈ V ∗∗ ( x∗∗(y∗)

def
= y∗(x)) Öæþ¹Þ$ÿ,é��íù á Á

V ⊥⊥
1 = V1 ��� Þ��Æî�Ó´$µÒ¶��
	üº��eµæ¶��	 � ê���� f : V −→ W Ö,ó ô Á f Å µe¶��
	 Â 〈x, f∗(y∗)〉 = 〈y∗, f(x)〉

(x ∈ V, y∗ ∈ W ∗)
À èZøÏù á Ñ � ê���� f∗ : W ∗ −→ V ∗

À:ú Ñ�Ó����¹Å f : V −→ W , g : U −→ V Ö�ó
ô Á (f ◦ g)∗ = g∗ ◦ f∗, (idV )∗ = idV ∗ , f∗∗ = f ��� Þ��4î"ÓíÎ:ÕNÖ f � � êeÿ�� V

∼
−→W Å���� Á (f∗)−1

�� "! ô Á�# á Â (f−1)∗ Ö%$�ô*ÚbÓ à ÅÒÎ�& Á f † def
= (f∗)−1 = (f−1)∗

À è,øÔù á Ñ'��� f † : V ∗ →W ∗ ñ
f Å ��µ0¶ (

��	
) Î)(�*"Ó�è,ø¹ÖÆþæÞ

〈

f(x), f †(y∗)
〉

= 〈x, y∗〉 (x ∈ V, y∗ ∈ V ∗)

ÀAú Ñ(Ó
���ÒÅ f : V

∼
−→ W , g : U

∼
−→ V Ö�óüô Á (f ◦ g)† = f † ◦ g†, (idV )† = idV ∗ , (f−1)† = (f †)−1, f †† = f

��� Þ+�:î�Ó
,�-

1.1. f : V
∼
−→W , V1 ⊂ V ( öZ÷0ÌæÍ ) ÎPÐ4ÑeÎ

f †(V ⊥
1 ) = (f(V1))

⊥

ÀAú Ñ(Ó
´$µ/.�0�1"2:º�354 � ����� f : V −→ V ∗ Â V ÄsÅ µ�.60"1"2 ñ87:Ð,Ó:9�;0ù�Ú Á

(x, y)f

def
= 〈x, f(y)〉

Î�è0ø:ÐæÑeÎ Á (x, y)f Â�<sé�ä0ê0ë¹Ö�Ù�Þ Á�= ÖbÐ�>"?ÆÅ�<sé,ä0êZëÒÂ à Å ê¹Ö%7íù á Ñ ( f Â�é��ÒÖ�@�A
Ñ ) Ó (x, y)f = (y, x)f∗ �6� Þ+�B Á f = f∗ ÅÒÎ�& (x, y)f Â ¶"C Ö Á f = −f∗ ÅÒÎ6& (x, y)f Â'D ¶"C ÖÙÆÑ�Ó
A�E f : V

∼
−→ V ∗ ÙßØ'F Á f∗ : V

∼
−→ V ∗

ÀÆú Þ ÁAà ÅÒÎ6& (x, y)f Â�G�H�I ÀÆú ÑeÎKJ"L á Ñ(Ó f ��M�NO Å¹Î6& Á f = f∗ ( ó�P ) Â f ◦ f † = f † ◦ f = 1 Î&ÿ6Q Àsú Þ Á f = −f∗ ( R0ó�P ) Â f ◦ f † = f † ◦ f = −1

Î&ÿ6Q ÀAú Ñ(Ó
M�N O Ù�ó�P�<Aé,ä0ê0ëÝÅ à Î�ñ V Å 384 Î%(�*,Ó�S�T�F Á (x, y)g =

∑

i xiyi

À è,øíù á Ñ g : Kn −→

(Kn)∗ Â Kn ÅVU)W ÀAú Ñ(Ó àZà&À ∑

i Â i = 1, . . . , n ìZÃÒÖXLYEÆÑ'Z¹ñ)��[bÐ4Ñ(Ó f � V Å
U5WÒÅæÎ6& Á
f † = f−1 Â V ∗ Å
U)W ÀÆú Ñ�Ó�U)WÒÅ�\sèßù á E"ÇæÈ�ÉfÊ"Ì¹ÍÆñ�U5W:ÇæÈüÉ�Ê�ÌæÍ¹Î%(�*�Ó ¾A¿0À Â Á Kn,

(Kn)∗ Â # á
]bá g, g† � \Zèßù á E
U)WsÇæÈüÉfÊbÌÒÍ¹Î)^"TAÑ�Ó
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´5_a`Pµ:¶�_ � êßÿ�� e : Kn ∼
−→ V Â V Å ( b�c )

_ ñX7¹Ð:Ód9�;4ù0Ú Á e1 = e(1, 0, 0, . . . ), e2 =

e(0, 1, 0, . . . ), . . . ÎuèZø:ÐæÑeÎ Á {e1, e2, . . . } Â V ÅXe À:ú Ñ�Ó x = e(x1 . . . xn) ÙÔØ�F (x1 . . . xn) Â�e e

Ö"fbÐ4Ñ x Å)g�h�Î5(�F á Ñ�Ó V Å�e e Ö�óüô Á�# Å µ0¶"_ Â e×
def
= e† ◦ g

À è,øÏù á Ñ V ∗ Å%e e×
Àsú

Ñ(Ó (“ <Zó ” eüÎ)(�isû � �"�æÅ���[ À Å�<,ó À Â,Ù,ÚbÓ��"��Î,ô5?ÆÅ�<,óæÂ e∗
ÀÆú Ñ Ó )j ØNÛÆÖ e×× = e �6� Þ��:î�Ó

,Y-
1.2. �V�ÔÅ�e e Ö�f0Ð¹Ñ x ∈ V Å � ÷íñ x1 . . . xn ÎÆô Á e Å�<Æó
eßÖ�fZÐ¹Ñ y∗ ∈ V ∗ Å � ÷üñ

y1 . . . yn ÎNÐeÑeÎ
〈x, y∗〉 =

∑

i

xiyi

��� Þ+�:î�Ó
kYl

x = e(x1 . . . xn), y∗ = e×(y1 . . . yn) = e† ◦ g(y1 . . . yn) ûbÛÔØ
〈x, y∗〉 =

〈

e(x1 . . . xn), e† ◦ g(y1 . . . yn)
〉

= 〈x1 . . . xn, g(y1 . . . yn)〉 = (x1 . . . xn, y1 . . . yn)g =
∑

i

xiyi
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2
monqpsrutvmwnwxqy

´5z�{s·Ò¸
∗V

def
= V \ {0} ÎZô Á ∗V ñ"ÿXQ�f%| x ∼ y ⇔ x = λy ( ∃λ 6= 0,∈ K )

À�} ;6EX~��"�Ïñ [V ]

ÎFõæÚ�? ÁÔà á ñ V
À è�øÔù á Ñ z�{A·e¸ Î)(�*"Ó

[V ]
def
= (∗V )/ ∼

¾A¿"Á���� ÌÒÍsÂ M,N, . . . Ùd�(Å�ò�� À 7�ô Á åæÖ�Ù�;�?AÚ:Ñ�ÇæÈ�ÉfÊ,ÌæÍÆñ j�� ÐeÑ%���¹Å ú ÑeÎ�&"Â Á
M = [V ] Ù� À 7ÆÐ,Ó�A�E x ∈ ∗V Ö(ó�ô Á x Å,ÿXQ��Ïñ [x] ÎFõïÕ�Ó���� x ∈ ∗V 7→ [x] ∈M ñ π Î�õ4Ú
EÔÞLÐ4Ñ à Î�� ú Ñ Ó�"� ÌæÍ M = [V ] Å 0�� dimM ñ dimM

def
= dimV − 1

À è,ø4Ð:Ñ(Ó
−1 äså"ös÷,ÌÒÍZÂ Ì"�"� ÀAú Þ Á 0 äså ��� ÌÒÍZÂ��"ésî:Å�å [a] ÛÔØ � Ñ)��� {[a]} = [Ka]

ÀbÁÔà á Â� Î'(�F á Ñ(Ó 1 äså ��� ÌÒÍZÂ (
z�{

)
»�� Î)(VF á Á 2 äså ��� ÌeÍZÂ (

z"{
) ����Î5(VF á Ñ(Ó

����� -
2.1. � � Â��:ÙíÕ"Î�� 3 �eÅ��Ýñ'�Y�"Ó��� Â��4ÙíÕbÎ�� 7 �æÅ��ßñ5�
��Ó

´5zV{V���¹º��
M = [V ], M1 = [V1] ñ ��� ÌÝÍßÎPÐÒÑ�Ó V1 ⊂ V ÙÔØ�F j ØPÛeÖ M1 ⊂ M ��� Þ��eî0Óà Å¹Î6& Á M1 ñ M Å���h ·æ¸ Î)(�*"Ó� TßØ á E ��� ÌæÍ M = [V ] Å öZ÷,ÌæÍ(ì0ö:ÛÔØ � Ñ)���¹ñ L(M) Î�õeÚ�? à á ñ M ÄAÅ z"{���� ÎPÚ  Ó L(M) Ö0Â ¾s¿ Å4þ   Ö�¡�¢ÝÎ¤£VLÞ"Î)(VF á Ñ'¥�¦"§�¨ � è,øÏù á Ñ(Ó

Mi = [Vi] ∈ L(M) (i = 1, 2) Ö�ó�ô Á�©�ª M1 ∨M2 ñ M1 ∨M2
def
= [V1 + V2]

ÀbÁ�¼
«v¬
M1 ∧M2 ñ

M1 ∧M2
def
= [V1 ∩ V2](= [V1] ∩ [V2])

À èsøæÐÒÑ�Ó M1 ∨M2 Â M1 Î M2 ñ%�/��Y®¹Å�öÆ÷ZÌ¹Í À4ú Þ Á
M1 ∧M2 Â M1 Î M2 Ö��A á Ñ'�¯ÒÅ(öZ÷�ÌÒÍ ÀÆú Ñ Ó
,�-

2.1. M1,M2 ñ M Å öZ÷,ÌÒÍ¹ÎNÐeÑeÎ
dim(M1 ∨M2) + dim(M1 ∧M2) = dimM1 + dimM2

��� Þ+�:î�Ó�°æÖ M1 ∧M2 = ∅ ÙÏØ'F Á
dim(M1 ∨M2) = dimM1 + dimM2 + 1

��� Þ+�:î�Ó
,�-

2.2. M1 ⊂M2, dimM1 = dimM2 ÙßØ%F M1 = M2 ��� Þ��4î�Ó
k
l

Mi = [Vi] Î&ÐæÑeÎ Á ç0è4ÛüØ V1 ⊂ V2. dimV1 = dimV2 < ∞ û�ÛüØ V1 = V2

À ÙV± á F0ÙÏØ&Ù
ÚIÓÝþ�;�? M1 = M2.

²V³
2.3. A,B ñ5´4Ù:Ñ)¥��üÎ$ÐeÑeÎ Á A ∨ B Â A,B ñ)µÝÑX��é4Å�� �ÆÀAú Ñ(Ó
kYl

A ∨ B � A,B ñ5µÝÑ�� �ÆÀÆú Ñ,Å0Â j ØNÛ,Ó,é���¶Ýñ � ÐÆÖZÂ Á l ñ A,B ⊂ l ÙAÑ�� � Î$ÐeÑeÎ Á
�®�¶:ÛÔØ A ∨ B ⊂ l

ÀIÁ
dimA ∨ B = dim l = 1 ÙsÅ À A ∨ B = l ÎPÙÆÑ�Ó
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²V³
2.4. M ÄAÅ%´4Ù:Ñ)¥�� � l,m Â�EbÛÆû"Û�é�� À £
LeÑ Ó

�Aô M � ��� ��� ÙßØ'F Á l,m Â�é�� À £VLæÑ(Ó
kYl

l,m � ¥"� À £
L á F Á è�· 2.3 ÛÔØ l = m
ÀAú Ñ(Óßþ�;�? l 6= m

ÀÆú á F Á dim(l ∧m) ≤ 0. Ð
Ù�L�B Á l ∧m Â ∅ Û
A�EsÂ��ZÓ
dimM = 2 Å%��� Á dim(l ∨m) ≤ 2 Ó¹þ�;�?

dim(l ∧m) = 2 − dim(l ∨m) ≥ 0.

