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In this article, X “ pX, S, µq denotes a measure space; E denotes

a separable Banach space; FE “ FEpXq denotes the collection of all

E-valued, relatively measurable functions on X having measurable supports;

F` “ F`pXq denotes the collection of all non-negative, extended real-valued,

relatively measurable functions on X having measurable supports; `SF'

is short for `simple function', `ISF' for `integrable simple function'.

1 Integrable functions

1.1 Lemma. Let pfnq be a sequence of functions in FE converging a.e.

to a function f P FE. If there exists an integrable function g P

F` such that | fn | ď g for all n, then limn

ş

| f ´ fn | dµ “ 0.

Note. This lemma contains the essence of Lebesgue's dominated convergence

theorem.

Proof The integrability of g implies that there exists a σ-finite support

A for g. It also implies that, given any ε ą 0, there exists a measurable

subset A1 of A such that µ pA1q ă 8 and

ż

A´A1

g dµ ă ε. (1)
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Since | fn | , | f | ď g a.e., (1) implies

ż

A´A1

| f ´ fn | dµ ă 2ε. (2)

Furthermore, the indefinite integral of g is absolutely continuous

in the sense that there exists δ ą 0 such that
ş

B
g dµ ă ε whenever

µ pBq ă δ.

Now, by Egorov's theorem, we can find a measurable subset A2 of A1

such that µ pA1 ´ A2q ă δ and fn Ñ f uniformly on A2. The latter

condition implies that | f ´ fn | ă ε
µpA2q

holds on A2 for all n ě N

if N is chosen sufficiently large. Hence it follows that

ż

A1´A2

| f ´ fn | dµ ă 2ε, (3)

and
ż

A2

| f ´ fn | dµ ă ε pn ě Nq. (4)

Combining (2), (3) and (4) together, we obtain

ż

| f ´ fn | dµ ă 5ε pn ě Nq.

||

1.2 Definition. A function f P FE is said to be integrable iff
ş

| f | dµ ă

8.

Note. f P FE implies | f | P F`.

1.3 Theorem. Let f P FE be an integrable function. Then, there exists

a sequence psnq of E-valued ISFs such that

lim
n

ż

| f ´ sn | dµ “ 0. (5)

Note. We say psnq mean converges to f if (5) is satisfied.

Proof Because f has a σ-finite support, there exists a sequence psnq

of E-valued ISFs such that sn Ñ f a.e. and | sn | ď f. Therefore,

(5) is an immediate consequence of Lemma 1.1. ||
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1.4 Definition. If f P FE is integrable, and if psnq is any sequence

of E-valued ISFs mean convergent to f, we define the integral of f

to be the value
ż

f dµ “ lim
n

ż

sn dµ. (6)

Note. Because∣∣∣∣ ż sm dµ ´

ż

sn dµ

∣∣∣∣ ď

ż

| sm ´ sn | dµ ď

ż

| sm ´ f | dµ `

ż

| f ´ sn | dµ,

(5) implies that the sequence p
ş

sn dµq of values in E is fundamental,

so that it is convergent in E. That the limit (6) is independent of

the choice of psnq is not difficult to see. Hence the integral of f

is well-defined by (6).

Note. If f is non-negative real-valued, the integral
ş

f dµ has been

defined as the sup of
ş

s dµ, where s is a variable non-negative real

SF such that s ď f. This
ş

f dµ coincides with our current definition,

as proved in the article �Integration of non-negative functions�.

2 Properties of integrable functions

2.1 Theorem. Let f P FE. If f is integrable, then | f | is integrable,

and ∣∣∣∣ ż f dµ

∣∣∣∣ ď

ż

| f | dµ. (7)

Proof The integrability of | f | is trivial from our definition. Let

psnq be a sequence of ISFs mean converging to f. Since

| | f | ´ | sn | | ď | f ´ sn | pn “ 1, 2, ¨ ¨ ¨ q,

it follows that the sequence p| sn |q mean converges to | f |, and hence

that
ş

| f | dµ “ limn

ş

| sn | dµ. Thus, the inequality (7) is obtained

by taking limits from both sides of
∣∣ ş sn dµ

∣∣ ď
ş

| sn | dµ. ||

2.2 Theorem. Let f, g P FE. If f is integrable and f “ g a.e., then

g is integrable and
ş

f dµ “
ş

g dµ.
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Proof f “ g a.e. implies | f | “ | g | a.e., so that
ş

| f | dµ “
ş

| g | dµ,

and hence g is integrable.

