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1 ¦ § ¨W© ª « ¬ ­®© ¯
°D±�²W³ ´'µ·¶

E, E′, E′′, . . . ¸*¹ R º[»i¼�½¿¾ÁÀDÂeÃKÄ@ÅKÆ�ÇÈ5É
| · | : E → R, x 7→ | x | ¸iÊWË[»�Ì�ÍÎÄ�ÏeÐ�ÆÒÑ�Ó E » ±�²W³ (norm) Ñ5Ô[ÕiÖe×ÙØ

1. | x | ≥ 0,

2. | x | = 0⇒ x = 0

3. | kx | = | k | | x |,

4. | x + y | ≤ | x | + | y |

ÚDÛ
.
´'µ£¶ ¸rÜ�ÀWÝr¸ ‖ · ‖ Ñ µ£Þ�ß�à | · | Ñ µâá�ã Ñ�ä�Æ£×�Çå�æ »�ç,è'é ÞÒê.ë »�ç,è'é£ìOí Þ Öe×ÙØ
| | x | − | y | | ≤ | x − y | (1)
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Ü�ÀWÝ | · | ¸ E ºr»*î'ï (
È�É

) d(x, y) = | x − y | Ä�ð�ñ à î�ï d ¸ E »iò�óôÄ�ðeñ£×*Çã Ö�Ä'Ü�ÀrÝ | · | ìOðeñr×�ò'óõÑ�Ô$ö�Ç
÷'ø

1.1. Ü*À£Ý | · | ìDð�ñ£×�òróùä È�ú�û à Ü*À£Ý | · | : E → R, x 7→ | x | ¸�üKý È�É ¶þ ×�Ç
ã Ö£¸*çDè'é (1)

Þôê�ÿùê<Þ'¶ þ���� Ç
�

1.1. E = Rn »���� à E »rÜ�À[Ýrä'¸ ë »
	 ����
 »�ì þ × (x = (x1 . . . xn) Ñ<Æ·× ) Ø
| x |1 =

n∑

i=1

∣
∣
∣ xi

∣
∣
∣ ,

| x |2 =

√√ n∑

i=1

∣
∣
∣ xi

∣
∣
∣
2
,

| x |∞ = max
1≤i≤n

∣
∣
∣ xi

∣
∣
∣

ã Ö ê ìOð·ñW× Rn »�ò'óe¸�� ß Ö 
 Rn »�����»�ò�ó (R »��'ò�ó )
¶ þ × ( ������	 ) Ç

°����� K±*²W³
E »�!
"W»rÜ�ÀrÝ | · |α , | · |β ¸

A | x |α ≤ | x |β ≤ B | x |α (x ∈ E)

Ä5ÏeÐ�ÆôÑ�Ó à$# ��ä ����¶ þ ×eÑ%� � Ç ã�ã�¶ A, B ¸�&�ð É ¶ þ ×�Çë »('�)ù¸ ÿÎê<Þ�¶ þ*�+� Ç
÷$ø

1.2. | · |α , | · |β ¸�,(-e»ùÑOÓ E º�ä�,+.%ò'óÎÄ5ð£ñr×�Ç0/�ä | · |α , | · |β ì E º�ä�,+.%ò
óÎÄ5ð·ñr× � ê Õ àôã Ö ê ¸ # ��ä�,1- ¶ þ ×�Ç
2 ä�3
4eÐ5	 � ä E »KÜ�ÀWÝ£¸ E ºr»iî$ï È�É Ä�ð�6£Æe× Þ¿êMà8709�:�9<;'à*=$> Ñ
� � ã Ñ�ä 
@?+A ì þ ×�Ç ã Ö ê ä È·ú5û+
 ë »<'�)ù¸ ÿÎê<Þ�¶ þ��+� Ç
÷�ø

1.3. | · |α, | · |β Ä E »�!5"K»WÜ�ÀWÝÒÑ ú àôã Ö ê ¸ # �rä$,�- ¶ þ ×�ÑCB�ðWÆe×�Ç ã
»�ÑOÓ E ìeÜ�ÀWÝ | · |α ä È·ú5û =�> � ê Õ | · |β ä È£ú�û+
 =�>W¶�à�D »�/ 
FEHGJI "DÇ
�

1.2. E = Rn »·Ü�ÀKÝ ¶0K ä1L8M[Ð | · |1 , | · |2 , | · |∞ ¸ àON »(!�" 
 # �Wä�,0- ¶ þ ×OÇ
R

n ¸ ã Ö ê »rÜ�ÀrÝrä È£ú5û =�>K¶ þ × ( ���*�P	 ) Ç
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°D±�²e³�Q8R8S�T
U*V5W
X�Y ÜOÀeÝe»1Z·ðO[iÖ�Ð�¼ ½ ¾jÀrÂ Ã�Ä ±�²�³�Q�R Ñ*Ôrö�Ç
E, E′ Ä�Ü�À[ÝOÂeÃùÑ=Æ£×�Ñ]\$^�_�` f : E → E′ ¸

| f (x) | ≤ K | x | (x ∈ E)

Ä5ÏeÐ�ÆôÑ�Ó à�T�U£¶ þ ×�Ñba*c�Ö·×*Ç ã'ã�¶ K ¸�&�ð É ¶ þ ×*Ç
÷�ø

1.4. f ì�d*e ¶ þ ×$Ð�ñ[»(f�g�h*i$ÌrÍ�¸ f ì (E, E′ »KÜ�ÀWÝ'ì D Ö
j�ÖDðeñK×�ò
óeä È·ú5û ) ü[ý ¶ þ × ã Ñ ¶ þ ×*Ç
k ÿ ¸<l8[ ú ��» ¶0m�n ä�o5p£×�Ç

q ø
1.5.

ÿ ��»'ÐDñ à Rn ¸rÜ�ÀWÝ | · |∞ »�ZrðP[�Ö£ÐWÜ�ÀWÝiÂ�ÃùÑsr*tW× ã Ñ�ä,Æ£×�Ç E

Ävu ? »KÜ�ÀrÝ�Â�Ã ( w5x ë�yW¶ 
 ��� ) Ñ ú à f : Rn → E Ä�\$^�_�`�Ñ=Æ·×�Ç ã »ÎÑ�Ó
f ¸�d�e ( ü[ý )

¶ þ ×*Ç
z�{

(e1 . . . en) Ä Rn »$|5}
~��âÑ*Æô×$Ç[Æ � cP� x = (x1 . . . xn)
� ê Õ x =

∑

i xiei,

f (x) =
∑

i xi f (ei) Ç�	�� û
| f (x) | ≤

n∑

i=1

∣
∣
∣ xi

∣
∣
∣ | f (ei) | ≤ K | x |∞

ã�ã�¶
K =

∑

i | f (ei) | Ñs���rÐ�Ç ú Ð�ì�� û f ¸(d�e�Ç �

���
1.6. E Ä n

ë�y Ü�À[Ý�Â�Ã ( n < +∞ ) Ñ ú à (e1 . . . en) Ä E »�~*� à f : E → Rn ÄD »�/�_�`Kì
f −1(x1 . . . xn) =

n∑

i=1

xiei

¶ ð�6�[�Öe×�\�^�,(�
Ñ=Æ·×�Ç Rn ¸WÜ�À[Ý | · |∞ »�ZrðP[�Ö·ÐWÜ�À[Ý�Â�Ã Ñ%r�tK×*Ç ã »ÑOÓ f ¸�d�e ¶ þ ×�Ç ú Ð,ì�� û$� »(�$� Ñ]�*c��e×�Ñ à f ¸�,ió ( �$ü[ý )
¶ þ ×�Ç

z�{
Qn

=

{

x′ ∈ Rn
∣
∣
∣ | x′ | < 1

}

, ∂Qn
=

{

x′ ∈ Rn
∣
∣
∣ | x′ | = 1

} Ñ�� á Ç ∂Qn ¸ 7��� ½ ¾�� Þ ê'à f −1 »�ü ý�� ä�	 G f −1(∂Qn) ¸ 7 ��� ½ ¾ ¶ þ ×ÎÇ���t ä
r = min

{

| y |
∣
∣
∣ y ∈ f −1(∂Qn)

} ì����WÆ�×�Ç 0 < ∂Qn � ÞÒê 0 = f −1(0) < f −1(∂Qn)
¶,àÒã

ã�Þôê
r > 0

¶ þ × ã Ñ=ì�i Þ ×*Ç
U =

{

y ∈ E
∣
∣
∣ | y | ≤ r/2

} Ñ�� á Ç U ∩ f −1(∂Qn) = ∅ � ÞÒê f (U) ∩ ∂Qn
= ∅
¶ þ ×�ÇrÆ �

c5� x ∈ U
� ê Õ | f (x) | > 1

Þ
| f (x) | < 1 » N � ê<Þ�¶ �*� ÖKÕ � ê � �OÇ
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� à
| f (x) | > 1 ÑbB�ðKÆe×�Ç a = | f (x) |, y = a−1x Ñv� á Ñ 0 < a−1 < 1 � ÞÒê y ∈ U

¶ þ
×�Ç ú Þ ×�ä | f (y) | = a−1 | f (x) | = 1, f (y) ∈ ∂Qn � Þôê��*� ì1��.i×�Ç���t[ä | f (x) | < 1

ì1��ä EHGJI Ð �*� Ö£Õ � ê � �OÇ�Æ � c�� f (U) ⊂ Qn ¶,à f ¸�d�e ¶ þ ×�Ç �

 
1.7. E Ävd�x ë�y Ü�ÀrÝOÂ�Ã à E′ Ä'Ü�À[Ý�Â�ÃÎÑ@Æe× ( w�x ë�yr¶ 
 ��� ) Ç ã »ùÑ�Ó

u ? »(\�^�_*` f : E → E′ ¸�d�e ( ü�ý )
¶ þ ×*Ç

z�{
ϕ : E → Rn Äv\�^5,(� ÑGÆ·×eÑ�¡$) 1.5

¶<¢ ú Ð
	 � ä à \�^�_*` f ◦ϕ−1 : Rn → E′

¸�ü�ý ¶ þ ×*Ç�£$¤ à ð�¥ 1.6 ä5	 G ϕ ¸�ü[ý�Ç ú Ð�ì�� û f = f ◦ϕ−1 ◦ϕ ¸�ü�ý ¶ þ ×�Ç
�

 
1.8. E, E′ Ä n

ë*y Ü�À[ÝOÂeÃ (n < +∞) Ñ ú à f : E → E′ Äv\�^�,�� Ñ=Æ£×*Ç ã »ùÑ
Ó f , f −1 ¸�d�e ( ürý )

¶ þ ×�Ç�"
¦ G f ¸$,�ó ¶ þ ×�Ç
 

1.9. E Ä%d5x ë*y ÂeÃùÑ@Æ£×�Ñ à u ? »�!
"W»rÜ�À[Ý | · |α, | · |β ¸ # ��ä�,<- ¶ þ ×*Ç
z
{

E äKÜ�À[Ý | · |α, | · |β Ä%Z[ð ú Ð�Â�ÃKÄ D Ö
jOÖ Eα, Eβ Ñb§WÆ$Ç f : Eα → Eβ Äv¨�è
_�`õÑ@Æ£×�Ñ f , f −1 ¸�d�e ¶ þ ×*Ç���t[ä | · |α, | · |β ¸ # �[ä�,1- ¶ þ ×�Ç �

ã�ã�Þôê i Þ ×�	 � ä à E ì�d5x ë�y � ê Õ à E »WÜ�ÀrÝr»�ðeñr×�ò�ó�¸rÜ�ÀrÝrä<w È© � £�ðe»*ò�ó à \$^�,<� f : E → Rn Ä1,OóõÑ<Æe×�	 ��� ò�ó ¶ þ × (
ã'ã�¶

R
n ä'¸ R

»���ò'óÎÄvª�Ö û �r× ) Ç ã Ö�Ä%d5x ë�y Â�Ã E » “ «C¬ � ” ò�óõÑ�Ô�­ � Ç E ì1d5x ë*y
»���� à E »�«C¬ � ò�óÎÄs® � º ¶ Ü�ÀrÝW¸�¯�° ��±*² ä�Æ+³ ß�à «<´,ä�µ G·¶ t�»·Ó á
 » ¶ þ ×�Ñ@a � ã Ñ=ì ¶ Ó�×�Ç

E ì�w
x ë*y � ê Õ�¸�¹�¸<£�º ú à E ºrä # ��ä�,1- ¶ � �·Ü�À[ÝeÄ5ð$6KÆ£× ã Ñ5ì ¶
ÓD×iÇ[Æ � c�� à�D Ö ê ¸ E ºWä�» � ×*ò[ó Ä�ð�ñ£× ã Ñ*ä � ×�Ç ú ÐDì+� û ò[ó Ä�¼ß ×$º ¶ Ü�ÀKÝ£»(Z[ð·ì ´�½�¾ ä � � û á ×�»[¸<¿*�ùä þ ×O¼ù½ ¾gÀDÂùÃ E ì$w�x ë�y
»�ÑOÓ ¶ þ ×*Ç
�

1.3 ( À�Á Q�R ). d�x�Â�» i Ä�Ã�� û,æ ¸ xi
= 0
� ×�Ä É ; x = (x1, x2, . . . ) »�" á ×�¼

½¿¾ÁÀDÂeÃKÄ Rω ÑC§rÆDÇ
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R
ω ¸(w5x ë�y[¶ þ ×�Ç Rn Ñ�»�Å�Æ ¶ Rω ä ë »�Ç5"r»KÜ�À[ÝeÄ(r*tr× ã Ñ@ì ¶ Ó,×ÙØ
| x |1 =

∞∑

i=1

∣
∣
∣ xi

∣
∣
∣ ,

| x |2 =

√√
∞∑

i=1

∣
∣
∣ xi

∣
∣
∣
2
,

| x |∞ = max
1≤i≤∞

∣
∣
∣ xi

∣
∣
∣

ã »ÎÑ�Ó | x |∞ ≤ | x |2 ≤ | x |1 ¶ þ ×Oì à | x |1 ≤ K | x |2 Ä�Ï�Ð,Æ K

 à
| x |2 ≤ K | x |∞ Ä�ÏÐ�Æ K


 ��� ú�� � ã ÑiÄ ¢ Æ ã Ñ=ì ¶ Ó,×�Ç*"�¦ G Rω ä0��� û ¸ | · |1, | · |2, | · |∞ ¸ #
��ä�,1- ¶ � ájà Rω º�ä�» � ×�ò�ó Ä5ð$6£Æ·×�Ç
Ê[Ë ¶ ¸ à Ñ á ä�È ê � ��x G d5x ë�y ¼�½¿¾ÁÀDÂeÃ�� � Ä(r�tW× ã Ñ�ä ú à E, E′, . . .

¸�d5x ë*y ¼�½õ¾ÁÀ,Â�ÃWÄ=ÅKÆ Ñ<Æ£×*Ç
°FÉ�Ê�Ëù±*²r³ (

E , E′
) ¶

E
Þôê

E′ Ì »�\$^�_�` ( Í�Î�ÏÑÐ 
 � � ) Ò[¹e»0" á ×�ÂeÃ
Ä@ÅKÆ$Ç

E, E′ Ä'Ü�ÀrÝiÂ�Ã+Ð<Æ·×�ÐCu ? » A ∈
(

E , E′
) Ó d�e���Ô ê A ∈

(

E , E′
) » “ Ü�À[Ý ”

|A | ì
|A | = inf

{

K ≥ 0
∣
∣
∣ | A(x) | ≤ K | x |

}

= sup
| x |=1
|A(x) | = sup

| x |,0

| A(x) |
| x |

(2)

ä
	 G ð�6�[�Öe×�Ç
Õ*Ö�× ø

1.1. (2) ì # �rä�,�- � ð$6ùä � ��Ø��r× ã Ð1Ùv�
Ô�ñ�	sÚ�¦DÐ à�ÛvÜ | · | : A ∈
(

E , E′
)

7→ |A | ∈ R Ý�Þ�ß�à�á(â�ãPÙvä�å�æ+ç�Ð<Ù%è�Ô�é�êsÚ
(2) ë*ì�íïî1ð�ñ Û�Ü | · | : A ∈

(

E , E′
)

7→ |A | ∈ R Ù�ò�ó
ôOõ0ö+÷PÐ�øúù%Ú�û�ü5ý
(

E , E′
) Ó Í�Î�Ï�Þ�ß*à�á�þ�ìPî�ð�å�Þ�ß*à�ÿ���ë��*ñ�Ð�����ñ<Ú8ç<á+Ð��
| A(x) | ≤ | A | | x | (A ∈

(

E , E′
)

, x ∈ E) (3)

Ý�	�

����Ú
(

E, E′ ; E′′
) ë E × E′ Ô�� E′′ � á�����������Ò�� á�����ñ! #"�$ ß�ÿ#��Ù&%8æ�Ú

A ∈
(

E, E′ ; E′′
) ')(+* ý Â ∈

(

E ,
(

E′ , E′′
) ) Ù

A(x, y) = Â(x)(y)
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ë�ì�í
æ
ñ�Ð�ý-,�. A 7→ Â
Ó (

E, E′ ; E′′
) Ð (

E ,
(

E′ , E′′
) ) á0/21PÙ-3���ñ(Ú * å0Ý�4

Ø�ý E, E′, E′′ Ý�Þ�ß�à0ÿ��657�)8 (

E, E′ ; E′′
) 9 Í*Î�ÏPÞ�ß�à
á)3��7��ð
å
Þ(ß�à�ÿ��

ë��*ñ(Ú8ç1á+Ð:�
| A(x, y) | ≤ | A | | x | | y | (A ∈

(

E, E′ ; E′′
)

, x ∈ E, y ∈ E′) (4)

Ý�	�

����Ú
/&; ' (

E1, . . . , Ep ; E′′
) ë E1 × · · · × Ep Ô#� E′′ � á p-���<�=�*Ò���á0�>�%ñ*Þ�ß*à

ÿ��5Ù?%5æ�Ú (

E1, . . . , Ep ; E′′
) Ð (

E1 ,
(

E2, . . . , Ep ; E′′
) ) á<��ø�@ '*ÓBADC 5�/&1�ÝE�

ñ�Ú�æ�5:F�G A ∈
(

E1, . . . , Ep ; E′′
) '2(+* Ø

A(x1 . . . xp) = Â(x1)(x2 . . . xp) (5)

ë�ì�í�îvð�ñ Â Ù (6H î?I�ñJ,�.�ÝLK1ð�ë��*ñ(Ú
M�N<O�P<QLR-S>T?U�N�O

ψ : E′ → E′′ ÙJV0W<X!YHÐFæ5ñ�Ð]ý ψ Ó

ψ∗(A) = ψ ◦ A (6)

ë�ì�í�îvð�ñZV!W6X!Y
ψ∗ :

(

E , E′
)

→
(

E , E′′
)

Ù![��J\Oç�æ�ÚPç�ç(ë E
Ó�] á�^`_8á= a"b$ ß�ÿa��ëL��ñ�Ý�ý E Ù=c�Ð?�=d�é�åe�f�PÐÓ�g 4
Ðih�ì * Ø`�<��ñ�ÚPê04<Ø ψ∗ ÝEj$å)V0W<X`Y

ψ∗∗ :
(

E, E ; E′
)

→
(

E, E ; E′′
)