à,à*À�¸�¹
2.1 Å%$,ëÏñ)º�;6EIÓÔô�E � ;�? Á dim(l ∧m) = 0 Î*Ù�;%? Á l ∧m Â��AÓ

´�.�»/¼%½�¾
n ≥ 1 Î$Ð4Ñ(Ó n+ 1 �æÅ�� A1, . . . , An+1 Â

dim(A1 ∨ · · · ∨ An+1) = n

ñ)¿�E"ÐÏÎ�& Á�À ÚsÖ'ÁVÂ ÀAú ÑeÎ*Ú   Ó Ai = [ai] ÎPÐ á F ÁÔà á ÂIÇÒÈíÉfÊeÅ%��� a1, . . . , an+1 � é"ä"Ã
�Î*Ú   à Î ÀAú Ñ Ó
����� -

2.2. ¥"� A,B � À ÚsÖ%Ã�� Àsú Ñ à Î(ÂXJ:Ú�Ä/T:Ñ4Î Á A 6= B Î*Ú   à Î ÀAú Ñ(Ó�Å�� A,B,C

� À ÚZÖ�Ã�� ÀAú Ñ à Î*Â6JÆÚ�Ä�TAÑeÎ Á A,B,C �XÆ �4À Ù0Ú ( ÿbé
� � ÄZÖ,Ù0Ú ) Î&Ú   à Î ÀÆú Ñ Ó ¾ Ä
Å à Î�ñ)Ç"È�É¹þ*Ó
n äAå ��� ÌæÍ M Å�� A1, A2, . . . Â # Å�Ù"Û:Å����æÅ n+ 1 �æÅ�� � À ÚZÖ�Ã��4ÙÝÎ�& Á M Å"Ù�Û À�.»/¼�½�¾ Ö ú ÑeÎ*Ú   Ó
´5z�{V��	

M = [V ], N = [W ] ñ ��� ÌÒÍßÎsô Á f : V → W ñ kerf = {0} (f Â�Ê � ) Ù4Ñ � êV��� Î
Ð4Ñ�Óà ÅÒÎ6& Á ϕ : M → N , ϕ([x]) = [f(x)] (x ∈ ∗V ) Â well-defined

Àsú Ñ�Ó ϕ ñ [f ] ÎFõeÚ�? Áíà á ñ M

ÛÔØ N Ë:Å z�{���	 ÎPÚ   Ó f � � ê4ÿ��¹ÅÒÎX&"Â Á ϕ = [f ] Â�< �ÆÀbÁíà Å¹ÎX&bÂ z�{�ÌVÍ Î���(�F á Ñ(Ó
,�-

2.5. M1 = [V1], ϕ = [f ] Î$ÐeÑeÎ ϕ(M1) = [f(V1)] ��� Þ+�:î�Ó
9�;0ù�Ú Á

ϕ(M1) = {ϕ([x]) | [x] ∈M1}

= {[f(x)] | x ∈ ∗V1}

= {[y] | y ∈ f(∗V1) = ∗f(V1)}

= π(∗f(V1)) = [f(V1)].

Ê ��� ê���� f : V →W , g : U → V Ö(óüô Á f ◦ g : U →W Â�Ê �"� ê ÀIÁ [f ◦ g] = [f ]◦ [g] ��� Þ��:î�Ó
[idV ] = id[V ] Â j ØNÛ À:ú Ñ�Ó f : V → W � � êæÿ6�ÝÅ¹Î�&bÂ Á�= ��� f−1 � � êÒÿX� À , [f ]−1 = [f−1]

��� Þ+�:î�Ó ϕ−1 = [f−1] ñ ϕ = [f ] Å ��ÌVÍ Î5(�*"Ó
²V³

2.6. [f1] = [f2] ⇐⇒ f1 = λf2 ( ∃λ 6= 0,∈ K ) �6� Þ+�4î"Ó
⇐= Â j Ø$Û ÀAúVÎ   Ó =⇒ ñ � ÐAÅ��ÐÏ�ôÆÕPÂ�ÙZÚZÅ À�Ñ
Ò Ð4Ñ(Ó
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´8ÓYÔ�z�{A·e¸�º)z�{�Õ
[Kn+1] Â Pn(K) A�E0Â�Ê:Ö Pn ÎFõÆÛ á Á K ÄAÅ ÓVÔ n

0"��z"{s·æ¸ Î)(VF á
ÑIÓ M = [V ] ñ�é�ÖßÅ n äÆå �V� ÌÝÍßÎ*ÐeÑÒÎ Á Pn Û�Ø M ËæÅ �"�Y×"Ø θ Â M Ä:Å (

zV{
)
Õ Î�(
Fá Ñ�Ó

P = θ([x0, x1, . . . , xn]) ÙßØ'F [x0, x1, . . . , xn] Â P Å'Ù 0�Ú�Ó Î'(�F á Ñ(Ó
½ -

2.7. n äÆå ��� Ì¹Í M ÄAÖ M Å,Ù,Û À é�Ö¹Å�Û/ÜAÖ ú Ñ n+ 2 �¹Å�� A1, . . . , An+2 � � TÔØ á ?ú ÑæÎ6& Á
θ([1, 0 . . . 0]) = A1,

· · ·

θ([0 . . . 0, 1]) = An+1,

θ([1, . . . , 1]) = An+2

ñ)¿�E"Ð�Ý θ � �"ésî  "! Ð:Ñ�Ó
kYl

M = [V ], Ai = [ai] (i = 1 . . . n+ 2) Î$Ð4Ñ(Ó�çZèAÛÔØ Á a1, . . . , an+2 Â��*Å n+ 1 �ÝñeÎX;�?��$é
ä�Ã�� ÀAú Ñ�Ó�°æÖ a1, . . . , an+1 ñ V Å�e�ÞæÖ�ß
* à Î � À &�? Á

an+2 = λ1a1 + · · · + λn+1an+1

Àsú Ñ�Ó à0à À λi = 0 Ù:Ñ)à�á i � ú ÑeÎNÐeÑeÎ # Å ai ñ6âZÚ�E�ãÒÅ n+ 1 �ÒÅ�ÇæÈüÉ§Ê4ÅIé"ä�Ã���¶
Ö'ä"å:Ð4Ñ�ÛíØ Á Ð�>"?ÆÅ�à�á i Ö�óüô5? λi 6= 0

ÀÆú Ñ à Î � ÷AÛ4Ñ�Ó#:à*À Ð�>�?:Å�à�á i Ö�óüô)? λi = 1 Î*ÙÆÑAþ   Ö Ai Å�æ�7så ai ñ)ß�i À"ç ±�F Á
an+2 = a1 + · · · + an+1

�6� �ô5?ZÚ:Ñ à Î Ö�ÙÆÑ�ÓsÐZÙ�L�B Á�� êæÿ�� f : Kn+1 → V ñ
f(1, 0 . . .0) = a1,

· · ·

f(0 . . . , 1) = an+1

À è,øô5? ç ÕbÎ Á θ = [f ] �Vè ¹ Å%é�ê¹ñ)¿�E"Ð�Ó
( é��"¶ ) ψ = [g] ñ5é�êÝñ5¿�E"Ð�ëæÅ�Ý�ÎPÐ:ÑeÎ Á

g(1, 0 . . .0) = λ1a1,

· · ·

g(0 . . . , 1) = λn+1an+1,

g(1, . . . , 1) = λan+2.

à,à ÛíØ
λ1a1 + · · · + λn+1an+1 = λa1 + · · · + λan+1,

λ1 = · · · = λn+1 = λ ��ì Û á Ñ(ÓsÐsÙ�L�B g = λf , ψ = θ.

è�· 2.7 Å%é�êÝñ)¿/E"Ð�Ý θ ñ Φ(A1, . . . , An+2) ÎFõïÕ�Ó
7



²V³
2.8 (

z�{"���Ví
¼�_�î ²Y³
(
.�»

)). M,M ′ ñ n äså ��� ÌæÍÝÎ�ô Á Ai (i = 1 . . . n+ 2) ñ M Å,Ù"ÛÀ é�ÖÒÅ�Û/ÜsÖ ú Ñ M Å n+ 2 �eÅ�� Á A′
i (i = 1 . . . n+ 2) ñ M ′ Å,Ù�Û À é�ÖÒÅ�Û�ÜAÖ ú Ñ M ′ Å n+ 2

�æÅ���Î$Ð4Ñ(Ó à ÅæÎ6& Á�����×�Ø ϕ : M
∼
−→M ′

À"Á Ð�>�?ÆÅ%à�á i Ö ó�ô5? Ai ñ A′
i Ö��:Ð��IÅ � �béî  "! Ð4Ñ(Ó

k
l
M Å�Ý θ = Φ(A1, . . . , An+2) ï/¢ M ′ ÅXÝ θ′ = Φ(A′

1, . . . , A
′
n+2) ñ6^�TÆÑÒÎ Á �V� ϕ = θ′ ◦ θ−1

�Xð/ñ Ñ ����×�Ø:ÀAú Ñ(Ó
( é���¶ ) ϕ′ ñ&è�·¹Å�é�êÝñ'¿�E�Ð�ëæÅ ����×�Ø Î$ÐeÑeÎ Á ϕ′ ◦ θ Â M ′ Å%Ý ÀbÁÔà á Â θ′ Ö%$�ô Ú à Î
� LZÛeÑ ( ò ¹ 2.7 ÅIé��"¶ÒÅ%óYôZÛÔØ ) Ó"õ�TAÖ ϕ′ = ϕ.

´$µZ¶"z�{A·4¸�º�µ0¶"ö �"� ÌæÍ M = [V ] Ö�óüô Á M∗ = [V ∗] ÎFõeÚ�? ÁÔà á ñ M Å µZ¶"z�{A·e¸ Î5(
*"Ó V Î V ∗∗ ñ�÷ùøÒÖ�ÿ"é��ÆÐeÑ�Å,Ö�ú�;�? Á M Î M∗∗ ñbÿbé��:Ð:Ñ à Î ÖIÐeÑ(Ó

[x] ∈M , [y∗ ∈M∗] Ö�óüô5? Á f%| [x] ⊥ [y∗] ñ
[x] ⊥ [y∗] ⇐⇒ 〈x, y∗〉 = 0

À è0ø:Ð4Ñ(Ó [x] ⊥ [y∗] Â [x] Â [y∗] Ö ‘
»(¼Yû
ü

’ ÎKýY� à Î � À &"Ñ�Ó
M1 = [V1] ñ M = [V ] Å(ös÷,Ì¹Í¹ÎPÐ4Ñ�Ó à Å¹Î6& Á M †

1 = [V ⊥
1 ] ÎLõeÚ�? ÁÔà á ñ M1 Å »(¼Z½A·æ¸ Î

(�*�Ó�è,ø:ÛÔØ j ØuÛÆÖ
M †

1 = {[y∗] ∈M∗ | 〈x, y∗〉 = 0 for all x ∈ V1(x 6= 0), y∗ 6= 0}

= {[y∗] ∈M∗ | [x] ⊥ [y∗] for all [x] ∈ M1}

ÐsÙ�L�B Á ��£"ò0ÌeÍ M∗
1 Â M1 Ö��A á Ñ�Ð�>"?AÅ��æÖ ‘ ��£ ’ Ð4Ñ)�ÒÅ%��AÝÞ ÀÆú Ñ(Ó

A�E L(M) ÛíØ L(M∗) Ë:Å���� † : M1 7→ M †
1 ñ L(M) Å µ0¶�ö Î5(�*bÓ M Å ö0÷0ÌeÍ M1,M2 Ö�óüô