If psnq is a sequence of ISFs mean converging to f, then it also mean

converges to g, and therefore both integrals coincide. ||

2.3 Theorem. Let f, g P FE and c be a scalar. If f and g are integrable,

then f ` cg is integrable and

ż

pf ` cgq dµ “

ż

f dµ ` c

ż

g dµ. (8)

Proof If psnq and ptnq are sequences of ISFs mean converging to f and

g, respectively, then the sequence psn ` ctnq is mean convergent to

f ` cg, whence

ż

pf ` cgq dµ “ lim
n

ż

psn ` ctnq dµ “ lim
n

ż

sn dµ ` c lim
n

ż

tn dµ

“

ż

f dµ ` c

ż

g dµ.

||

2.4 Theorem (Lebesgue's dominated convergence theorem). Let pfnq be

a sequence of functions in FE converging a.e. to a function f P FE.

If there exists an integrable function g P F` such that | fn | ď g for

all n, then
ż

f dµ “ lim
n

ż

fn dµ. (9)

Proof Note that | fn | ď g a.e. implies that fn is integrable, so that
ş

fn dµ makes sense. The same for
ş

f dµ. Because the inequality∣∣∣∣ ż f dµ ´

ż

fn dµ

∣∣∣∣ ď

ż

| f ´ fn | dµ (10)

holds for all n, (9) is an immediate consequence from Lemma 1.1. ||

Note. To deduce (10), we use the linearity (8) of the integral and

the inequality (7).
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3 Indefinite integrals

3.1 Definition. Let f P FE and A P S. Suppose f is integrable. Since

|χAf | ď | f |, it follows that χAf is integrable. We denote

ż

A

f dµ “

ż

χAf dµ,

and call it the integral of f over A.

Note. If A is a support for f, then χAf “ f, so that

ż

A

f dµ “

ż

f dµ.

3.2 Theorem. Given any integrable function f P FE, the E-valued set

function ν defined by

ν pAq “

ż

A

f dµ

is a E-valued vector measure.

Proof Let A,B P S and A K B. Then

ν pA Y Bq “

ż

AYB

f dµ “

ż

A

f dµ `

ż

B

f dµ “ ν pAq ` ν pBq . (11)

This is obvious from the identity χAYBf “ χAf`χBf and the additivity

of the integral. (11) shows that ν is finitely additive.

Next, let An P S, An Ò (n “ 1, 2, ¨ ¨ ¨ ) and A “ limn An. Then

ν pAq “

ż

A

f dµ “ lim
n

ż

An

f dµ “ lim
n

ν pAnq . (12)

For, χAf “ limn χAnf everywhere, and since f is integrable, this together

with the inequality |χAnf | ď | f | implies
ş

χAf dµ “ limn

ş

χAnf dµ by

the convergence theorem 2.4. Hence (12) is proved.

From the finite additivity of ν and (12), it follows that ν is σ-additive,

i.e. ν is a vector measure. ||

Note. For the theory of vector measures, see my another article �Vector

measures�.
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3.3 Definition. The vector measure ν defined as above is called the

indefinite integral of the integrable function f.

3.4 Theorem. If ν is the indefinite integral of an integrable function

f P FE, then ν is absolutely continuous, i.e. given any ε ą 0, there

exists δ ą 0 such that | ν pAq | ă ε whenever A P S, µ pAq ă δ.

Proof In view of the fact that any indefinite integral of integrable

non-negative function is absolutely continuous, the statement is trivial

because

| ν pAq | “

∣∣∣∣ ż
A

f dµ

∣∣∣∣ ď

ż

A

| f | dµ.

||

4 Sequences of integrable functions

4.1 Definition. Let pfnq be a sequence of integrable functions. pfnq

is said to mean converge to 0 iff

lim
nÑ8

ż

| fn | dµ “ 0.

4.2 Definition. Let pfnq be a sequence of integrable functions. pfnq

is said to be mean fundamental iff

lim
m,nÑ8

ż

| fm ´ fn | dµ “ 0.