Ù6[��?\úç(æ*Ú ψ∗∗ Ó ψ∗2 Ð 9ik Ô*ð+ñ�Ú�l�mL/0;�ë�ý�æ�n�Ø�á�o�p Ü r
' ��ø*Ø`V<W

X!Y
ψ∗ · · · ∗
︸︷︷︸

r

(= ψ∗r ) :
(

E . . .E
︸ ︷︷ ︸

r

; E′
)

→
(

E . . .E
︸ ︷︷ ︸

r

; E′′
)

Ý�q`r�s ' ì$í�îvð5ñ(Ú:o*è '�t ù�ÐCý ψ∗r−1 Ý�ì$í�îvð*Ø�ø�ñ�Ðvu�ì * Ø ψ∗r Ý
ψ∗r (A) = B ⇐⇒ ψ∗r−1 ◦ Â = B̂ (7)

w * Ø�ì�í�î�ð�ñ�á$ëL��ñ<Ú8ç*ç(ë Â ∈
(

E ,
(

E . . .E
︸ ︷︷ ︸

r−1

; E′
) )

, B̂ ∈
(

E ,
(

E . . .E
︸ ︷︷ ︸

r−1

; E′′
) ) x

K1ðEy�ð A ∈
(

E . . .E
︸ ︷︷ ︸

r

; E′
)

, B ∈
(

E . . .E
︸ ︷︷ ︸

r

; E′′
) '2(`H æ
ñ&z*ë���ñ�Ú

6



{!|
1.10. }�á Ûf~ Ý�	�
����0Ú
ψ∗r (A) = ψ ◦ A (8)

�E����� x
r
' �*ø$Ø�á)q`r6� ' ê�ñ<Ú

r = 1 ��ç%ð x ì$í (6) �#� A � Ú
r > 1 � r − 1 j1ë�	!� w u�ì�Ú ψ∗r (A) = B

wi� � w ý�ì$í ' ê�

ψ∗r−1 (Â(ξ1)) = (ψ∗r−1 ◦ Â)(ξ1) = B̂(ξ1).

q`r`��á)u�ìE�#�
ψ ◦ (Â(ξ1)) = B̂(ξ1).

æ�5:F�G
ψ((Â(ξ1))(ξ2 . . . ξr)) = (B̂(ξ1))(ξ2 . . . ξr),
ψ(A(ξ1, ξ2 . . . ξr)) = B(ξ1, ξ2 . . . ξr).

ç�çf�#� ψ ◦ A = B Ù?��ñ(Ú �

2
� � � � � � � � � ���

U � Rn á0�&��� w * ý a = (a1 . . . an) � U ��á2��ý x = (x1 . . . xn) � U �E�f��� “ �`XÜ
” ý f : U → R

w æ
ñ2� (e1 . . .en)
x
R

n á2�! 6¡<¢ w æ
ñ2�
M-£`¤<¥

i = 1 . . . n
w æ
ñ)�

lim
t→0

f (a + tei) − f (a)
t

= Ai (9)

Ý=¦�§�æ�ñ w �vý f
x

a ë=X Ü xi 'E¨�*f© £<¤�¥LªE« ëE��ñ w ø*ø�ý (9) á&¬<­ á Ü Ai

� xi '<¨ æ
ñ £`¤6¥`®<¯ wJ°`± � U á2²`�
ë�³`´6µ0¶�·�5e�?8�å!¸ ' ³`´6µ!¶�· w ø�ù¹�
K *J© ç1á w � U á2²`� x

' K�á&� ' �Lº ñZ³6´`µ ~$Ü Ai ��»�
J¼ © ñ ¨ Ü Ý�ì�í�î�ð
ñ)�8ç1á ¨ Ü �

∂ f
∂xi ,

∂

∂xi f , fxi , . . .

½ w k ø © ý`X Ü xi '<¨ æ
ñ £�¾�¿f¯ w?°!± �

7



M�À!¤<¥
f
x l�m*á2Á6ÂÃ�%ä�å�æ w ��� a ë ¤<¥�ªL« ë���ñ w øPù>�Äd�jL4�å Ü  �">$

ß (A1 . . .An) Ý��#
 ý`^!_�á)o Ü ε
'&(Å* o Ü δ Ý���4 ©

∣
∣
∣ f (x) − f (a) − (A1(x1 − a1) + · · · + An(xn − an))

∣
∣
∣ ≤ ε | x − a | (x ∈ U, | x − a | ≤ δ) (10)

Ý�	�

���0�Pç�ç�ë | x − a | = maxi

∣
∣
∣ xi − ai

∣
∣
∣
w æ
ñ&�8ç1á w � Rn �*á�Æ0}!W`Ç

(ξ1 . . . ξn) 7→ A1ξ
1
+ · · · + Anξ

n

� f á2� a
' �Lº ñ À!¤�¥ w ø�ø<ý (d f )a

w k �È�
f Ý:� a ë=´�µ!¶�·L57�Z8<ý�K�á&�
ë=²`X Ü xi '�¨�*Z© ³<´<µ�Ý:¶�·�ë0ý Ai Ý=³6´�µ~�Ü w 5�4 © ø�ñ�ç w x)É�Ê æ�ø���æ�5:F�G=�*ñ)� ' � ø © ´`µ!¶�·�5Ã�f8�ý�K�á)�
ë$æ

n © á)X Ü '�¨�*J© ³6´`µ�Ý&¶�·�ë���ñ)�Ë ' ��ñ:��ë�æEn © á:X Ü '�¨B*�© ³�´Eµ�¶Ã·
ë��a4 ©#9 ´EµE¶a·
ë���ñ w xLÌ �
5�ø��* � * }�á(ì$ã
Ý�	�
����=�
Í�Î

2.1.
¨ Ü

f
x ²!X Ü xi '�¨E*?© ³`´6µ�Ý�¶E·�ë�ý n Ï�áZ³!Ð ¨ Ü ∂ f /∂xi (i = 1 . . . n)

Ý<c w ����Ñ�ø © æ!n © � a ë&Ò<Ó�5Ã�Z8�ý f
x � a ë�´6µ0¶E·�ë���ñ)�

��� x&Ê î * ø�á�ë=Ô0Õ ' ^LI5ñ ( Ö6×e$��Ø´6µ6��á2Ù0Ú<Û�á�ì�ã#�?Ü
ø�ñ ) �
M

2 Ý Pf¤6¥bÞß¤<¥�PZà`á 1 ≤ i, j ≤ n
w æ
ñ&�

∂

∂x j

(

∂ f
∂xi

)

=
∂2 f

∂xi ∂x j = fxi x j

½ w k ø © ( â0ã+áZä6å ')æ _ ) ý f á 2 Ý PZ£�¾�¿f¯ wf°0± � 2 ç*á)³!Ð ¨ Ü x n2 ûè
-�
ñ1Ý�ý

∂2 f
∂xi∂x j =

∂2 f
∂x j∂xi (i < j)

Ý�é w ¸Ãê�áZë�� ' 	�
����=�L�EjB
È³`´6µ�áZä�å x)ì Y5ë���ñ2�0í�î�ý�l�m$ë ��� æ
ñ
ê�ù ' f á 2 ç&³0Ð ¨ Ü Ý&Ò�Ó�5Ã�f8�ýE�`ï ' ³`´6µ�á)ä6å xZì Y5ë��0ñ)�
´<µ�á2ä<å5Ý ì Y�ëa�0ñ�å$é�á2ð�µ`ñ�ò w *?© ý!} '2ó n�ñ Schwartz á<ì$ã w Young

á<ì�ã�Ý=ôEõ�ëE��ñ���ì�ã w K�á ��� ë x�öE÷ á*å�é ¨ Ü f
x
R

2 á!�:�L� U ë�ì�íOî
ð © ø�ñ 9 á w * ý * � 9 U

xZø W�ù0ú
U =

{

(x, y)
∣
∣
∣ | x − a | , | y − b | < r

}

8



ëL��ñ w u*ì�æ�ñ�� f á�³6Ð ¨ Ü ( �
ñ$ø x ³�´�µ ~�Ü )
x

fx, fy, fxy, fyx
½ w k �1ç w '

æ
ñ)�Pç�ç�ë 9 G`û�¸

fxy =
∂2 f
∂x ∂y

=
∂

∂y

(

∂ f
∂x

)

.

ì�ã+á ��� ë x

∆(x, y) = f (x, y) − f (x, b) − ( f (a, y) − f (a, b) )
= f (x, y) − f (a, y) − ( f (x, b) − f (a, b) ) ,

ϕ(x, y) = f (x, y) − f (x, b),

ψ(x, y) = f (x, y) − f (a, y)

ë�ì�í�îvð�ñ ¨ Ü ∆, ϕ, ψ : U → R �?ü<Ü*æ5ñ)��ì$í��Å� � �-� '

∆(x, y) = ϕ(x, y) − ϕ(a, y) (11)
∆(x, y) = ψ(x, y) − ψ(x, b) (12)

Ý�ý ½ s ' 	�

���=�
fx, fy Ý=¦�§�æ�ð�81ý ϕx, ϕy, ψx, ψy

9 ¦�§�æ�ñ2� (11) � x á ¨ Ü w É � ©�© Ù`Ú�Û�á<ì
ãe��þ�Ü*æ5ñ w

∆(x, y) = ϕx(x′, y)(x − a) =
(

fx(x′, y) − fx(x′, b)
)

(x − a) (13)

ç$çvë x′
x

a
w

x á0��ø6@�á Ü ý æ<5:F�G 0 < θ < 1 5�ñ:�*ñ Ü θ
'Z(#*J©

x′ = a+θ(x−a)w 5�ñ Ü ë���ñ2�
ÍLÎ

2.2 (Schwartz). f : U → R
w æ�ñ&� U ÿ��5ë fx, fy, fxy Ý0¦6§ *f© ý fxy Ý=� (a, b)