? M ††
1 = M1; M1 ⊂M2 =⇒M †

1 ⊃M †
2 ; (M1 ∧M2)

† = M †
1 ∨M †

2 ; (M1 ∨M2)
† = M †

1 ∧M †
2 . ��� Þ��:î,Óà Å:þ   Ö�<,ó"¶æÖÆþÒÞ6ö0÷0ÌæÍ0Å ú Ú0ûsÅÿþ �
� � þ �A á Ñ � þ ¡/¢ � þ £YL Þ � Å�f%|eÂ Á�# áY]Iá þ �

A á Ñ � þ �
� � þ £VLÞ � þ ¡�¢ � Å"f�|æÖ%R � Ð4Ñ�Ó
����� -

2.3. n = dimM = dimM∗ Î$ÐeÑ4Î
dimM1 + dimM †

1 = n− 1

´5z"{�Ì�Í/¼ µZ¶ ` �,µ0¶
ϕ : M

∼
−→ N ñ �"�"×�Ø Î,ô Á ϕ = [f ], M = [V ], N = [W ] ÎNÐeÑ(Ó à ÅÒÎ�&

ϕ∗ def
= [f∗] : N∗ ∼

−→ M∗ ñ ϕ Å µA¶ Î�(V¢ Á ϕ† def
= [f †] = [(f∗)−1] : M∗ ∼

−→ N∗ ñ ϕ Å �0µs¶ Î�("*0Ó
ϕ∗, ϕ† Â well-defined

ÀAú Ñ(Ó
,�-

2.9. M Å(öZ÷�ÌÒÍ M1 Ö(ó�ô8?
ϕ†(M †

1 ) = (ϕ(M1))
†

��� Þ+�:î�Ó
9�;0ù�Ú Á M1 = [V1], ϕ = [f ], ÎNÐ4ÑæÎ Á ϕ† = [f †]

ÀbÁ
ϕ†(M †

1 ) = [f †(V ⊥
1 )]

= [f(V1)
⊥] = [f(V1)]

† = (ϕ(M1))
†
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´$µZ¶�Õ
M Å�Ý θ = [e] Ö(óíô)? θ× = [e×]

À è�øÔù á Ñ M∗ Å�Ý θ× ñ θ Ö�<0ó4ÙXÝ Á4ú ÑbÚZÂ θ Å µ¶�Õ Î)(�*"Ó�è,ø4ÛÏØ θ× = θ† ◦ γ (γ = [g]).

����� -
2.4.

θ([x0 . . . xn]) ⊥ θ×([y∗0 . . . y
∗
n]) ⇐⇒

∑

i

xiy
∗
i = 0

à0à À ZæÂ i = 0 . . . n ��i�*ÆÖ��ÝÑ Ó
´5z"{�Ì�Í��

M ÛÔØ M ÷	�VË4Å �"�"×�Ø ñ M ÄAÅ ����×�Ø Î&Ú   Ó M ÄZÅ ����×�Ø ìZÃÒÅ%�"�¹Â�
Ïñ� Þ ÁÔà á ñ M ÄAÅ z�{"Ì�Í� Î5(�*�Ó
H =

















λ
. . .

λ






: λ ∈ K, 6= 0











Î ç Õ�Î Á H Â GL(n,K) Å����sös÷�
 À�Á è�· 2.6 Öeþ¹Þ ����×"Ø 
¹Â�~�
 GL(n,K)/H Ö,ÿ6� ÀÆú Ñà Î � ÷ÆÛ4Ñ(Ó
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3 ������� purut ¯����
à Å��ÒÂ�ãÆÛÔØ�����Ã���ô8?AÚÆÑ,Å ÀIÁ�� Fæô5?�� Ïñ)ý"!$# ñ ?ZÚíÕ à Î � À &�Ñ(Ó´%'&)(+*$·e¸

(X,U) Â ¾A¿ ÅÒÎ�& Á Ã K ÄsÅ %,&)('*$·æ¸ Î)(VF á Ñ�Ó
1. X Â M Ì"�"� ÀAú Ñ(Ó
2. U Â K ÄsÅ�ÇÒÈíÉfÊ�ÌeÍ ÀÆú Ñ Ó
3. -+.�
 U � X Ö �+/ ô)?AÚ�? (

�,/ ñ (x, a) ∈ X × U 7→ x + a ∈ X ÎLõðÕ )
Á�# Å �,/ Â÷�0bÛ0î1�243 ÀAú Ñ ( ���ÒÅ x, y ∈ X Ö�óüô8? a ∈ U � ��ésî  �! ô x+ a = y ñ)¿/E�Ð ) Ó

K ÄsÅ)5,6�7,8NÌæÍ (X,U), (Y, V ) Ö(ó�ô Á f = (f1, f2) Â ¾A¿ ÅÒÎX& Á (X,U) ÛÔØ (Y, V ) Ë4Å %,&�(+*��	æÀAú ÑeÎ)(�F á Ñ(Ó
1. f1 : X → Y

2. f2 : U → V (
� ê )

3. ���ÒÅ x ∈ X , a ∈ U Ö�óüô Á f1(x + a) = f1(x) + f2(a) ��� Þ+�:î,Ó9;: Â¹ôPÛÔô�<æÿsÅ ç
# á � ÙY± á F Á/# Å$= j ù�õ
T f1(x), f2(a) ÎFõ ÕLÛ�L Þ&Ö Á/# á/]"á f(x), f(a)

ÎLòÆÐ à Î �?> Ú"ÓZÐ4ÑæÎù)@ÒÅ%é�êæÂ
f(x+ a) = f(x) + f(a) (x ∈ X, a ∈ U)

Î&Ù:Ñ(Ó�A�E f � (X,U) ÛÔØ (Y, V ) Ë:Å,5)6�7'8K��� ÀAú Ñ à ÎIñ*ò�� f : (X,U) → (Y, V )
À 7ÆÐ,Ó

5A647B8%��� f : (X,U) → (Y, V ), g : (Y, V ) → (Z,W ) Ö0óðô Á/# Å?C/g g ◦ f Â h = (h1, h2),

h1 = g1 ◦ f1, h2 = g2 ◦ f2
À è�øÏù á Ñ�5)6,7+8 ��� h : (X,U) → (Z,W )

ÀAú Ñ ÓD�E Á h Â)5,6�7,8Ð�"�
Å%é�êÝñ)¿/E"ÐGF

h1(x+ a) = g1(f1(x) + f2(a))

= g1(f1(x)) + g2(f2(a)) = h1(x) + h2(a)H
3.1. K ÄsÅ�ÇÒÈÔÉ§Ê"ÌæÍ V Ö�óüô8? Á (V, V ) Â V Å V ÷I��Ë4Å�÷ j Ù ��/ V ×V → V , (x, a) 7→ x+a

Ö:þÒÞ K ÄsÅ)5,6�7+8uÌæÍZÖ,ÙAÑ(ÓJ5�6,7,8uÌÒÍ (V, V ) Â ¾A¿,À Â V Î Ò òÝù á Ñ à Î �K> ÚbÓ
V,W ñ Ç¹ÈíÉ�Ê"Ì¹Í¹Î,ô Á f : V → W ñ � ê����ÎPÐ4ÑæÎ Á (f, f) Â,5�6+7+8NÌæÍ (V, V ) ÛíØ (W,W )

Ë:Å,5�6�7+8K�"� Àsú Ñ�Ó à Å,5�6,7+8 ���:�L�4ÂÏÞ f Î Ò òÝù á Ñ Ó
´NMPO�Q � ¼�R�S

K ÄAÅ�5)6,7+8LÌÒÍ (X,U) Ö(ó�ô Á äæÅ�¶)TÝñV�*î K ÄsÅIÇæÈíÉfÊ"ÌeÍ V Î�5)6,7+8
�"� f : (X,U) → V Å�U (V, f) ñWV � Ð4Ñ à Î � À &�Ñ(Ó

• K Ä¹Å����ÅsÇ�È É�Ê4ÌüÍ W Î�5A6A7X8��� g : (X,U) → W Å�U (W, g) Ö,ó ô � ê���
h : V →W � ��ésî  �! ô)? g = h ◦ f ñ'¿/EbÐ,Ó

ÄAÅX¶,Tßñ�Y[Z ��	�ö+\ Î Ú   Ó à Å4þ   ÙKU (V, f) � Û Þ&Ö�¥eî ¾ ÄsÅ$],^ À V � À &6EßÎ0ô'?�� ÁÔà áØ*Å0ÍZÖ�÷¤ø4Ù0ÿX� �� "! Ð:Ñ à Î(Â Á)_�` �"��¶)TÆÛíØ&Å�a"¡ ÀÆú Ñ(Ó
(V, f) Å _[` �"��¶�TeÂ(äÒÖ�bV>æÑ)é�êæÖ'$,c ÀAú Ñ(Ó
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,�-
3.1. x0 ∈ X Î$ÐeÑ Ó à ÅÒÎX&)���ÒÅ ξ ∈ V Ö(ó�ô5?
ξ = tf(x0) + f(a)

ñ)¿�E"Ð t ∈ K Î a ∈ U Å�U (t, a) � �"éAî  �! Ð4Ñ�Ó
EJd Á"¸�¹ 3.1 Å�é�êÝñ%¿/E"Ð (V, f) Â _[` �V��¶�TßñY�*î0Ó = Â ¸�¹ 3.1 Å�é"êÝñ%¿/E�Ð (V, f) ñ�V �Ð4Ñ à Î � À &�Ñ,Å À j Û Àsú Ñ(Ó@ÒÖ�eÒÑÆþ   Ö Á V Å(äså4Â U Å äAåÝþÒÞ\ésîÆû"± > Õ Á���� ÌeÍ M = [V ] � è0ø À &,Ñ(Ó (X,U) ÛÏØ

(V, f) ñfV � Ð4Ñ à Î Á4ú Ñ"ÚsÂ (V, f) ÷�Ãßñ à0à À Â MPO�Q � ¼�R�S Î)(�*"Ó
(V, f) Å�V � Ö0Â�Ú Î Ú Î Ù$]�^ � ú Ñ(ÓH
3.2. �"�

X × (K ⊕ U) = {(x0; t, a) | x0 ∈ X, t ∈ K, a ∈ U}

ñX^�T Á b ∈ U Ö�óüô Á X × (K ⊕ U) Å÷F÷ ÷	�VËÆÅ��"� ϕb ñ&äeÅ4þ   Ö è,ø4Ð4Ñ(Ó
ϕb(x0; t, a)

def
= (x0 + b; t, a− tb)

g�h Ö(÷ÆÛ4Ñ)µðÞ Á
ϕ0(x0; t, a) = (x0; t, a)

ϕb ◦ ϕc = ϕb+c

À
b ∈ U 7→ ϕb Â�
 U Å �,/ Ö,Ù/;�?AÚ:Ñ à Î � ÷:ÛeÑ(Ó à Å �+/ Öeþ"Ñ�� (x0; t, a) Å�i)jÔñ [x0; t, a] Îõ�±"F Á è,ø:ÛÔØ j ØNÛ:Ö

[x0; t, a] = [x′0; t
′, a′]

⇐⇒ x′0 = x0 + b, t′ = t, a′ = a− tbÎ&ÙÆÑ b ∈ U �� �!
V ñNi�j [x0; t, a] ��i"*AÅ��"� Î$Ð4Ñ�Ó x0 ∈ X ÎPÐ4ÑæÎ Á ���ÒÅ ξ ∈ V Ö(ó�ô5? (t, a) Å�U � ��ésî  "!ô5? ξ = [x0; t, a] ñ'¿/EbÐ ( (t, a) Â,5)6�7'8uÌÒÍ0Å�� x0 ñWk���Î,ô%EÝÎ6&IÅ ξ Å�l�mæÅ:þ   Ù��IÅ,ûÝÎon
T�F4þ�Ú ) Ó
�"�¹Å ξi = [x0; ti, ai] (i = 1, 2)

Á
ξ = [x0; t, a]

Á
s ∈ K Ö�ó�ô)?�Z ξ1 + ξ2 = [x0; t1 + t2, a1 + a2]

Á"p+q
r�s$t

sξ = [x0; st, sa] Â well-defined (x0 Å�ß�¢K^ÒÖ�u ØPÙsÚ )
À:ú Þ Á V Ö K ÄÆÅ"ÇÒÈüÉ�Ê,ÌæÍAÅ�V)v

�?w Ñ(Ó f : (X,U) → V ñ
f(x) = [x0; 1, a] (x = x0 + a, x ∈ X)

f(a) = [x0; 0, a] (a ∈ U)

À è0ø:Ð4ÑeÎ ÁÔà á Ø���A�E well-defined
ÀAú Ñ(Ó # ô5?