4.3 Theorem. If pfnq, pgnq are mean fundamental sequences of integrable

functions and c is a scalar, then the sequence pfn`cgnq is mean fundamental.

Proof Trivial. ||

4.4 Theorem. If pfnq is a mean fundamental sequence of integrable functions,

then the sequence p| fn |q is mean fundamental.

Proof Trivial. ||
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4.5 Theorem. Let pfnq be a mean fundamental sequence of integrable functions

and let νn be the indefinite integral of fn for each n “ 1, 2, ¨ ¨ ¨ . Then,

the sequence pνnq of vector measures is uniformly fundamental.

Proof This is obvious from the following inequality:

| νmpAq ´ νnpAq | “

∣∣∣∣ ż
A

pfm ´ fnq dµ

∣∣∣∣ ď

ď

ż

A

| fm ´ fn | dµ ď

ż

| fm ´ fn | dµ ă ε,

which holds for all A P S and all m,n ě n0. ||

4.6 Theorem. Let phnq be a sequence of integrable functions. Then

phnq mean converges to 0 if and only if the following are satisfied:

1. phnq is mean fundamental.

2. phnq converges to 0 in measure.

Proof ( `only if' ) Mean fundamentality is obvious from the inequality:

|hm ´ hn | ď |hm | ` |hn |.

Now, given any ε ą 0, let

An “
␣

x P X
ˇ

ˇ |hnpxq | ě ε
(

. (13)

Then
ż

|hn | dµ ě

ż

An

|hn | dµ ě εµpAnq,

whence it follows that µpAnq Ñ 0 as n Ñ 8.

( `if' ) Let νn be the indefinite integral of |hn |. Because the sequence

p|hn |q is mean-fundamental, pνnq is a uniformly fundamental sequence

of measures by 4.5, so that ν “ limn νn is a measure.

We shall show that

νpAq “ lim
n

νnpAq “ lim
n

ż

A

|hn | dµ “ 0 (14)

for all A P S such that µpAq ă 8.
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Given ε ą 0, let An be the set defined by (13) for each n “ 1, 2, ¨ ¨ ¨ .

Decompose

ż

A

|hn | dµ “

ż

AXAn

|hn | dµ `

ż

AXAn
1
|hn | dµ.

It is known that pνnq is equally absolutely continuous, i.e., there

exists δ ą 0 such that νnpBq ă ε for all n if µpBq ă δ. But, the

assumption that hn Ñ 0 in measure implies that there exists n0 such

that µ pAnq ă δ if n ě n0. It follows that (the first term) “ νnpAX

Anq ă ε if n ě n0.

On the other hand, it is obvious that (the second term) ď εµpAq ă

8. Therefore

ż

A

|hn | dµ ď p1 ` µpAqqε. pn ě n0q,

which proves (14).

To complete our proof, let A be a σ-finite support for all hn, A “
Ť8

i“1 Ai, Ai P S, Ai K and µpAiq ă 8.

Because νpAiq “ 0 for all i by (14), we have νpAq “
ř

i νpAiq “ 0.

Here, we use the fact that ν “ limn νn is a measure. Hence

lim
n

ż

|hn | dµ “ lim
n

ż

A

|hn | dµ “ 0,

which completes our proof. ||

Note. In the theorem above, mean fundamentality of phnq is essential.

For, there exists a sequence phnq which converges in measure, but does

not mean converge to 0: e.g. let X “ R, µ be Lebesgue measure, hn “

1
n χr 0 , n s for each n “ 1, 2, ¨ ¨ ¨ . Then the sequence phnq uniformly converges

(hence in measure) to 0, but
ş

hn dµ “ 1 ‰ 0 for all n.

4.7 Theorem. Let pfnq be a mean fundamental sequence of integrable functions

in FE. Then pfnq mean converges to some integrable function f in FE.
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Proof Because mean fundamentality implies fundamentality in measure,

pfnq converges to some function f P FE in measure. Then, the sequence

pf ´ fnq in FE is mean fundamental, converging in measure to 0, so

that it mean converges to 0 by the previous theorem. Thus pfnq mean

converges to f. The integrability of f is obvious. ||
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