ë&Ò<Ó�5Ã�f8 fyx Ý:� (a, b)
' � ø © ¦6§ * ý fxy(a, b) = fyx(a, b)

w 5�ñ)�
�B� u
ìB��� ϕx, ϕy, ψx, ψy Ý�¦�§ * ý (13) Ý�5�
1å��L� fxy

9 ¦�§�æPñ6���%ý (13) á
fx(x′, y) − fx(x′, b)

' îE� ' Ù=Ú�Û�á�ì�ãe�iþ�Ü *

∆(x, y) = fxy(x′, y′)(x − a)(y − b) (14)

�J��ñ2�8ç�ç�ë y′
x

b
w
y á`�$ø<@�á Ü ë���ñ)�

î © fxy
x

(a, b) ë�Ò<Ó�@:�Å�ß^0_+áfo Ü ε
')(+*J© o Ü δ(≤ r) Ý��E4 ©

∣
∣
∣ fxy(x, y) − fxy(a, b)

∣
∣
∣ < ε, (| x − a | < δ, | y − b | < δ) (15)

9



Ý�	�

�74 © ø�ñ)� (14)
w

(15) �#�
∣
∣
∣
∣
∣

∆(x, y)
(x − a)(y − b)

− fxy(a, b)
∣
∣
∣
∣
∣
< ε (0 < | x − a | < δ, 0 < | y − b | < δ) (16)

�J��ñ2�
ç�ç�ë 0 < | x − a | < δ 5�ñ x á2²��sá)Û '2(Å* ý0o Ü δ′(x) (< δ) �

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

ψ(x, y) − ψ(x, b)
︸              ︷︷              ︸

=∆(x,y)

− ψy(x, b)
︸  ︷︷  ︸

fy(x,b)− fy(a,b)

(y − b)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

≤ ε | x − a | | y − b | (| y − b | ≤ δ′(x)) (17)

�%ä�å�æ+ê
ù '�� ± � (17) á��`­e� | x − a | | y − b | ë&»�ñ w
∣
∣
∣
∣
∣
∣

∆(x, y)
(x − a)(y − b)

−
fy(x, b) − fy(a, b)

x − a

∣
∣
∣
∣
∣
∣
≤ ε (0 < | y − b | ≤ δ′(x)). (18)

(16)
w

(18) �#�
∣
∣
∣
∣
∣
∣

fy(x, b) − fy(a, b)
x − a

− fxy(a, b)

∣
∣
∣
∣
∣
∣
< 2ε (0 < | x − a | < δ) (19)

�f�8ñ&��æE5!F�G (19)
x

fyx(a, b) Ý!¦<§ *Z© K0ð�Ý fxy(a, b)
' ½ * ø�ç w �?_�� * ý�ì

ã
Ý ��� î�ð�ñ2� �

�
2.3. U

x
R

2 á:���<��ý f : U → R
w æ
ñ&� U ÿ���ë fx, fy, fxy Ý�¦<§ *f© ý ç<áPùfG

fxy Ý&Ò�Ó�5Ã�f8�ý fyx
9 ¦6§ * fxy = fyx Ý:	�

���!�

�
2.4. U

x
R

n á!������ý f : U → R
w æ5ñ&�0^`_+á i = 1 . . . n

'2(>*f©
∂ f /∂xi Ý=¦6§* ýL�6�:^!_+á i, j = 1 . . . n, i < j

')(>*J©
∂2 f /∂xi∂x j Ý:¦6§ *?© Ò�Ó�5Ã�Z8 ∂2 f /∂x j∂xi

9 ¦`§ * ý
∂2 f
∂xi∂x j =

∂2 f
∂x j∂xi

Ý�	�

���0�
Schwartz á<ì$ã ' êvð�8(ý!3��7�Fð
å ¨	� f

'2(>* ý ∂2 f /∂xi∂x j (i < j) á&¦6§ w K�ð
�váfÒ�Ó!Áe�vè�
�æ$ð�8�ý ∂2 f /∂x j∂xi á&¦`§ x è�
�æ
ñ '�
 8!5�ø:�
Í�Î

2.5 (Young). f : U → R
w æ5ñ)� U ÿ<��ë fx, fy Ý:¦`§ *J© ý fx, fy Ý w 9�' � (a, b)' � ø © ´6µ!¶�·�5Ã�f8 fxy(a, b) = fyx(a, b)

w 5�ñ)�

10



�E�
| t | < r

w * ý (13) á x, y
' K1ð�y�ð a + t, b + t �	����æ
ñ w

∆(a + t, b + t) = ( fx(a + θt, b + t) − fx(a + θt, b) ) t

�J��ñ2�8ç�ç�ë θ
x

0 < θ < 1 5�ñ � �8ç<áZÇ+á��!­7� t2 ë&»Pñ w
∆(a + t, b + t)

t2 =
( fx(a + θt, b + t) − fx(a + θt, b) )

t
(0 < | t | < r) (20)

w 5�ñ2�
î © fx Ý (a, b) ë�´6µ0¶E·E@:�#�]ý6^0_�áZo � ε

')(Å*?© o � δ (δ ≤ r) Ý���4 © ý
∣
∣
∣
∣ fx(a + θt, b + t) − fx(a, b) −

(

fxx(a, b)θt + fxy(a, b)t
) ∣∣
∣
∣ ≤ ε | t | (| t | ≤ δ) (21)

| fx(a + θt, b) − fx(a, b) − fxx(a, b)θt | ≤ ε | t | (| t | ≤ δ) (22)

Ý�	�

�74 © ø�ñ)� (21)
w

(22) �#�
∣
∣
∣ fx(a + θt, b + t) − fx(a + θt, b) − fxy(a, b)t

∣
∣
∣ ≤ 2ε | t | (| t | ≤ δ)

�J��ñ2���`­7� | t | ë&»#4 ©
∣
∣
∣
∣
∣

fx(a + θt, b + t) − fx(a + θt, b)
t

− fxy(a, b)
∣
∣
∣
∣
∣
≤ 2ε (0 < | t | ≤ δ). (23)

ç�ç�ë (20) ��� ù w (23)
x

∣
∣
∣
∣
∣

∆(a + t, b + t)
t2 − fxy(a, b)

∣
∣
∣
∣
∣
≤ 2ε (0 < | t | < δ)

w 5�ñ2����jÃ
<ç%ð x

lim
t→0

∆(a + t, b + t)
t2 = fxy(a, b). (24)

��_�� *J© ø�ñ2�� j1ë�á����Ã�	��
��EIE8!/&; '

lim
t→0

∆(a + t, b + t)
t2 = fyx(a, b). (25)

9 	0�
æ
ñ x g ë��*ñ2� (24)
w

(25) �7�
fxy(a, b) = fyx(a, b)

�J� © ý�ì$ã5Ý ��� î�ð5ñ2� �

� ka' � ø © Young á�ì$ã x ý2} 'Zó n5ñ Fréchet ´6µ�á���ç&´6µ�Ý (�� s�ë��*ñ�ç w
� ��� æ
ñ$á ' Ü�øÃ�@ð5ñ2�

11



3 Fréchet
� �

3.1  �!
M

Fréchet
¤<¥ "$# á2�!X � ´`µ&%
ë x ¨	� f á2´`µe��� g ñJë���ý�ì�í`ú x n- }Lz �

ÿ�� Rn ( ��ñ$ø x Rn á0���L� ) ë��Å
�ý`Û6ú x R ëE��40å:� Rn w
R �!K0ð�y0ð�Þ�ß�à

ÿ�� E, E′
' Æ�')(�æ5ñ�ç w ë Fréchet ´`µ�á�*�+�Ý=� �bð�ñ)�

Fréchet ´`µÃ�2�<��ñfü<� w *J© }�á�,����	-�.�ñ�ç w Ý�ë���ñ w0/ ù>�
1.
¨1�

f á�ÿ�´Lµ D f á�ÿE´Lµ D2 f = D(D f ) ý�K$ð�á�j*å&ÿ�´Lµ D3 f = D(D2 f ),½ �f��243<Æ45 * åZW
ë0ì�í�æ5ñ�ç w Ý�ëa��ñ2�
2. 687�(�æ5ñ�ç w ë���ç&´<µB��9;:1â!Ç
Ý ÷&< ' 5#
 ý É<Ê æb� 5�ñ2�
3. ����á$ø+�v�`� x�=�Ì }Lz�Þ�ß�à1ÿ�� '�9 û�Ü�æ
ñ2�
å`@ * =�Ì }�z�Þ�ß�à1ÿ���á�>�ø x � k á@?v �ß���A�� © ø�ñ��#�]ý�l�m$ë x Þ�ß�à1ÿ

� x ô Ì }�z�ë��*ñ w u�ì *J© ø�ñ)�� ¼ x Þ�ß�à�ÿ��0ë x 5+� ý�Þ�ß�à�ÿ��$ÝCB��&D w *?©7A�E �6�GF)H�s '�I Ü�æ�ñ “ JK�L ×Fÿ�� ”
'

f á�ì$í`ú w Û0ú#�NM;O�æ5ñ�ç w Ý�ë��0ñ�á<@�Ý�ý � k ë x&ö�÷ á�å$é�Þ
ß*à1ÿ�� w æ5ñ2��Þ�ß�à1ÿ��L� I Ü$D w æ5ñ&J K)L ×@ÿ�� ' ã8�Ã�PM;O�æ5ñ I�Q x W<Ç�s
5 9 á0ë���ñ2��R * � x 5�ø0�Å��ç<á2� '�S ñZÔ`Õ x A �0T;UÃ�@ð
å$ø��
M�V&WYX8Z lEm*ë x E, E′, . . .

x í Þ<ß�à0ÿB���f% * ý�ç�ð>� x ( [ '$\ 
vá`5�ø6��]