[x0; t, a]

= t[x0; 1, 0] + [x0; 0, a]

= tf(x0) + f(a)

û"ÛíØ (V, f) Â�ò ¹ Å'é�êÝñ)¿/E"Ð�ÓAÐZÙ�L/B)5,6)7+8NÌæÍ (X,U) Ö ó:Ð4Ñfx4ã�y"�ÒÅ�z[- ÀAú Ñ Ó
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H
3.3.

Ṽ = K⊕X ⊕ U

Î ç Õ�Ó àZà À K⊕X Â��"� X ñ%eÎ0ô)? K Ä�÷K{�Ö�| � ù á ÑIÇæÈ�ÉfÊ,ÌæÍ ÀAú Ñ(Ó ÷Kø4Ù�Ê � Ö:þ¹Þ
x ∈ X Ö�ó0ýÆÐ4Ñ/÷�{�ÇæÈÔÉ�Ê"ÌÒÍ0Å�å¹ñ (x) Î&Ú   ò�� À 74Ð à Î(ÖbÐ:Ñ�Ó
f̃ = (f̃1, f̃2), f̃1 : X → Ṽ , f̃2 : U → Ṽ ñ

f̃1(x) = (x),

f̃2(a) = a

À è0ø:Ð4ÑeÎ Á f̃2 Â � êÒû � Á f̃ Â�5,6�7,8Ð�"�Î*Â�ÙÏØPÙ0ÚbÓ #4à À Y ñ
(x+ a) − (x) − a x ∈ X, a ∈ U

Ö:þÒÞ}| � ù á Ñ Ṽ Å(ö0÷,ÌÒÍ¹Î�ô Á
V = Ṽ /Y,

π : Ṽ → V ~����
f = (f1, f2), f1 = π ◦ f̃1, f2 = π ◦ f̃2

Î$ÐeÑeÎ Á
f1(x+ a) − f1(x) − f2(a)

= π((x + a)) − π((x)) − π(a)

= π((x + a) − (x) − a)

= 0,

f1(x+ a) = f1(x) + f2(a)

Î&Ù/;�? f Â,5�6�7'8 �"�ÒÖ�ÙAÑ�Ó
ù�?����¹ÅIÇæÈíÉfÊ"ÌæÍ W Î�5)6,7+8 ��� g : (X,U) →W Å�U (W, g) Ö(ó�ô Á g = h̃ ◦ f̃ ñ'¿�E"Ð � ê

�"� h̃ : Ṽ →W � é��4~sÖ  "! Ð:Ñ à Î Â÷�{(ÇÒÈíÉ�Ê"ÌeÍsÅ�¶)T:ÛÏØ g,h Ö�eÒÑ à Î � À &"Ñ(ÓAÐ4ÑæÎ �ê���� h : V → W Ö�óüô Á
g = h ◦ f ⇐⇒ h̃ = h ◦ π

û"ÛíØ g = h ◦ f ñ5¿�E"Ð h Å  �! Îué��"¶æÂ h̃ = h ◦ π ñ'¿/E,Ð h Å  "! Î$é���¶�Î Ö,ÿXQ ÀAú Ñ(ÓíÎ àÎ � π � ì � û,ÛÔØ h Åbé��V¶æÂ j ØPÛ ÀÆú Ñ�Ó # ô)? h Å  �! ñ � Ð:Ö0Â Y Ä À h̃ = 0 ñ � É�F��A÷ Àú Ñ�Ó:9�;0ù�Ú Á
h̃((x + a) − (x) − a)

= h̃ ◦ f̃(x+ a) − h̃ ◦ f̃(x) − h̃ ◦ f̃(a)

= g(x+ a) − g(x) − g(a) = 0

Î&Ù/;�? Y Ä À h̃ = 0 ÎPÙÆÑ�Óà   ô5? (V, f) Å _` ����¶�T �� j��f�'�?�
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H
3.4. X � U �P��?��V��A��=YÊ��[� V = K ⊕ U �)��� f = (f1, f2), f1 : U → V , f2 : U → V �� ��K�

f1(x1 . . . xn) = (1, x1 . . . xn)

f2(x1 . . . xn) = (0, x1 . . . xn)

�I�)�"� �"� g�h4���'�4�W��� � (V, f) ���"�$y��J��z� "�'¡ � �
¢+£ ��¤)¥A� (V, f) ��¦[§)¨�©)ª)«P¬ � ��� � �®,¯�°�¤)¥ 3.1 �[¡ �?± � (V, f) ��²�³J~�°�´�� �¶µ	·�¸� �4¹ ��� �'º �f°��?�� �"¹ �$»)� �¼�½

3.2. • f = (f1, f2) �N� � �o� f2 : U → V �$¾¿"�'¡ � � f1 : X → V ÀW¾¿'�+¡ � �
• x ∈ X

�KÁ � α(f(x)) = 1 � a ∈ U
�KÁ � α(f(a)) = 0 ��Â � � V Ã+�Ä�Å,Æ+Ç α �'È)Ä'É�Ê,Ë

� � �
• X ′ = {ξ ∈ V | α(ξ) = 1}, U ′ = {ξ ∈ V | α(ξ) = 0} ��ÌÎÍ+�L� U ′ � V �[Ï �"ÐÒÑ ���)ÓÔ�
f1 : X → X ′ ��Õ�¿,� f2 : U → U ′ ��Ö�ÆJ×�Ø"�'¡ � �

ÙÚ'Û)Ü,Ý�Þ,ß
K Ã+�$àJáãâåä ÐAÑ V (6= {0})

��Á �Læ� V Ã+��ç+�+° ± Ä�Å�Æ�Ç α � V ¬ � � V ���
�"� � ¿)è ÐJÑ M = [V ] � Ú+Û�Ü+ÝIÞ+ß �fé[ê � Ó�ëK�

X ′ = {ξ ∈ V | α(ξ) = 1}

U ′ = {ξ ∈ V | α(ξ) = 0}

�NÌìÍ?��� X ′ ��í Ð)î,ï � U ′ � K Ã��àJáãâåä ÐJÑ ( V ��Ï �)ÐJÑ ) �K� U ′ � X ′ ð �$ñ�òP� V � Ì"ó�  ,ô (x, a) 7→ x+ a �Kõ�ö �"� � (X ′, U ′) ��÷,ø�ù,ú ÐJÑ,� ° � �
M �fÏ �)î�ï Ma, M∞ �

Ma
def
= {ξ = [x] | x ∈ X ′},

M∞
def
= {ξ = [x] | x ∈ U ′, x 6= 0}

= [U ′]

�I�)�"� � � M � Ma � M∞ ��û�ü ����ý �f� � (Ma, U
′) ��ñ)ò

[x] + a
def
= [x+ a] (x ∈ X ′)

�AþX� ÷"ø"ù4ú ÐXÑ"� ° � � À�ÿ���� (Ma, U
′) � (X ′, U ′)

� ÷�ø"ù4ú?×�Ø � ¨"© x ∈ X ′ 7→ [x] ∈ Ma,

a ∈ U ′ 7→ a ∈ U ′ �'���)÷�ø,ù+ú�×$ØX�Wõ4ö � �
(X ′, U ′) ∼= (Ma, U

′) � Ú'Û,Ü"Ý	Þ'ß α ������	�
 Ú"Û�Ü"Ý��� ��é)ê ��� � (Ma, U
′) � M � α

���
� � Ú+Û)Ü+Ý���� �?À�é �K� � � Ä��)� M∞ = [U ′] � M � α

��� � ������� ��� �Wé �$� � �
¤�¥ 3.2

��� � � Ä)Å�Æ,Ç α � V �,÷+ø�ù"úN´� "�"¡ � � �J�fæ+×?¤�¥B� f � (X,U)
�ãµ

α �$�)���� ÷,ø�ù+ú ÐJÑ ��Ã ð �,÷�ø)ù'ú�×$Ø"�,¡ �'º �$�!�"¶�Næ ±"� �# ÁJ� �+àJáÔâ ä ÐAÑ V � V Ã,�,÷�ø)ù'ú ´� α �$�% � õ4ö � �K�W� (X ′, U ′) � α �����"� � ÷,ø)ù
ú ÐAÑ ���I� f � X ′, U ′

�Òµ
V ��° � ð ��& ¹ °¾?¿ì�N� � �o� (V, f) � (X ′, U ′) ���"�(')�J��)�  � °�*

æ ±"�'º ��� ¹ µN� �+¡ � �
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Ù�+�,.- ¬J�0/ � �I��1�2A�+÷�ø,ù'ú ÐJÑ (X,U)
�ãµ �J��'��P��)) ì��é �?� � %�3X� �"þA� �)¿)è ÐJÑ

M = [V ] � M Ã+��÷)ø,ù+ú�´4 α �L´��'� �"º � ���J�N� (X,U) � M � α
��� � � ÷,ø)ù+ú Ï � �65"°

� º �N�)�J� � �
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4
798;:=<?>?@BA

Ù�C�D�E�F�G4H 
JI�K ¢,£ �'���JL+¾"� � /�¿)è�M�N π, π′, . . . ��� � µ �fÏ ��Ð4Ñ ( �+°�O�ÿ��ã�fû$Ö ) P
ó+�RQ(SA� Á4TJ� � � � π Ã+���J� A,B, . . . � π Ã���û$ÖJ� l,m, n, . . . ��U ��� � �
Ä��)�?Õ Á M�N π∗ Ã+���J� A∗, B∗, . . . ��,û$ÖJ� l∗,m∗, . . . ��U+� º � � � � � É4¬ �WV�X4� ∗ ��) ±
æ ± �4� �A� � ��Õ Á M�NAÃ+�$��Y�ûKÖX�[Z4�Ò� ±]\ O4ó�"¡ � (A∗, l∗ �_^ ± æXÀL�J� � � A, l � “ Õ Á
� ” � “ Õ Á û�Ö ” �[2�`?��° ±Jº � �[a 2 )

�
Ùbdc�e4f �(g�h ¿,è�M�NJ���$Õ Á ª �JþP�?i ��j"� i ûKÖ�j � � i û$Ö�j"� i �dj � ¨lk � � ( m�npoK¥
2.3)
�

�dq 4.1. π Ã,�0rJ° �.s û�Ö l, m � � ° µut π Ã+��Ä[� P �Rv�O � �
w�x º � ��y �(z ¹ � � ( ��{ 2.4)

�
¼)½

4.2. |f� A1, A2, A3, A4 ��M�NAÃ[�)Ä�}B�(~�� � ¡ � �u�,�"� � ����|û$Ö l1, l2, l3, l4 �RM�NAÃ[�)Ä}A��~�� � ¡ � � º�º � l1 = A1 ∨ A2, l2 = A3 ∨ A4, l3 = A1 ∨ A3, l4 = A2 ∨A4.

P = l1 ∧ l2, Q = l3 ∧ l4 �NÌ Í?�I� A1, A4, P,Q ÀWÄ�}J��~�� � ¡ � ( ×(� � A2, A3, P,Q �$Ä�}J��~�� �¡ � )
�

PSfrag replacements
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T
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b

c
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e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3

l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S

T

U

V

W

X

Z

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3
l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

w�x
l1, l2, l3 �J�,� �_�,��� P ��,���,�ì�W� � �	� P = l1 ∧ l3 = A1, P = l2 ∧ l3 = A3, A1 = A3 �°�*�æJ��� ���� ��Õ Á ª �'þA� � l1, l2, l3, l4 �Ä�}J��~�� � ¡ �'� � P = l1∧ l2, Q = l3∧ l4, A1 = l1∧ l3, A4 = l2∧ l4��Ä�}P��~�� � ¡ �$�Òµ ¹ µ � �¢+£ ����¥ì�I�4{J�$Ä�}�� �Ôµ ���4�+�'¡ � �'�)� �(z ¹ k � æ ±+� �� ½

4.3. ¿�è4û�Ö l Ã �[� rJ° �.� � A,B,C (l �[° � �Ä�}A��~�� � ¡ � � ±�\?º � ) �?õ�ö µ �"� �K�L�
θ([1, 0]) = A, θ([0, 1]) = B, θ([1, 1]) = C,
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�WÂ � �J� θ : P 1 ∼
−→ l �Ä�2 � Ê�Ë'� � � º ��� θ � θ = Φ(A,B,C) ��^ÎÍ �� ½

4.4. ¿)è�M�N π Ã � ÄJ}A��~�� � ¡ � |L� A,B,C,D �Kõ4ö µ �+� �K�N� θ([1, 0, 0]) = A, θ([0, 1, 0]) =

B, θ([0, 0, 1]) = C, θ([1, 1, 1]) = D �Â � ��� θ : P 2 ∼
−→ π ��Ä�2 � Ê4Ë¶� � � º ��� θ � θ =

Φ(A,B,C,D) ��^ÎÍ �
�dq 4.5 (

b�c4����� �������dq ). l Ã ��� r�° �.� � A,B,C ��� � � l′ Ã � À � r�° �.� � A′, B′, C ′ �
� � � º �A�K�L� A,B,C �� �"�K� A′, B′, C ′

� ¨"� l
�Òµ

l′ ð ��¿)è���� ϕ ��ÈÄ+ÉKÊ)Ë"� � �
×R� � � π Ã � ���[° � �[Ä�}A�[~�� � ¡ � |f� A,B,C,D ��� � � π′ Ã � ÀK�)�[° � ��ÄJ}A��~�� � ¡� |�� A′, B′, C ′, D′ �4� � � º �A��L� A,B,C,D �[� �"�� A′, B′, C ′, D′

� ¨�� π
�Òµ

π′ ð ��¿)èd�
� ϕ �,È?Ä,ÉÊ)Ë'� � �
Ù�4��������� 
(IJ  π �[� θ �oÕ Á � θ× �$õ4ö µ �+� �$�L�¡1�2J� (x0, x1, x2) 6= (0, 0, 0), (y0, y1, y2) 6=

(0, 0, 0)
��Á �Næ�U�¢

Px0 x1 x2

def
= {θ([x0, x1, x2])},

l y0 y1 y2

def
= {θ([x0, x1, x2]) |

∑

i

xiyi = 0, (x0, x1, x2) 6= (0, 0, 0)}

�W�)�"� � � l y0 y1 y2
�(£ ± �4ö � �

l y0 y1 y2
= {θ([x0, x1, x2]) | θ([x0, x1, x2]) ⊥ θ×([y0, y1, y2])}

= {θ×([y0, y1, y2])}
†.

(1)

×(� � �Læ P∗
x0 x1 x2

, l∗y0 y1 y2
À����]k � � � (1)

�Òµ
l y0 y1 y2

= (P∗
y0 y1 y2

)†. (2)

Á4¤ ª �"þJ�
l∗x0 x1 x2

= (Px0 x1 x2
)† (3)

À �4¥ � þ�\ � Õ Á ªB�0¦�ö � � (2) � (3)
�Ôµ

(l y0 y1 y2
)† = P∗

y0 y1 y2
,

(l∗x0 x1 x2
)† = Px0 x1 x2

.

§ � �[� �)Õ Á ª �'þJ�
• P � l

� � l � P
� �dO � �

• ∗ ��) ± � �©¨ ö � � � � �
• ª�Å4«4¬J����O µ ° ± �
k�æ?�[� þJ� ¹ µ �+� Px0 x1 x2

⊂ l a0 a1 a2
��� � ¥"É+��� ∑

i aixi = 0 ��� � ¥"ÉÒ�$�L� � É"���A�?� �
� � � àJáÔâåä (a0, a1, a2), (b0, b1, b2) �$Ä�Å�®�¥ �N� � �I�

P a0 a1 a2
∨ P b0 b1 b2 = l c0 c1 c2

l a0 a1 a2
∧ l b0 b1 b2 = P c0 c1 c2
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�'¡ � � º,º � (c0, c1, c2) � ∑

i aici =
∑

i bici = 0 ��Â � ��1�2B� 0 �'° ±� àAá â ä'�"¡ � ��¯ ö �(°± Ç
∣

∣

∣

∣

∣

∣

x0 a0 b0
x1 a1 b1
x2 a2 b2

∣

∣

∣

∣

∣

∣

� Ì"ó � x0, x1, x2 �[²�³(´X�[� �"�?� c0, c1, c2 �N� �"� � º �[µ�¶P�WÂ � �Næ ±'� �·�¸p¹ ½
4.1.

¢,£ �0º4»�¼ þ.½
P 1 0 0 ∨ P 0 1 0 = l 0 0 1

P 1 0 0 ∨ P 1 1 1 = l 0 1 −1

P 0 0 1 ∨ P 1 1 1 = l 1 −1 0

l 0 0 1 ∧ l 1 −1 0 = P 1 1 0
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P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0
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m
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o

p
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l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1
l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0
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5 ¾À¿
ÙÁÃÂ ����� û)Ö l ÃpÄ4ÅX°;ÍdÆ'À � É�Ç�rÔ° � |?� A,B,C,D

�)ÁÉÈ[ÊÒº�ËÎµ Ä��lÄ ÁÃÂ ( U�¢ÃÌ
(A,B;C,D) Æ�^ÎÍ ) Í�Ä�É�Ä�� �4� � � � Ë � Ë Ä�«�¬ [a](= [a0, a1]), [b], [c], [d] Ífò ± æ

(A,B;C,D)
def
=

| a, c |

| a, d |
·
| b, d |

| b, c |

ÆI�)�"� ��½Xº)º Ì
| a, c | =

∣

∣

∣

∣

a0 c0
a1 c1

∣

∣

∣

∣

, . . .

A,B,C,D Ä�Î�ÏÃÇ ¹ µ��B� «�¬]Ä�Ð�Z a, b, c, d Ä�Ñ]Ò4� �BþBµ(t�Ê ¬dÓ4«�¬��ÔÄ�Ñ]Ò4� � À þ¶µ ° ±
(well-defined)

½
A = D ¬�Ó�Ç B = C Ä�ÆRÕ�Ç Ê)��Ö Ç 0

� ° �(×�ÊÒº Ä�ÆRÕJÇ��)� �Òµ�Ê A 6= C,B 6= D

P � µ.Ê | a, c |, | b, d | 6= 0 ÌJ¡ ��½ � º Ì A = D ¬dÓ�Ç B = C Ä]Æ4Õ�Ç�ÎpÏ]Í ∞ ÆN���P� ��½
A 6= D,B 6= C ° µ � ÎdÏ�Ç�³ K ÄRØ�Ì+¡ �[½
A,B,C Í � r�° �.� �ÙÆ � � Æ Ê � θ = Φ(B,A,C)

× ���Ãk ËJ�[½ ��� �'þ4�©Ê θ([1, 0]) = B, θ([0, 1]) =

A, θ([1, 1]) = C Ì+¡ ��½ D 6= A ÆL� � Æ Ê λ ∈ K
× Ä�2 ��Ú ¬�*�æ Ê θ([1, λ]) = D ÆW° ��½Xº Ä�ÆRÕ Ê

(A,B;C,D) = λ

×JÛÎ� ¥"É ( º�»�¼ þ )
½ � º Ì λ ÍW� A,B,C

��Á � � D Ä�ÎdÏÔÆ ±�\?º Æ × ¡ ��½·�¸p¹ ½
5.1.

¢,£ Í z ¹ ¼ þ.½
(C,D;A,B) = (A,B;C,D),

(B,A;C,D) = (A,B;C,D)−1,

(A,B;D,C) = (A,B;C,D)−1.

ÙÁ�ÂÜ,_b4c4Ý�Þ
�dq 5.1. ϕ : l −→ l′ ÍfÕ�¿ßÆL� ��½
ϕ
× ¿,è����A° µ � Ê l Ã�Ä � rA° � 1�2�Äd|�� A,B,C,D Ä�Î�ÏpÍ�à�� � � �(½ �+°�O4ÿ Ê A′ = ϕ(A),

B′ = ϕ(B), · · · Æ ÌìÍJÆJÕ (A,B;C,D) = (A′, B′;C ′, D′)
×JÛÎ� ¥'É ½áP��Ê

A,B,C Í l Ã�Ä � r4° �.� �ÙÆ ÈuÊ 1�2�Ä�âpÄ�� D
��ÁlÈ æ Ê ϕ × ÎdÏ (A,B;C,D) Í[à�� � �� ° µ � ϕ Ç�¿�è�����Ì+¡ ��½

w�x ��{]Ä�ã � Ç ¹ µ�� °�Ä�Ì Ê4��� Í z ¹ � ��½ θ = Φ(B,A,C), θ′ = Φ(B′, A′, C ′) Æ È0Ê ψ =

θ′ ◦ θ−1 ÆKÌ;Í ½ ψ : l
∼
−→ l′ Ç ψ(A) = A′, ψ(B) = B′, ψ(C) = C ′ ÍÂ]Ó"�,¿Jèp���ÜÌP¡ �4½

kæ Ê D(6= A,B,C) ÍÃÆ �uÊ λ = (A,B;C,D) = (A′, B′;C ′, D′) Æ�Ì Í ½ �4°dOÒÿ D = θ([1, λ]),

D′ = θ′([1, λ])
½ � � Æ ¹ µ ��� ψ(D) = D′ Ì"¡ �(½)¢ Ã �Ôµ_Ê ϕ = ψ

×�"�ì�©Ê
ϕ
× ¿�è��4��Ì"¡ �º Æ ×�'�"��½
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6
>9@åäæ:?<=çéè

Ù.����ê[b4c4Ý�Þ �0�d� ϕ
×
π
�Òµ

π′ ð Ä�Õ)¿�Ì Ê
• û�Ö�Í?û�Ö � ¨"� ½ ��°�O�ÿ π Ã�Ä�142pÄ[û$Ö l

��ÁlÈ æ Ê ϕ(l) Ç,¬�Ó π′ Ä[û�Ö�Ì+¡ ��½
Æ ±Ü\ µ�¶�ÍWÂ�Ó[�ÃÆRÕ Ê ϕ Í π

�Òµ
π′ ð Ä ����ê0b�c4Ý�Þ Æ ±Ã\u½

¹ µ �'� ¿)è��4��Ç[ë�ì�í�¿�è��4��Ì,¡ ��½��J��Ê Ó�¿�è�M�N�Ì�Ç�� Ë Ä á�×�Û�� ¥"É º ÆRÍî'� ½ �+°JOÿ Ê Ó)¿)è�M�N�Ì�Ç0ë�ì�í�¿�è�����Ç ( Ö)Æ4×$Ø �¶µ ���Ük Ë�� ) ¿�è�����Ì+¡ �+º ÆRÍî'� ½
ÃÃÆL×(ï"°$���ßÆ È æ ¢�£'�0ðdñ��'þ�\ °$���ÒÀ�¡ ��½ ¬ t π Ã�Ä���Ä�¡É"¬ � Í L