 ) ô Ì }�z�ë��*ñ w u�ì�æ
ñ&�
j�å U ⊂ E, U(⊂ E)

½ w øPù %)^`_���ðE8(ý çvð x ( [ 'C\ 
Pa!5�ø Ì 
 ) b U x E a
“ ���<� ” ë��*ñ1cE��ñ�ø x b E a “ ���<� ” U c��i_��0æ
ñ 9 a w æ
ñ2�

f : U(⊂ E)→ E′
x û�ü$ûè
 f _ U ë�ì$í î�ð E′

' ÛÃ� w ñ ¨	� ë��*ñ�ç w ��_d��æ
ñ 9 a w æ5ñ2� f _&Ò�Ó�ë��*ñ w x u�ì * 5�ø��
M-¤�¥

f : U(⊂ E) → E′
w æ�ñ&�`V!W�,�. (D f )x ∈

(

E , E′
) x }�a&Á<Â7��ä�å�æ w �sý

� x ∈ U ë`a f a ¤<¥ (Fréchet
¤�¥

)
w?° 80ð�ñ �Ä^6_da)o � ε

'&(+*Z© o � δ _:¦<§*J©

| f (x + ξ) − f (x) − (D f )xξ | ≤ ε | ξ | (x + ξ ∈ U, | ξ | ≤ δ)

_�	�

���0�
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ì�í��>�fehg ' µ���ñ�ê�ù ' ý6´�µ (D f )x
x ¦�§5æ*ð�8=Æ`_ ' ìej�ñ��!´�µ (D f )x ∈

(

E , E′
) _:¦6§�æ5ñ�ç w �%ý f

x
x ë ¤6¥Lª�« ë��*ñ w 9 øPùD�

U a)²6� x ë (D f )x _�¦6§�æ
ñ w � ¨�� D f : U →
(

E , E′
) �

(D f ) : x 7→ (D f )x

ë�ì�í * ýPç�ð���å=¸ ' f a�´`µ (Fréchet ´<µ )
w?°6± � D f _=¦6§�æ
ñ
ç w � f

x ´`µ
¶E·�ë��*ñ w 9 øPùv�
i$j

. E = Rn, E′ = R aZë���k f a)´<µ w x ´<µ&%da1l�m;n ó`oqp�¨�� a b ÿ<´<µ8csr�tu@vPu�w �
Í�Î

3.1. f : U(⊂ E)→ E′ xfysz � f {)´6µ0¶�· u|v	} Ò�Ó`nY~ z �
�h� ´6µ0¶�·`a������s��k ε = 1 r���� ©���� δ _)~q� © k

| f (x + ξ) − f (x) − (D f )xξ | ≤ | ξ | (x + ξ ∈ U, | ξ | ≤ δ)

y u4�s�

| f (x + ξ) − f (x) | ≤ (1 + | (D f )x |) | ξ | (x + ξ ∈ U, | ξ | ≤ δ)

����� v
f afÒ�Ó!Á�{�� v � n)~Lû���� �

�N�������
f : U(⊂ E)→ E′, x ∈ U, ξ ∈ E xfyqz �

(Dξ f )(x) ∈ E′ {C�)�`a��8����� p y x4¡ r f ¢ x nY¢ ξ-
�d�&£��8� x�¤ }C¥ z§¦

lim
t→0

1
t

( f (x + tξ) − f (x) ) = (Dξ f )(x),

y u4�s��¨&© ¢ ��ª ε r1��� ��ª δ «)~q��¬
∣
∣
∣ f (x + tξ) − f (x) − t(Dξ f )(x)

∣
∣
∣ ≤ ε | t | (x + tξ ∈ U, | t | ≤ δ)

«C­®�°¯;±$� ξ- ²;³8¢1´�µs{1�$¶ � v � v � r�· ©�¸ nY~ z �
f « U ¢�¹�ºhn ξ- ²s³�¢�´�µ��Y»�±G¼8½sr)¾ ª Dξ f : U → E′ �

(Dξ f ) : x 7→ (Dξ f )(x)

n���¶¿�Nk � ¥ � p�À r f ¢ ξ-
�@�8£��Y� x�¤�Á � Dξ f «$Â)Ã ysz ¼Y½dr�k f { ξ-

�@�
Ä ���YÅYÆ x » w �0�

13



ÇsÈ
3.2. f {4´`µ)É�Ê u�v�}4¨)© ¢ ξ r��Ë�1¬ ξ- ²@³hr4´`µ8É�Ê;nq~ z �;Ì|�1¬ � ¢

xC¡
(D f )xξ = (Dξ f )(x) (x ∈ U)

«C­®�°¯;±$�
�h� ��� � vÍ¨�© ¢ ��ª ε r1����¬CÎ�¢�Ï��	� p y �h� u �8ª δ «Y~ zÐ¦

∣
∣
∣ f (x + ξ′) − f (x) − ( D f )x ξ

′
∣
∣
∣ ≤ ε

∣
∣
∣ ξ′

∣
∣
∣

( ∣
∣
∣ ξ′

∣
∣
∣ ≤ δ

)

��ª
δ′ � δ′ = δ/ | ξ |

u z �;��r�Ñ zsx k | t | ≤ δ′ u z t r1�Ò�	¬ tξ {�Ó�Ïd¢ ξ′ r�Ô8Õ y
z � x «�n ¡ ¬

| f (x + tξ) − f (x) − t(D f )xξ | ≤ ε
′ | t | (| t | ≤ δ′)

��Ö z � ��� n ε′ = ε | ξ | � y u$�q� (Dξ f )(x) «CÂ�Ã×� (D f )xξ r�Ø¿� w � �

�	ÙqÚ��)�
f : U(⊂ E) → E′ x �fk f {�´�µ�É;Ê xPyqz � D f : U →

(

E , E′
) «dÛ v r

´�µ$É;Ê`¢ x4¡ k y u��q�

D2 f (= DD f ) : U →
(

E ,
(

E , E′
) )

�
(

E, E ; E′
)

«CÂ�Ã y;z�xC¡ k f { 2 Ü �8�YÅ`Æ n)~ zsx w�w k D2 f : U →
(

E, E ; E′
) � f ¢ 2

Ú�£
��� x	¤&Á �Ý �qÞ0ß¿� x k�àYá8â (D2 f )x ∈

(

E, E ; E′
)

�
(

E ,
(

E , E′
) ) { ¨�© ¢ �8ª ε rG�×��¬��ª

δ «CÂ�ÃÒ��¬
∣
∣
∣ (D f )x+ξ − (D f )x − (D2 f )xξ

∣
∣
∣ ≤ ε | ξ | (x + ξ ∈ U, | ξ | ≤ δ)

«4­ã�ä¯q± x$¡ k F ¢ x ∈ U n`¢ 2 å)¢G´8µ x�¤ }C¥ z � U ÓY¢ y o ¬`¢�º x n f ¢ 2

å�´�µ (D2 f )x «4Â�Ã yqz�xC¡ kd¾ ª D2 f : U →
(

E, E ; E′
) « D2 f : x 7→ (D2 f )x rq�s�

�$¶ Û ¥ z �¨s© ¢ ��æ�ª r r)�ç�$¬ f « r è`´�µ�É Ê�n@~ z � x�x f ¢ r å�¢)´�µ Dr f :

U →
(

E . . .E
︸ ︷︷ ︸

r

; E′
) »	éYê ¸ rC�)¶ëÛ ¥ z � y u��d� f « r − 1 èsì�n&´Yµ)É�Êhn�¾ ª

Dr−1 f : U →
(

E . . .E
︸ ︷︷ ︸

r−1

; E′
) «4�&¶ Û ¥ ¬ w zsxC¡ k Dr−1 f «�Û v r�´�µ$ÉhÊ u@v�} f { r

Ü ���YÅYÆ nY~ zsx w�w kd¾ ª
Dr f (= DDr−1 f ) : U →

(

E ,
(

E . . .E
︸ ︷︷ ︸

r−1

; E′
) )

�
(

E . . .E
︸ ︷︷ ︸

r

; E′
)

14



� f ¢ r
Ú�£���� x	¤�Á �

2 å4�`Ó8¢1´�µs{ ÙhÚ8£��8� x�¤ }C¥ z �
Îdr�íYî�´8µ�É;Ê��|����¶ë���;�ï� f « r èGÉ)´8µ;n � ± Dr f : U →

(

E . . .E
︸ ︷︷ ︸

r

; E′
) «

í8î�¾ ª ¢ x4¡ k f { r Ü1ð&ñdò Ä �8�)ÅYÆ n)~ zsx � Cr ó n)~ zsx�¤ }G¥ z �
Î�¢1ô$õd{�ö1÷ ¸ r�� v � n$øq��{�ù�ú xÍû �8¥ z �
ü&ý

3.3. r � ��æ8ª xNy;z � f « r è [ í)î ] ´�µ&ÉhÊ u|v�} k D f { r − 1 è [ í)î ] ´�µ
ÉhÊ�n4k

Dr−1(D f ) = Dr f

«C­®�°¯;±$�4þ�r D f «4Â�Ã��	¬CkqÌ ¥ « r − 1 è [ í)î ] ´�µ$É;Ê u@v�} f { r è [ í8î ]

´�µ$É;Ê�nY~ z �
�fÿ�£��������

ψ : E′ → E′′ {	��
���
 x ��� y;z �s¾ ª f : U(⊂ E)→ E′ r1�����d¾ª
ψ ◦ f : U → E′′ �������Y{ f ¢ ÿd£ ψ

Ä���� ��� x�¤&Á � x��4yqz �
Î�¢ “ ��� ” {�����¢ � x�x0û ��¥ z «��)·��)øq�`� �"!4¬�#ëÞ �

ÇqÈ
3.4. ψ : E′ → E′′ {$��
%��
 x �Y� y�z � f « [ íhî ] ´Yµ)É�Ê u�v1} �'&�¢���


ψ ◦ f { [ íYî ] ´�µ$É;Ê'�
( D(ψ ◦ f ) )x = ψ ◦ ( D f )x (x ∈ U) (26)

«C­®�°¯;±$��ß w 
)( zsx
D(ψ ◦ f ) = ψ∗ ◦ (D f ) (27)

«C­®�°¯;±$� ��� � ψ∗ { (6) �C�&¶�Û ¥ z ��
'��
 (

E , E′
)

→
(

E , E′′
) �)~ z �

�h� ��� � v

| f (x + ξ) − f (x) − (D f )xξ | ≤ ε | ξ | (| ξ | ≤ δ),

* ( �
| (ψ ◦ f )(x + ξ) − (ψ ◦ f )(x) − (ψ ◦ (D f )x)ξ | ≤ ε |ψ | | ξ | (| ξ | ≤ δ).