0(π) ÆuU È_Ê π ÃdÄ[û
Ö�Ä)¡?É"¬ � Í L

1(π) ÆuU,� ½ L
0(π′), L

1(π′) Ä[2�`"À�×��dÌ'¡ ��½ ϕ Í π �¶µ π′ ð Ä�ë4ì�í�¿�è����ÙÆN�� Æ Ê ϕ Ç ϕ0(P )
def
= ϕ(P ), ϕ1(l)

def
= ϕ(l) ÌK���]k Ë4� ¨�© ϕ0 : L

0(π) −→ L
0(π′), ϕ1 : L

1(π) −→ L
1(π′)

Í0ò�ó"� ��½Xº Ä�Æ(Õ Ê
• ϕ0 Ç L

0(π)
�¶µ

L
0(π′) ð Ä�Õ�¿�Ì Ê

• 1�2pÄ P ∈ L
0(π), l ∈ L

1(π)
��ÁlÈ æ Ê P ⊂ l =⇒ ϕ0(P ) ⊂ ϕ1(l)

×�Û � ¥�É ½
Æ º � ×RáA�
�dq 6.1. ÃJU�Ä[µ�¶�ÍWÂ�Ó?� ϕ0, ϕ1

× õ4ö µôË ÓpÆJÕ Ê ϕ0, ϕ1 Í[ò�ó"� � ë�ì�í�¿)è4�4� ϕ : π −→ π′
×

ÈÄ+É?Ê)Ë'� ��½Xþ *�æ ÊÒº Ä�µ�¶ÃÍWÂ�Ó[� ϕ0, ϕ1 Ä�õÃÍ,À�*�æRë4ì�í�¿)è����ÙÆ	��� È æPÀ þ�±J½
z ¹ Ç�L+¾�Ì+¡ � ÄJÌ Ê�ö�÷A�[ø�ù4� ( ú�ú¶â�û ÃdÄ�ü s Ä0µ�¶pÄ á û P 6⊂ l =⇒ ϕ0(P ) 6⊂ ϕ1(l) Íîd¼ )

½
¼�½

6.2. ϕ
×
π
�Ôµ

π′ ð Ä[ë�ì�í�¿�è��4�4° µ � Ê π ÃdÄ[1�2�Ä s � A,B
��ÁÔÈ æ Ê

ϕ(A ∨ B) = ϕ(A) ∨ ϕ(B)

×JÛÎ� ¥"É ½ ¬�Ó π Ã�Ä�1�2�Ä s û�Ö l,m
��ÁlÈ æ Ê

ϕ(l ∧m) = ϕ(l) ∧ ϕ(m)

×JÛÎ� ¥"É ½
wdx

A 6= B Æ���� È æ ±�±R½ A∨B Ç A,B ⊂ A∨B ° � û�Ö�P �¶µ�Ê ϕ(A∨B) Ç ϕ(A), ϕ(B) ⊂ ϕ(A∨B)

° � û$Ö�Ì,¡ ��½Bþ *�æ s ��Í �X� û$Ö�Ä$Ä�2�ª �Òµ ϕ(A ∨ B) = ϕ(A) ∨ ϕ(B) Ì,°+ó Ë � ° µ ° ±J½��� À l 6= m Æ_��� È æ ±�±J½ l ∧m Ç l ∧m ⊂ l,m ° � �dÌ'¡ ���Ôµ�Ê ϕ(l ∧m) ⊂ ϕ(l), ϕ(m) Ì+¡ ��½
ϕ(l) 6= ϕ(m) P �Òµ�Ê�s û$Ö ϕ(l), ϕ(m) Ç�Ä���ÌRv�O ��½�ý ö � ϕ(l ∧m) = ϕ(l) ∧ ϕ(m)� ½

6.3. ϕ Í π �Òµ π′ ð Ä�ë�ì�í$¿)è��4�þÆN� ��½ π Ã�Ä�|f� A1, A2, A3, A4

×
π Ä)° � Ì�Ä�}pÄ(~��� ¡ � ° µ � Ê A′

1, A
′
2, A

′
3, A

′
4 À?¬�Ó π′ Ä° � Ì[ÄJ}�Ä�~�� � ¡ ��½Xº�º Ì A′

i = ϕ(Ai)
½

w�xÿ� � A′
1, A

′
2, A

′
3

× �"Ö�Ì�° ±Xº Æ�Í�î�¼ ��� � Ì4¡ �J½ ¬ t A1 = (A1 ∨ A2) ∧ (A3 ∨ A1) P �µ
A′

1 = (A′
1 ∨ A′

2) ∧ (A′
3 ∨ A′

1) Ì4¡ �J½Xº'º Ì A′
3 ⊂ A′

1 ∨ A′
2 Ì4¡ � Æ��'� È æ�� þp\�½¶º ÄÜÆ�Õ Ê

A′
3 ⊂ (A′

1 ∨A
′
2) ∧ (A′

3 ∨A
′
1) ÆW°�*�æ ÊJs û$Ö�Ç�Ä���Ì(v�O �$�Òµ�Ê A′

3 = A′
1 �,°�O�ÿ A3 = A1 Ì+°�óË � ° µ ° ±�½Xº.Ë Ç[����Ì+¡ ��½Bþ *�æ A′

3 6⊂ A′
1 ∨ A

′
2

½
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Ù.����ê[b4c4Ý�Þ��(b4c�Ý�ÞdE�� 
	� - ��
	�� ½
6.4. ϕ Í π Ã�Ä�ë�ì�í�¿)è����ÙÆN� �[½ ϕ Ç�k µf�
• ϕ

× � ñ ædÄ)û�Ö�Ã�Ì?¿)è4�4� � °�*�æ ±'��½ �+°�O"ÿ Ê ϕ Ä�142�Ä�û�Ö l ð Ä�"� ϕl : l −→ ϕ(l) Ç
l
�Òµ

ϕ(l) ð Ä�¿)è�����Ì,¡ �
Æ ±Ü\ µ�¶ÃÍLÂ�Ó[�AÀ(Ä�Æ � �[½¶º Ä�ÆJÕ π ÃdÄ[¡ � � ����È æ Ê |f� P 1 0 0, P 0 1 0, P 0 0 1, P 1 1 1

×
ϕ Ì

à��4° µ � Ê�� É�Ç ϕ = idπ Ì+¡ �[½w�x
ϕ
× |f� P 1 0 0, P 0 1 0, P 0 0 1, P 1 1 1 Í�� Ë � Ë à�� ��� É]Æ ±Ü\[º Æ�Ç Ê ϕ Ç�û$Ö l 1 0 0, l 0 1 0,

l 0 0 1 Í� Ë � Ë ( �,³þÆ È æ ) à4� ��� É º Æ�Ì+¡ �WÊ � Ë Ç�� P 1 1 0, P 0 1 1, P 1 0 1 Í[� Ë � Ë à�� �� É º Æ[À62p`?� � ( m4n�o�¥ 4.1)
½Xþ *�æK¿)è�ë�ì��pÄ����)��{ �"þ4�$º�ºf�¶µ ϕ × l 1 0 0, l 0 1 0, l 0 0 1Ã�Ì��))¨)©�Ì+¡ �'º Æ × ó ��ËJ��½

l 1 0 0, l 0 1 0, l 0 0 1 Ã � ° ± � A
�p�ÔÈ æÃÇ Ê m = A ∨ P 0 1 0, n = A ∨ P 0 0 1, B = m ∧ P 0 1 0,

C = n ∧ l 0 0 1 Æ�ÌÎÍ�Æ Ê m = B ∨ P 0 1 0, n = C ∨ P 0 0 1 Ì Ê ϕ Ç m,n ÍRà�� ��� É � µÊ ϕ Ç
A = m ∧ n À�à�� ��� É º Æ ×�'�4�[½]È Ó × *�æ Ê ϕ Ç��[�����Ì,¡ ��½

�dq 6.5. ϕ Ç π
�Ôµ

π′ ð Ä[ë�ì�í�¿�è��4�ÙÆL� ��½ ϕ Ç�k µf�
• π Ã�Ä[142pÄ�û�Ö l

��ÁÔÈ æ Ê ϕ Ä l ð Ä��� ϕl : l −→ ϕ(l) Ç�¿)è�����Ì'¡ �
Æ ±Ü\ µ�¶�ÍWÂ�Ó[�AÀ(Ä�ÆN� ��½Xº ÄpÆ(Õ ϕ Ç π �Òµ π′ ð Ä�¿)è�����Ì'¡ ��½
w�x

π, π′ Ä���Í ϕ(P 1 0 0) = P′
1 0 0, ϕ(P 0 1 0) = P′

0 1 0, ϕ(P 0 0 1) = P′
0 0 1, ϕ(P 1 1 1) = P′

1 1 1,
×�Û �

¥"É þ�\�� Ñ��4Ì�ÌìÍ ½ ¿,è�ë�ì���Ä�������{ �4þJ��Ê ϕ Æf× � � ��Ê ψ(P 1 0 0) = P′
1 0 0, . . . ÍfÂ�Ó��¿)èd�4� ψ

×
( È�Ä+É ) Ê�Ë È æ ±���½ θ = ψ−1 ◦ ϕ ÆLÌ Í�Æ Ê θ Ç���� �ãµ 1�2�Ä)ûKÖ4Ã4Ì¿�è��4� Æ

°�*�æ�Ì �WÊ"� É P 1 0 0, . . . Í0à4� ��� É �Ôµ�Ê ��¥ 6.4
�'þJ�

θ = idπ Ì'¡ ��½ ��°�O�ÿ Ê ϕ = ψ Ì ÊÈ Ó × *�æÃÆ"Í � ϕ Ç�¿)è�����Ì+¡ ��½
Ù�� ����� 
"!�  ,$#  ·�¸Ã¹ ½

6.1. ¿+è�M�N π Ã � �ÔÍ���/,æ Ê � Px0 x1 x2
Æ$ûÖ l ξ0 ξ1 ξ2

Í��+�A� �J½¶º ÄÜÆ�Õ�1d2ÜÄ 
s, t ∈ K

��ÁÔÈ æ
P 1 s+t 0 =

[

{

(P 1 s 0 ∨ P 1 0 1) ∧ l 1 0 0

}

∨
{

(P 1 t 0 ∨ P 0 0 1) ∧ l 1 0 −1

}

]

∧ l 0 0 1,

P 1 st 0 =
[

{

(P 1 s 0 ∨ P 1 0 1) ∧ l 1 0 0

}

∨
{

(P 1 t 0 ∨ P 0 1 −1) ∧ l 0 1 0

}

]

∧ l 0 0 1.×JÛÎ� ¥"É ½Xº Ä º Æ(Í0º�»�¼ þ.½
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7
:=< (*),+.-0/

Ùb�c ¢+£�È � µ Í Ê � A ⊂ π
��ÁßÈ6Ê Õ Á ª �"þA�}Á�1 � � Õ Á M�NJÃ�Ä�û�Ö A† Í a∗ ÌRZ�� º Æ � ���½ ×(� ��Ê û�Ö u ⊂ π

��ÁlÈuÊ)Á	1 � � Õ Á M�NJÃ�Ä�� u† Í U∗ Ì(Z�� º Æ � � ��½
� A ⊂ π

��ÁlÈuÊ
π Ã�Ä�û�Ö�Ì Ê A Í �B� ÀRÄ��'æ�Ä î)ï Í0U�¢ (A) ÌRZA� \6½ û�Ö u ⊂ π

��ÁlÈ6Ê
u Ä

Ã � ¡ � � ñ æ�Ä���Ä î,ï Í�U�¢ (u) Ì�ZP� \ ( u Æ (u) Ç�2�3 ��14� æ,×[Ä�5"� �"º ÆÀK¡ Ë � Ê76�8 ��'º ÆÀ�¡ � )
½

Õ Á ª † Ç (A) Í (a∗) ÄÃ � Ä Á Ä � ¨ È_Ê (a) Í (A∗) ÄÃ � Ä Á Ä � ¨"� ½
k$æ?Õ�¿ ϕ1 : (u) −→ (u′), ϕ2 : (u) −→ (A), ϕ3 : (A) −→ (u), ϕ4 : (A) −→ (A′) Ç)� Ë � Ë�¢+£ Ä�µ�¶
ÍWÂ�Ó�ÜÆRÕ π Ã�Ä b�c Æfé � ËJ��½

• ϕ1 : u −→ u′
× ¿)è�����Ì+¡ ��½

• † ◦ ϕ2 : u −→ a∗
× ¿�è�����Ì'¡ ��½

• ϕ3 ◦ † : a∗ −→ u
× ¿�è�����Ì'¡ ��½

• † ◦ ϕ4 ◦ † : a∗ −→ a′∗
× ¿�è��4��Ì'¡ ��½

Ù ��� b4c A, u ⊂ π (A 6⊂ u )
��ÁÔÈ6Ê ¨�© ZA,u : (u) → (A), Zu,A : (A) → (u) Í� Ë � Ë�Ê

ZA,u : B 7→ A ∨ B

Zu,A : v 7→ u ∧ v

Ì?�)�"� ��½

PSfrag replacements

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S

T

U

V

W

X

Z

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3

l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S

T

U

V

W

X

Z

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3

l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

PSfrag replacements

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S

T

U

V

W

X

Z

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3

l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

A

B

C

D

E

F

G

H

I

J

K

L

M

N

O

P

Q

R

S

T

U

V

W

X

Z

a

b

c

d

e

f

g

h

i

j

k

l

m

n

o

p

q

r

s

t

u

v

w

x

y

z

A1

A2

A3

A4

l1

l2

l3

l4

P 1 0 0

P 0 1 0

P 0 0 1

P 1 1 1

P 1 1 0

P 0 1 1

P 1 0 1

l 1 0 0

l 0 1 0

l 0 0 1

l 1 1 1

l 1 1 0

l 0 1 1

l 1 0 1

l 0 1 −1

l 1 0 −1

l 1 −1 0

P 1 s 0

P 1 t 0

P 1 s+t 0

P 1 st 0

ZA,u,Zu,A Ç ¹ µN�+��9J±,��á ¨�©pÄ �":A� ¡ �WÊlÈ Ó × *�æ Ê Æ"Í ��;=< Ç�Õ)¿�Ì+¡ �[½
�dq 7.1. ZA,u,Zu,A Ç�¿)è�Ì'¡ ��½

22



w�x
ψ = † ◦ ZA,u : (u) → (a∗) ÆLÌ Í ½ A = P 0 0 1, u = l 0 0 1 ÆL° �+þ�\ °R��Í π

��> ó ÊÒº0Ë"� Õ Á
°���Í π∗

��> ó � Æ Ê a∗ = l∗0 0 1, U
∗ = P∗

0 0 1 Ì,¡ ��½ u Ã�Ä���Ç Ê P 0 1 0

�
P 1 t 0 Ä ±�t�Ë,� Ì Ê

ψ(P 0 1 0) = (P 0 0 1 ∨ P 0 1 0)
†

= l†0 0 1 ∧ l
†
0 1 0 = P∗

1 0 0,

ψ(P 1 t 0) = (P 0 0 1 ∨ P 1 t 0)
†

= l†0 0 1 ∧ l
†
1 t 0 = P∗

t −1 0.×RÛ�� ¥"É ½ �,°�O�ÿ
ϕ : π → π∗,Px0 x1 x2

7→ P∗
y0 y1 y2

Í�?�â�@�á�A




y0
y1
y2



 =





0 1 0
−1 0 0
0 0 1









x0

x1

x2





Ì?���"� � Æ Ê ϕ Ä u ð Ä�4�dÇ ψ
�  È Í °�*�æ ±"��½4ý ö � ψ Ç u → a Ä�¿,èd����Ì Ê ��� �4þ� Ê

ZA,u Çf¿)è�Ì+¡ ��½ Zu,A Ç á ¨�©�P �Òµ_ÊÒºË À�¿�è�Ì+¡ ��½
ZA,u,Zu,A Í π ÃdÄ.�4� b4c Æfé�ê ½
ÙCB�DFE�G

A, u, v ⊂ π (A 6⊂ u, v)
��ÁlÈuÊ ¨�© A

[v,u: (u) → (v) Í
A

[v,u

def
= Zv,A ◦ ZA,u

Ì?�)� È6ÊÒº.Ë Í A Í	HJI Æ � � (u)
�¶µ

(v) ð Ä B	D�E�G Æfé[ê ½
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¬�Ó A,B, u ⊂ π (A,B 6⊂ u)
��ÁlÈ6Ê ¨�© u

[B,A Í
u

[B,A

def
= ZB,u ◦ Zu,A

Ì?�)� È6ÊÒº.Ë Í u Í"KßÆN� � (A)
�¶µ

(B) ð Ä B	DFE�G Æfé[ê ½
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¨�©�Ç�¿)è�Ì,¡ ��½

�dq 7.2. û$Ö �¶µ û�Ö ð Ä�¿�è ϕ : u→ u′ Ç u 6= u′ Ä�Æ(Õ Ê s É�Ä
L	M
¨�© ϕ1, ϕ2 Ífò ± æ Ê ϕ = ϕ1 ◦ϕ2Ä � Ó,ÿ � Z"� º Æ × ÌpÕ �[½

wÃx rã° ��� � A,B,C ⊂ u ÍÔÆ ��Ê A′ = ϕ(A), B′ = ϕ(B), C ′ = ϕ(C) ÆKÌ Í ½Xº ÄÙÆ�Õ Ê
A,A′ 6= O(= u ∧ u′) Æ_�,� È æPÀLÄ�}�ªÜÍCN�O+° ±�½ û$Ö A ∨ A′ Ã � ü � Ä�� P Í�Æ �©Ê ¬�Ó A′ Í�P� ü � Ä[û$Ö u′′ Í�Æ ��½ P Ç u, u′′ Ä�O � ¡ �$�Òµ_Ê

L	M
¨�©

ϕ2 =
P

[u′′,u: u→ u′′

× ���]k Ë���½ ¹ µ �'� A′ = ϕ2(A)
×JÛÎ� ¥"É ½

B′′ = ϕ2(B), C ′′ = ϕ2(C) ÆLÌãÍJÆ Ê B′, B′′, C ′, C ′′ Ç�Ä�}�Ä[~�� � ¡ �$�Òµ�Ê û�Ö B′ ∨B′′ Æ C ′ ∨C ′′

Ç u′, u′′ O�Ä�� Q ÌJvdO ��½Bþ *�æ�¬�Ó
L�M
¨�©

ϕ1 =
Q

[u′,u′′ : u′′ → u′

× �'�ßk Ë�Ê ϕ1(A
′) = A′, ϕ1(B

′′) = B′, ϕ1(C
′′) = C ′ Í$ÂÃÓ�� ½ ¿"è ϕ1 ◦ ϕ2 : u → u′ Í�Q"ö �

Æ ÊÔº[Ë Ç ϕ Æ�× � Í Ê A,B,C Í�� ËQP�Ë A′, B′, C ′
� ¨ È�ÊßÈ Ó × *$æ¿+èdë�ì�Ä��F�'��{ �JþP�

ϕ = ϕ1 ◦ ϕ2

×�Û � ¥�É ½·�¸p¹ ½
7.1. � ñ æ�Äf¿)è�Ç�����¿)è�Ä�RdÌ'¡ ��½

ÙTS	U	VXW �[�dq
L�M
¨�©�Í0¦Ã*�æ z ¹ k Ë4� ��{pÄ	Y�ÆNÉ ��Z�[ ä \�Ä���{ × ¡ ��½Xº.Ë Ç s É�Ä �F] Æ

4A1A2A3, 4B1B2B3 Ä Á�1 � ��^ �ÃÍ0���dP,û�Ö A1B1, A2B2, A3B3

× Ä���ÌRv�O � ° µ � Ê)ÁF1 � �_ Ä�v�O � � a1 ∧ b1, a2 ∧ b2, a3 ∧ b3
× Ä"ûKÖ�Ã � ¡ �"º ÆRÍ.!�"�� � ��{�Ì+¡ �(×�Ê ��Ä z ¹ �

LFM
¨+©

Í.¦ ± Ó ± Æ$` \u½
��Ä�Ó�/ �[± Í	É � Ä$ò�apÍCb�c È æ�Ì º�\6½
®4¥4° � � ( í���Ö"° � � ) A1, A2, A3

�¶µ�ÛB�Cd�e[î,ï ÍJf	g�h Æfé�Ò Ê"º0Ë Í A = (A1, A2, A3) Æ_^ÎÍº Æ � � ��½���] Æ�Ä ^ � ��d�e Í$É'ó�ÓJÀ(ÄdÍ � ��iÙÆ ±Ã\ O"ó�Ì,¡ ��½
Ai Í � ��i A Ä�j�gþÆ ±,±�Ê û?Ö ai

def
= Aj ∨ Ak (

º+º Ì i, j, k ÇTkQl d�½,¢+£ ×�� ) Í � �Fi�ÄTmßÆ
é�ê ½·�¸�¹ ½

7.2. nFo �JþB��Ê4� �Fi A Ä � É�Ä ^ ��ÇR®�¥�P ×�Ê4� É�Ä _ À.®�¥ ( íd�'� ) Ì'¡ �R½ � È æ
Ai = aj ∧ ak

×RÛ�� ¥"É ½
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s É�Ä � ��i (A1, A2, A3), (B1, B2, B3)
× ¡ � ÆRÕ Ê Ai Æ Bi ÇCp�q�	�
 ^ ��Ì+¡ � Æ ±]\6½ ¬�Ó ai Æ

bi Ç Á�1�r"� _ Ì'¡ � Æ ±Ã\6½s É�Ä � ��i A = (A1, A2, A3), B = (B1, B2, B3) Ç Ê 142�Ä s õ�Ä ÁF1srJ��^ � × Ä�}�Ä(~���t�¡ � ÆÕ Êsr °�O4ÿ Ê 1�2�Ä i, j (i < j) t ÁlÈ æp|W� Ai, Bi, Aj , Bj

× Ä�}�Ä�~���t)¡ � ÆRÕ�t�u�v���w x�t)¡ �
Æ ±Ü\?º Æ�t r���½¼�½

7.3.
� ��i A, B

× Ä�}�Ä�~��Ft�¡ � ° µ"y�Ê 1�2pÄ i < j t?É ± æ�|?û�Ö ai, bi, aj , bj Ç�Ä�}pÄ�~��
t�¡ � ( z[Ä � É�Í�ÆR*�æPÀ í4�)� )

½
w�x L {�ôÜÍ.¦'Ì \6½ Ó�Æfö y a1, a2, b1, b2

× Ä�}pÄ(~��Ft�° ± Æ_�Fn r4��½ Æ�Í�t a1, a2, b1
× �+�ßÆr"� Æ Ê ��Ä�v���Ç A3 Ì+¡ ��½�r�� Æ A3, B2, B3 ⊂ b1 Æf°�*�æJ�4� ½� ��i A Æ B

× Ä4}ÃÄ�~p��t,¡ � Æ�Õ Ê�; i t ÁÙÈ æ Ê û?Ö li = Ai ∨ Bi Æ	� Qi = ai ∧ bi
× nFolkË4��½

�dq 7.4 (
S�U	VQW �[��q ).