±hì�� ψ ◦ f {�´�µ&ÉhÊ'� (26) «C­���¯q±$� (26) {
(D(ψ ◦ f ))x = ψ∗ ((D f )x) = (ψ∗ ◦ (D f ))x (x ∈ U).

15



¢;�h� � � ¡ 
"( z � x «'� ¡$z � v � (27) «4­®�°¯;±&�
í8î�´�µ$É;Ê4��{×Ï (27)

� v � v � �)~ z � �

Ç`È
3.5. ψ : E′ → E′′ {+��
��'
 x �)� ysz � f « r è [ íYî ] ´�µ�ÉsÊ u�v�} �'&�¢	�


 ψ ◦ f » r è [ íYî ] ´�µ$É;Ê'�
( Dr(ψ ◦ f ) )x = ψ ◦ (Dr f )x (x ∈ U), (28)

Dr(ψ ◦ f ) = ψ∗r ◦ (Dr f ) (29)

«C­®�°¯;±$� ��� � ψ∗r { (7) �C�&¶ Û ¥ z ��
'��
,�Y~ z �
�h�

r � ± w ¬Y¢�é�ê'- � � z �
r = 1 ¦ � ¥ {���� 3.4 �)~ z �
r > 1 ¦ é�ê�-s¢1��� � �q�

Dr−1(ψ ◦ f ) = ψ∗r−1 ◦ (Dr−1 f )

Dr−1 f {�É8´�µ). � v �4��� 3.4 �0/ �21 �43q�h� � Ì�¢	&s¢4��
'��
���5�6 Dr−1(ψ ◦ f )7 É8´�µ%��5�61� � ¥ � D ��à�á@Û28�6"9
DDr−1(ψ ◦ f ) = D(ψ∗r−1 ◦ (Dr−1 f ))

= ψ∗r ◦ (DDr−1 f )
:�; �s�

(29) �	Ö<61� (29) � � ¡ 
)(�6"9
( Dr(ψ ◦ f ) )x = ψ∗r

(
( Dr f )x

)

= ψ ◦ ( Dr f )x (x ∈ U),

:�; �s�
(28) �	Ö<61� ��� �Cô&õ 1.10 ��á>=�3G� �

�	ÙhÚ����@?��d�	��� ��� � 7 ì+A4Î�¢	B��|��øq� : 61�
ÇYÈ

3.6. f : U(⊂ E) → E′ 9�CD� r ��E æ�ª � ξ ∈ E 9 : 61� f « r è [ í)î ] ´�µ$ÉqÊ ;FHG
Dξ f

7
r − 1 è [ íYî ] ´�µ&ÉhÊ'�I�

(

Dr−1
(

Dξ f
) )

x
(η1 . . . ηr−1) = ( Dr f )x (η1 . . . ηr−1, ξ) (30)

«C­KJ°¯;±$�ML'L2� x ∈ U, ηi ∈ E.

N>O ��
'��
 ψξ :
(

E , E′
)

→ E′ �
ψξ(A) = A(ξ)

16



��B$¶ : 6"9P�
(

ψξ ◦ (D f )
)

(x) = ψξ ( (D f )x ) = (D f )x(ξ)

=

(

Dξ f
)

(x),

ψξ ◦ (D f ) = Dξ f

«C­KJ°¯;±$� :�;$Q�R Dξ f
7

D f ¢+&s¢	��
'��
,��5�61� D f
7

r − 1 è [ í)î ] ´�µ�ÉhÊ* (+�'B�� 3.4 �,S J Dξ f »Cì�3 r − 1 è [ í8î ] ´�µ�ÉhÊ����
(

Dr−1
(

Dξ f
) )

x
= ψξ ◦

(

Dr−1D f
)

x

:�;$Q)R
(

Dr−1
(

Dξ f
) )

x
(η1 . . . ηr−1) = ψξ

( (

Dr−1D f
)

x
(η1 . . . ηr−1)

)

=

(

Dr−1D f
)

x
(η1 . . . ηr−1)(ξ) =

(

Dr−1D f
)

x
(η1 . . . ηr−1, ξ).

�

T
3.7. f : U(⊂ E) → E′ 9�CU� r ��E æ8ª � ξ1 . . . ξr ∈ E 9 : 61� f « r è [ íYî ] ´8µ&É

Ê ; F2G � Dξ2 . . .Dξr f «4Â�ÃVC [ í)î ] ´�µ$ÉhÊ����
(

Dξ1 Dξ2 . . .Dξr f
)

(x) = ( Dr f )x (ξ1 . . . ξr) (x ∈ U) (31)

N>O
r = 1 ¦ / � 3.2 � 1 C	3G�

r > 1 ¦ Dξr f
7

r − 1 è [ íYî ] ´�µ&ÉhÊ��
(

Dr−1
(

Dξr f
) )

x
(ξ1 . . . ξr−1) = ( Dr f )x (ξ1 . . . ξr−1, ξr).

·$²���é�ê'-�¢	W�B � F
(

Dξ1 . . .Dξr−1(Dξr f )
)

(x) =
(

Dr−1(Dξr f )
)

x
(ξ1 . . . ξr−1).

L ¥XF � F (31) ��Ö�61� �

·�Y � Fréchet Z�åC´�µ|�H[ À .+\�Ï 7 Ì�¢)ì�ì$� 74]�^ ¸ ��_�`,�%5�6C«$�qÓ)¢ S �� ²q³�´�µ>�0a@C�¬�b%6)9 :"c ¡ J : 6%L%9N«�d)=C�

17



�e�>f@£+�����>�
f : U(⊂ E) → E′ 9�C � ϕ : E0 → E

7 ��
>��
g9 : 64�ML$¢M9 ¡
¾ ª f ◦ ϕ : V → E′ �2���<� 7 ¾ ª f ¢ ϕ

Ä,��� �%f��>� 9 ¤)Á L�9 � : 6C�hL�L0�
V = ϕ−1(U) ⊂ E0 ��5%6���&s¢4��
i9Hj0k'��� ª ��
 � ±�=$¬d» Î�¢	B��q«4­lJ�¯;±$�
ü&ý

3.8. f «�ÉY´�µ ; FHG f ◦ ϕ
7 É8´�µ>���

( D( f ◦ ϕ) )y = (D f )x ◦ ϕ (y ∈ V, x = ϕ(y)) (32)

«C­KJ°¯;±$�
N>O W'B � F

∣
∣
∣ f (x + ξ) − f (x) − ( D f )x (ξ)

∣
∣
∣ ≤ ε | ξ | (x + ξ ∈ U, | ξ | ≤ δ).

ϕ
7 í)î<. � F E ª δ′ «�Â8ÃVC η ∈ E0, | η | ≤ δ′

; F�G
|ϕ(η) | ≤ δ 9 ; 6 ( δ′ = δ/ |ϕ | 9

#%! G4m µ>��5�6 ) � * ( � η ∈ E0, y + η ∈ V , | η | ≤ δ′
; 6 η �+n C	¬ 7

| f (x + ϕ(η)) − f (x) − (D f )x(ϕ(η)) | ≤ ε |ϕ(η) | ≤ ε |ϕ | | η |

±hìoJ
| ( f ◦ ϕ)(y + η) − ( f ◦ ϕ)(y) − ( (D f )x ◦ ϕ ) (η) | ≤ ε′ | η | (| η | ≤ δ′)

��5�61�hL'L�� ε′ = ε |ϕ | 9 #�=�3�� S c ¬ f ◦ ϕ
7
y �CÉ8´�µ>� (32) «4­KJ°¯;±�� �

��
���
 ϕ : E0 → E �4n C ϕ∗ :
(

E , E′
)

→
(

E0 , E′
) �

ϕ∗(A) = A ◦ ϕ

��B$¶ : 6"9P� ϕ∗ 7 ì�3	��
���
,��5�61�hL ¥ � pË��9ÍÏ (32)
7

( D( f ◦ ϕ) )y = (D f )x ◦ ϕ = ϕ
∗ ( (D f )x )

= ( ϕ∗ ◦ (D f ) )x

9q� ¡ 
)( F ¥ 6�� :�;$Q)R f «CÉ8´�µ ; FHG f ◦ ϕ
7 É)´�µ>�

D( f ◦ ϕ) = ϕ∗ ◦ (D f ) ◦ ϕ (33)

«C­KJ°¯;±$�
(32) �	²q³1´�µ%��a : 9

(

Dη( f ◦ ϕ)
)

(y) =
(

Dξ f
)

(x)

«CÖ F ¥ 61�ML'L2� η ∈ E0, ξ = ϕ(η). L ¥ « :�r ¬Y¢ y ∈ V �C­�¯<. � Fts'u
Dη( f ◦ ϕ) =

(

Dξ f
)

◦ ϕ (34)

18



ü&ý
3.9. f « r è [ íYî ] ´�µ&ÉhÊ ; F2G f ◦ ϕ

7
r è [ í)î ] ´�µ$É;Ê'�

( Dr( f ◦ ϕ) )y ( η1 . . . ηr ) = (Dr f )x ( ξ1 . . . ξr ) (y ∈ V, x = ϕ(x)), (35)