� ��i A = (A1, A2, A3) Æ B = (B1, B2, B3) Ç$Ä�}�Ä�~���t�¡ � Æ_��n r���½
li, Qi ( i = 1, 2, 3 ) Í�ã�Ä þ�\ t�n�o rJ��½¶º Ä�Æ�Õ Ê l1, l2, l3 × �+� ( Ä)��Ì�v�O � ) ° µ�y�Ê Q1, Q2, Q3Ç[�,Ö�Ì+¡ � ( Ä"û�Ö�ÃFt�¡ � )

½
á À Û�� ¥"É ½
w�x

P Í l1, l2, l3 Ä[���ÙÆ r���½
Qi 6⊂ lj , lk °dÄJÌ Ê�; i = 1, 2, 3 t ÁlÈ æ

L�M
¨�©

ϕi =
Qi

[ lk,lj
: lj → lk× n	o]k Ë��R×JÊÒº Ä
L�M
¨�©Xt ��È æ Ê ¹ µ � t

ϕ1 : A2 → A3, B2 → B3, P → P

ϕ2 : A3 → A1, B3 → B1, P → P

ϕ3 : A1 → A2, B1 → B2, P → P

×�Û�� ¥l*?æ ±J�J½�r °�OAÿ Ê ϕ = ϕ3 ◦ ϕ2 ◦ ϕ1 Æ�Ì�Í�Æ Ê ϕ Ç+ûÖ l2 ÄÜ&|{ ð Ä$¿'è+¨"©�Ì Ê�� �
A2, B2, P

×�} n��Qt° ��½¶º)ºW�Ôµ ¿)è4ë�ì�Ä�����n4{ t þ *�æ ϕ = idl2

× ó ��Ë4��½
Q1, Q2, Q3

× �+ÖJ° º Æ�Í0îB� \�½Js É�Ä�~ ï t � ó�æ�Q'ö �(½ Ä"É�Ç r�ñ æ�Ä i, j (i < j) t ÁþÈ æ Ê
P ⊂ Qi ∨Qj Æf° � ~ ï Ì+¡ � ( ��Ä þ�\ °�~ ï Ç�Ê)Ë r�� )

½Xº Ä�~ ï Ç Ê P 6= Q1, Q2, Q3 P �Òµ ¹ µ� t Q3 ⊂ Q1 ∨Q2

×�Û�� ¥]*�æ Ê Qi Ç[�,Ö�Ì+¡ ��½¡ÔÆ�ÄAÉpÇ�ÅB°ÎÍ�Æ,ÀKÄ Á Ä i, j ( i < j) t Á È æ P 6⊂ Qi ∨ Qj ÆK° � ~ ï ÌA¡ ��½Xº Ä�~ ï Ç Ê
P 6⊂ Q1 ∨Q2 Æ_�	n È æBÀNÄ�},ª�ÍJN�O+° ±�½
Ci = (Q1 ∨Q2) ∧ li (i = 1, 2, 3) ÆNÌìÍRÆ Ê

ϕ1(C2) = (C2 ∨Q1) ∧ l3 = (Q1 ∨Q2) ∧ l3 = C3,

ϕ2(C3) = (C3 ∨Q2) ∧ l1 = (Q1 ∨Q2) ∧ l1 = C1.ý öFt
C2 = ϕ(C2) = ϕ3(C1) = (C1 ∨Q3) ∧ l2
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ÆL° ��½
Æ º � ×�� Ä�~ ï�Ê C1 6= C2

×�Û�� ¥Ü*�æ ±'��½ ì���° µ�Ê P 6⊂ Q1 ∨Q2 P �Òµ�Ê P 6= Ci (i = 1, 2, 3)
½

ý öFt li = Ci ∨ P (i = 1, 2, 3) Ì Ê À È C1 = C2 ° µ�y l1 = l2 ÆW°�*�æR��� r"��½þ *�æ
Q3 ⊂ C1 ∨ C2 = Q1 ∨Q2

ÆL°�*�æ Ê Q1, Q2, Q3 Ç[��Ö�Ì'¡ ��½
n�{�Ä á Ç�Õ Á ª7t þ[�(½�� É�Ä�û$Ö a1, a2, a3 Ç�®�¥ ( í��,� )

½ ×R� t b1, b2, b3 Ç�®�¥�Ì Ê 1�2pÄ i, j

(i < j) t[É ± æ Ê ai, bi, aj , bj Ç π Ä�° � Ì)Ä�}�Ä�~���t)¡ � ( z�Ä � û$ÖãÀNí4�+� )
�ãµ_Ê Õ Á ª t þ�

A∗ = (A∗
1, A

∗
2, A

∗
3), B

∗ = (B∗
1 , B

∗
2 , B

∗
3) Ç � ��i�Ì ÊÔº�Ë µ Ç π∗ Ä)° � Ì)Ä4}ÃÄR~p��t,¡ �R½ ¬4Ó

li = Ai ∨Bi, Qi = ai ∧ bi P �¶µ_Ê Y�Ç � Õ Á ªQt þA� L∗
i = a∗i ∧ b

∗
i , q

∗
i = A∗

i ∨B
∗
i (i = 1, 2, 3) Ì+¡ ��½

k�æ Ê ��n �Òµ Q1, Q2, Q3

× �+ÖßÆ ±Ã\[º Æ[Ç Ê q∗1 , q∗2 , q∗3 × �,�þÆ ±]\?º Æ�Ì"¡ �(½FZ�[ ä7\�ÄTn�{�tþ4�WÊ
L∗

1, L
∗
2, L

∗
3 Ç[��Ö�Ì ÊlÈ Ó × *�æ Ê l1, l2, l3 Ç[�,��Ì,¡ ��½

Ù�������� �[�dq ¢,£ t ðdñJ������� A�Ä�n�{ÔÀ
L�M
¨)©�Í0¦Ã*�æ z ¹ Ì�Õ ��½

�dq 7.5 (
������� �[��q ). a, b Í�r4° �s û�ÖßÆ È6Ê P Ív)�ÙÆ r"��½ A1, A2, A3 Í a Ã�Ä � r�° �.� � Ê

B1, B2, B3 Í b Ã�Ä � r�° �.� �ßÆ È6ÊÔº.ËÒµ Ç P Æ�Ç[r�° � Æ_��n r���½;
i = 1, 2, 3 t ÁßÈ li = Aj ∨ Bk, mi = Ak ∨ Bj (

º,º Ì i, j, k Ç�k�l dd½�¢+£ ×(� ), Ci = li ∧mi ÆWÌÍJÆ Ê C1, C2, C3(6=) Ì C1, C2, C3 Ç[�)Ö�Ì+¡ �[½ c Í�4Ä[��ÖÙÆ r�� Æ Ê c 6= a, b Ì+¡ ��½
w�x

Q = l2 ∧ l3, R = m1 ∧m2 ÆNÌ Í ½
L�M
¨,©

ϕ1 =
B1

[ a,l3
: l3 → a

ϕ2 =
B3

[ m1,a: a→ m1

ϕ3 =
C2

[ l3,m1
: m1 → l3

ÍJn	o r�� Æ ·�¸ t �'���'þ�\ t Ê
ϕ1 : A1 → A1, Q→ A3, B2 → P (, C3 → A2),

ϕ2 : A1 → R,A3 → A3, P → B2 (, A2 → C1),

ϕ3 : R→ A1, A3 → Q,B2 → B2 (, C1 → (C1 ∨ C2) ∧ l3)×RÛ�� ¥Ü*�æ ±'��½
ϕ = ϕ3 ◦ ϕ2 ◦ ϕ1 : l3 → l3 ÆNÌìÍRÆ Ê ϕ Ç l3

�Òµ
l3
ð Ä�¿)è�Ì Ê A1, B2, Q (

º0ËÔµ Ç � r4° � ) Í } nÈ æ ±"�$�¶µ_Ê �	��n�{ t þJ� ϕ = id Ì,°+ó Ësy ° µ ° ±J½ý öFt C3 = ϕ(C3) = (C1 ∨C2)∧ l3 Ì Ê C1, C2, C3 Ç[�,Ö�Ì,¡ ��½ (
º)º Ì Ci 6= Cj Í.º�»�¼ þ ) c Í�

Ä0��ÖÙÆ r"� Æ Ê C1 6⊂ a, b P �Òµ�Ê c 6= a, b Ì'¡ ��½
ÙJ��b4cde�f �[g�h � ¬�Ì�ÇKÄ�}�Ä�³ K ÃdÄ�¿)è�M�N�Ì Û ¥ r4�"� ��P�*(Ó ×JÊ K × Ó  ³�Ä�~ ï t�Ç �
t Ê'¢,£ t ð�ñ4�'þ�\ °���`�� ± n4{ ×RÛÎ� ¥"É ½Fr °�O"ÿ Ê ¿)è�¨)© × ë�ì�í�¿)è)¨�©�Ì+¡ �'º Æ�Ç$Ä�}QtÛ�� ¥"É ×JÊ � Ë Ä á�× Ó)¿�èdM�N7t?Ì ± æ Û ¥ r�� Ä�Ì,¡ ��½�� ºXt ð�ñ4� Æ Ê
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�dq 7.6. π, π′ ÍLÓ)¿�è�M�NþÆ r"� Æ Ê ë�ì�í�¿)è)¨�© ϕ : π → π′ Ç � ÉdÇ�¿)è�¨)©�Ì'¡ ��½
w�x

π, π′ Ã�Ä(��Í ϕ(P 1 0 0) = P′
1 0 0, ϕ(P 0 1 0) = P′

0 1 0, ϕ(P 0 0 1) = P′
0 0 1, ϕ(P 1 1 1) = P′

1 1 1 Í�ÂÓ rAþ�\ t�Ñ���Ì�Ì Í ½ l = l 0 0 1, l
′ = l′0 0 1 ÆNÌìÍJÆ Ê ϕ′

×
l Í l′ Ä�ÃFt�¨ rPº Æ[Ç ¹ µ � Ì+¡ ��½ ϕlÍ ϕ Ä l ð Ä�4��Æ È[þ�\6½;�

t ∈ K t ÁßÈ6Ê� α(t) ∈ K Í
ϕ(P 1 t 0) = P′

1 α(t) 0

Ì�n	o r��[½ ¨�© α : t 7→ α(t) Ç ¹ µ � t K Ä K &${ ð Ä�Õ)¿�Ì'¡ ��½
m�n�o�¥ 6.1

�Ôµo�+�4�+þ�\ t
ϕ(P 1 s+t 0) = P′

1 α(s+t) 0 = P′
1 α(s)+α(t) 0,

ϕ(P 1 st 0) = P′
1 α(st) 0 = P′

1 α(s)α(t) 0.×RÛ�� ¥"É ½�r °�O�ÿ α(s + t) = α(s) + α(t), α(st) = α(s)α(t)
×RÛÎ� ¥Ü*�æ Ê α Ç K Ä�&���×�Ø�Ì'¡�+º Æ ×?�+�4��½

Æ º � × K = R Ä�~ ï t4Ç ÊAþ Í�� µôË æ ±"�+þ�\ t Ê &���×�ØpÇ����¨,©�Ì'¡ ��½�ý öFt Ê�r4ñ ædÄ t

t ÁlÈ æ
ϕ(P 1 t 0) = P′

1 t 0×RÛ�� ¥Ü*�æ ±'�'º Æ�t[° ��½º.Ë Ç ϕl

×F} nÜk Ë Ó � � P 0 1 0,P 1 0 0,P 1 1 0 t ÁsrJ� â�Ä(142�Ä�� P 1 t 0 Ä(ÎdÏ t Í[�4ö,° ±Aº Æ
Í�2p` È6Ê n4{ 5.1 t þJ� ϕl : l → l′ Ç�¿�è)¨)©�Ì+¡ ��½È Ó × *�æ Ê n�{ 6.5 t þJ� ϕ Ç�¿)è)¨�©�Ì'¡ �[½
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[1] ���X� i ¿)è�M�NpÄ[ë�ì��dj�������  °
[2] ¡7¢"£�o i ÷,ø�ù,úôë�ì¥¤ ¿)è�ë�ì�j ( ¦�§�¨4«���©  � Ö�Ø�Ð  v) ¦	§�^Fª
[3] «�¬�J®¥¤¡M�¯F°�±F² i ¿)è4ë�ì	��j�³�´4^�ª
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