±hìoJ
Dη1 . . .Dηr ( f ◦ ϕ) =

(

Dξ1 . . .Dξr f
)

◦ ϕ (ηi ∈ E0, ξi = ϕ(ηi)) (36)

«C­KJ°¯;±$�ML'L2� ηi ∈ E0, ξi = ϕ(ηi) ∈ E (i = 1 . . . r) ��5�6��
N>O

r � ±�=&¬Y¢�é�ê'- �,S 6��
r = 1 ¦ L ¥ 7 : � � 3.8 �$øq�"C43��
r ≥ 2 ¦ r− 1 ì0� 7 ­$¯@9PW�B)� f « r è1É)´�µ ; F G D f

7
r− 1 è�É8´�µ>���Né�ê'-s¢

W�B S J (D f ) ◦ ϕ
7

r − 1 è�É)´�µ%��5%6�� (33) � p�= D( f ◦ ϕ) = ϕ∗ ◦ (D f ) ◦ ϕ
7

r − 1

è1É8´�µv9�µ � 6 ( &s¢4��
'�'
<. � F ) � :�;IQ)R f ◦ ϕ
7

r è�É)´�µ%��5�6��
Û F � é�ê'-�¢	W�B � F

Dη2 . . .Dηr ( f ◦ ϕ) =
(

Dξ2 . . .Dξr f
)

◦ ϕ

«C­$¯@C�¬�=%61� 3.7 �,S J+L ¥ 7 É)´�µ>�
Dη1 Dη2 . . .Dηr ( f ◦ ϕ) = Dη1

( (

Dξ2 . . .Dξr f
)

◦ ϕ
)

=

(

Dξ1 Dξ2 . . .Dξr f
)

◦ ϕ

��Ö<61�hL'L�� (34) ��á,=�3�� S c ¬ (36) »Pøs�;Û ¥ 3G� �

��wHf�£�ÿd£4x'y@?{z8�hw2f
f : U(⊂ E) → E′ 9 : 61����
<j4| ψ : E′ → Rm �,S 6 f

¢4&s¢4��
 ψ ◦ f : U → Rm �����,� 7 ψ
Ä����

f
£�ÿ�£�x'y 9 ¤&Á �

B�� 3.3
� F Î�¢,L%9 7 � F � ��5�6 ¦

ü&ý
3.10. f

7
f ¢4&�¢2a 1 ψ ◦ f « r è [ íYî ] ´�µ$ÉqÊ`¢�9 ¡ � � ±YÌ�¢<9 ¡$��} c ¬

r è [ í8î ] ´�µ&É;Ê'�
(Dr(ψ ◦ f ))x = ψ ◦ (Dr f )x (x ∈ U)

«C­KJ°¯;±$�
¹ i = 1 . . .m �	n C πi : Rm → R �

πi : (x1 . . . xm) 7→ xi

��B$¶ : 6"9P� πi
7 � F � � ��
���5�6��

19



F : U(⊂ E)→ Rm �4n C
Fi = πi ◦ F (i = 1 . . .m)

��B8¶¿Û ¥ 6`¾ ª Fi : U → R (i = 1 . . .m) � F ¢ z`�Vw	f 9 ¤YÁ 9U��Î@¢�B���«&­~J
¯;±��
ÇsÈ

3.11. r ��E æhª 9 : 6�� F « r è [ í;î ] ´`µ)ÉdÊ ; F+G F ¢ :>r ¬s¢�­hµ�¾ ª
F1 . . .Fm

7
r è [ í8î ] ´�µ&É;Ê'�

( Dr(πi ◦ F) )x = πi ◦ ( DrF )x (x ∈ U) (37)

«C­�J�¯s±��$þ � :�r ¬Y¢�­�µd¾ ª « r è [ í)î ] ´�µ�ÉhÊ ; F2G F
7

r è [ í)î ] ´8µ$É
Ê'��5�6��
N�O~��� 7 &d¢	��
 � ±%=�¬;¢4·�Y��,� F4�MF ���8�h�$��Ì)¢�þ�� 1 : �&ø � 7 r � ±
=$¬Y¢1é�ê'-@�Hpi�{�
r = 1 ¦ x ∈ U �+�0B : 6	��W�B>� F � ¨&© ¢�E ª ε �	n C�¬$�%5�6 E ª δ «�5 c ¬�� :�r
¬Y¢ i = 1 . . .m � ±�=�¬

∣
∣
∣ πi ◦ F(x + ξ) − πi ◦ F(x) − ( D(πi ◦ F) )x ξ

∣
∣
∣ ≤ ε | ξ | (| ξ | ≤ δ)

«C­KJ°¯;±��MLG¢<9 ¡ Ax ∈
(

E , Rm ) �
πi ◦ Ax = ( D(πi ◦ F) )x (i = 1 . . .m)

���)3 : »G¢�«��4·)±�5�6	� :%;$Q�R
| πi ◦ F(x + ξ) − πi ◦ F(x) − πi ◦ Axξ | ≤ ε | ξ | (| ξ | ≤ δ)

��� Rm ¢������Y¢	B&¶�� F 3�. R �
| F(x + ξ) − F(x) − Axξ | ≤ ε | ξ | (| ξ | ≤ δ)

«+�,� ¥ 6	� S c ¬ F
7 É8´�µ>��5�64�

r > 1 ¦ r − 1 ì$� 7 B'�d¢4���)«�EiC�=M9�W'B : 60� : 6<9 F1 . . .Fm « r è�´�µ�É;Ê ;FHG �
∣
∣
∣
∣

(

Dr−1(πi ◦ F)
)

x+ξ
−

(

Dr−1(πi ◦ F)
)

x
− ( Dr(πi ◦ F) )x ξ

∣
∣
∣
∣ ≤ ε | ξ | (| ξ | ≤ δ, i = 1 . . .m)

5�6$= 7
∣
∣
∣ πi ◦ (DF)x+ξ − πi ◦ (DF)x − ( Dr(πi ◦ F) )x ξ

∣
∣
∣ ≤ ε | ξ | (| ξ | ≤ δ, i = 1 . . .m)

20



9$L��C« Ax ∈
(

E1, . . . , Er ; E′
)

(E1 = · · · = Er = E) �
πi ◦ Ax = ( Dr(πi ◦ F) )x (i = 1 . . .m) (38)

���)3 : »G¢�«��4·)±�5�6	� * ( � � 9 j0k��
∣
∣
∣ (Dr−1F)x+ξ − (Dr−1F)x − Axξ

∣
∣
∣ ≤ ε | ξ | (| ξ | ≤ δ)

«+�,� ¥ � Dr−1F ¢�É)´�µ��;«�ø � Û ¥ 6	� :%;$Q�R D
7

r èC´�µ�ÉhÊ'��5�6	�
Ï 7

( Dr(πi ◦ F) )x = πi∗ ( ( DrF )x ) (x ∈ U)

9q� ¡ 
)( F ¥ 64� :�;$Q)R
Dr(πi ◦ F) = πi∗ ◦ (DrF) (i = 1 . . .m)

L'L4� F DrF «Cí`î ; F�G Dr(πi ◦ F) « :�r ¬Cí`î ; 6,L%9�� ; FH� � Ì)¢�þ 7 �oF �
��5����{� �

T
3.12. ¹ i = 1 . . .m � ±�=�¬ ψi : E′ → R

7 ��
)� ψ(η) = (ψ1(η) . . . ψm(η)) �$B�¶×Û ¥
6�¾ ª ψ : E′ → Rm 7 ��
)j+|,��5�6)9PW�B : 64�

f : U → E′ 9 : 6	�hLG¢<9 ¡ f « r èC´�µ$É;Ê ; F2G ψi ◦ f
7

r èC´�µ$ÉqÊ'�
( Dr(ψi ◦ f ) )x = ψi ◦ ( Dr f )x (x ∈ U) (39)

«C­KJ°¯;±���þ � :�r ¬Y¢ ψi ◦ f « r èG´�µ&ÉhÊ ; F2G f
7

r èG´�µ$É;Ê���5�64�
��w�f�£	��f�£	x�y

f : U(⊂ E) → E′ 9 : 6	���'
)j+| ϕ : Rn → E �"S 6 f ¢	� ª �

 f ◦ ϕ : V → E′ �e����� 7 ϕ

Ä����
f
£��'f'x�y 9 ¤�Á �hL'L�� V = ϕ−1(U).

B�� 3.8 � F �&Î 7 ��F �'��5��<� ¦
ü&ý

3.13. f
7

f ◦ ϕ « r è [ í)î ] ´8µ$ÉhÊh¢<9 ¡ ����±`Ì�¢<9 ¡0��} c ¬ r è [ í8î ] ´
µ$ÉhÊ���5�6	�

f : U(⊂ Rn)→ R 9�CU� { e1 . . . en } � Rn ¢	���'�'�v9 : 6<9{�
De j f =

∂ f
∂x j ( j = 1 . . . n)

«C­KJ°¯;±��ML ¥ 7 B&¶,� FH�hF ����5����{���`�
D j = De j ( j = 1 . . . n)

¢I�	���	á,=%6	�
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�	ÙhÚ�����£��'���
� ý

3.14. f : U(⊂ Rn)→ R 9 : 6	� f « r èG´�µ$É;Ê ; FHG
D j1 D j2 D j3 . . .D jr f = D j2 D j1 D j3 . . .D jr f (40)

N�O
j3 . . . jr �I��B@Ce� g = D j3 . . .D jr f 9 #¿Þ�9���W�B>� F :'r ¬;¢ j2 = 1 . . . n �+n C

¬ D j2g «CÂ�ÃXC0É)´�µ,��5�64� S c ¬$B�� 2.5 [Young] �,S J D j1 D j2g = D j2 D j1g �

� ý
3.15. f : U(⊂ Rn) → R 9 : 60� f « r è�´8µ&ÉsÊ ; F�GG¨&© ¢ j1 . . . jr ∈ { 1 . . . n }�4n C	¬

D j1 . . .D jr f = D jσ(1) . . .D jσ(r) f (41)

«C­KJ°¯;±�� :�;$Q�R
(Dr f )x

(

e j1 . . . e jr

)

= (Dr f )x

(

e jσ(1) . . .e jσ(r)

)

(x ∈ U) (42)

«C­KJ°¯;±��ML'L2� σ
7V� ½ { 1 . . . r } ¢ ¨$© ¢��	
,��5�64�

N>O
r � ¾ : 6�é8ê�- �,S 6	� r = 1 ¦ ø � ù$ú��

r > 1 ¦ r − 1 ì�� 7 ôYõ�¢����q«�­�J0¯ c ¬�=<6M9 W>B : 6I� : 6M9 j1 �'��B : 6
j1 . . . jr ¢ ¨$© ¢��	
�¢&����Ï

D j1 . . .D jr f (43)

7 ù��,��5�6	��·$²�� 2 ≤ s ≤ r 9 : 6)9 � ¢	�$õ 90é�ê'-s¢+W�B>� F
D j1 D j2 . . .D js . . .D jr f = D j1 D js . . .D j2 . . .D jr f

= D js D j1 . . .D j2 . . .D jr f = D js D j2 . . .D j1 . . .D jr f .

±;ìMJ j1 9 js ¢�¡�
d¢&�'�d» (43)
7 ù����%5�6+� s�u � j1 . . . jr ¢ :�r ¬`¢4¡'
�¢&���

(43)
7 ù��>��� j1 . . . jr ¢ ¨&© ¢��4
 7 ¡�
d¢4¢<.$� F (41) «C­lJ�¯q±I� �

ÇYÈ
3.16. f : U → E′ 9�C�� f

7
r èG´�µ$ÉqÊ£9 : 64�

LC¢�9 ¡ (Dr f )x ∈
(

E . . .E
︸ ︷︷ ︸

r

; E′
) 7 n'¤ ¸ ��5%60�)±qìhJ σ � � ½ { 1 . . . r } ¢ ¨&© ¢

�4
i9�C�¬
(Dr f )x ( ξ1 . . . ξr ) = (Dr f )x

(

ξσ(1) . . . ξσ(r)
)

(44)

«C­KJ°¯;±��
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N>O 7"¥2¦ � E′ = R 9{W�B : 6	����
'��
 ϕ : Rr → E �
ϕ(e j) = ξ j ( j = 1 . . . r)

�$B�¶ : 6�9D��W�B,� F f ◦ ϕ : V → E′
7

r è4´8µ�ÉsÊ��ML'L	� V = ϕ−1(U) 9�#%=�30�
y ∈ V , x = ϕ(y) 9 : 6"9

(Dr( f ◦ ϕ))y(e j1 . . . e jr ) = (Dr f )x(ξ j1 . . . ξ jr ).

L�L	��§�¨�« j1 . . . jr ¢ ¨�© ¢'�0
|¢�����ù��o.�� FD© ¨ë»�ù��>�XC03$« c ¬ (44) «$­
J�¯;±��
E′ «;·,Yë¢�ª } Îo«�¬V­¯®P��°V±d¢@9 ¡ 7 j'| E′ � Rm ��²o(q¬>� f ¢'&×¢�a 1
F = (F1 . . .Fm) ��²�(�¬�b ¥�G µ,��6	�&¹�­8µd¾ ª Fi

� ±�=�¬ (DrFi)x « n�¤ ¸ .�� F
(DrF)x

7 n�¤ ¸ ��5�64�³C434« c ¬ (Dr f )x
7 n'¤ ¸ ��5%64� �

�	ÙhÚ����@?��d�	���
( ´'µ"¶ )

� ý
3.17. (e1, . . . en) � E ¢4�'�@9 : 6	� : 6)9 A ∈

(

E , R
) �	n C

ψ(A) = (ψ1(A) . . . ψn(A))
ψ j(A) = A(e j) ( j = 1 . . . n)

��B$¶�Û ¥ 6H·�¸ ψ :
(

E , R
)

→ Rn 7 ��
"j4|���5%64�
» c 9ï·�Y � A ∈

(

E . . .E
︸ ︷︷ ︸

r

; R
) �4n C

ψ(A) =
(

ψ j1... jr (A)
)

j1 ... jr

ψ j1... jr (A) = A(e j1 . . . e jr ) ( j1 . . . jr ∈ { 1 . . . n })

��B$¶�Û ¥ 6H·�¸ ψ :
(

E . . .E
︸ ︷︷ ︸

r

; R
)

→ Rnr 7 ��
)j	|,��5�64�
N>O ø � 70¹ Û%C2=8¢I�$º�» �2¼�½ 6	� �

Ç�È
3.18. f : U(⊂ Rn) → R � r ≥ 2 9 : 6�� :,r ¬d¢ j2 . . . jr ∈ { 1 . . . n } � ±)=h¬

D j2 . . .D jr f «&ÂYÃ C��&Éh´Yµ ; F	G Dr f «&Â`Ã : 6 ( ±�ìVJ Dr−1 «&ÂYÃKC��$Éh´Yµ"�
5�6 ) �
N>O

r � ±�=&¬Y¢�é�ê'-�� p �{�
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r = 2 ¦ D j f «$Â)ÃVC�¬CÉY´)µ ; F�G �v9qÞ � D j f
7 íYî���5>6 ( j = 1 . . . n) �hL4¢�9 ¡

B�� 2.1 �)S J D f «CÂ�Ã : 64� ψ j � �$õ 3.17 ��B&¶ Û ¥ 38¾ ª 9 : 6)9P�
ψ j ◦ (D f ) = D j f ( j = 1 . . . n)

9 ; 6	� : 6"9PW�B%� F ψ j ◦ (D f )
7 :�r ¬CÉ8´�µ>��5�64� S c ¬ D f

7 É)´�µ��
r > 2 ¦ j3 . . . jr ��·�¾'�0BXC	¬�#ëÞ�9{�0W�B%� F D j2 (D j3 ... jr ) f

7 :�r ¬Y¢ j2 = 1 . . . n � ±
=$¬�í)î%��5�6�� F � D j3 ... jr f

7 É8´�µ).o9 Q �>64�
é�ê�-�¢4W'B S J Dr−1 «4Â�Ã�� ψ j2... jr � �&õ 3.17 ��B&¶ Û ¥ 3Y¾ ª 9 : 6"9

ψ j2... jr ◦ (Dr−1 f ) = D j2 . . .D jr f

: 6)9PW�B>� F ψ j2 ... jr ◦ (Dr−1 f )
7 É8´�µ�� S c ¬ Dr−1 f

7 É8´�µ%��5�64� �

T
3.19. f : U(⊂ Rn) → R � r ≥ 1 9 : 6'� :)r ¬|¢ j1 . . . jr ∈ { 1 . . . n } � ±o=q¬

D j1 . . .D jr f «8ÂqÃKC	í�î ; F�G � Dr f «8ÂqÃ�CPí�î��"5"6 ( f
7

r è�í�îh´qµ`É�Ê��
5�6 ) �
N,O

D j1(D j2 . . .D jr f ) «�Â8ÃvC�íYî".�� F D j2 . . .D jr f
7 É)´8µ>�%5%6	� : 6<9PB�� 3.18�,S J Dr f «CÂ8Ã���W�B%� F

ψ j1... jr ◦ (Dr f ) = D j1 . . .D jr f

7 í8î".$� F � Dr f
7 í8î>��5%64� �

3.2 ¿�ÀVÁ Â�ÃÅÄ�ÆiÇ�È
�f�)�d£4�%�'�

f , g : U(⊂ E) → E′ 9 : 6	� f , g «£9&» � r è [ íYî ] ´)µ�ÉqÊ ; F4G �
f + g : U → E′ » r è [ í)î ] ´�µ�ÉhÊ'�$�

D( f + g) = D f + Dg (45)

«4­�J°¯q±���ì�3 f « r è [ í`î ] ´�µ�ÉqÊ ; F2G � ¨�© ¢+B ª c �+n C�¬ c f » r è [ í
î ] ´�µ$É;Ê��

D(c f ) = c(D f ) (46)

«C­KJ°¯;±��ML ¥XF �	´�µ�¢ ����� 9H=M�P����
)��¢�ø � 74É�Ê ��5�6$¢I���'º�»�¢+Ë�ÌÍ õi9 : 6	�
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�UÎ�Ï'Ð�£4Ñ�£��)��Ò
U ⊂ E, f : U →

(

E2 , E3
)

, g : U →
(

E1 , E2
) 9 : 6+�hLC¢o9 ¡

f 9 g ¢ Ñ f · g : U →
(

E1 , E3
) «

( f · g)(x) = f (x) · g(x) = f (x) ◦ g(x) (x ∈ U)

��B$¶�Û ¥ 6	� f · g
7 �Y��� 7 f g 9 ��Ó�Û ¥ 6	�

Ç`È
3.20. U ⊂ E, f : U →

(

E2 , E3
)

, g : U →
(

E1 , E2
) 9 : 6+� f , g «X94» � ´8µ�É;Ê; FHG ��¢ f g »f´8µ$É;Ê'�$�

(D( f g))xξ = ( (D f )xξ ) g(x) + f (x) ( (Dg)xξ ) (x ∈ U, ξ ∈ E) (47)

«C­KJ°¯;±��
N>O

x ∈ U 9 : 64��W'B S J f , g
7 ´�µ&ÉhÊ�.I� F0¨$© ¢�E ª ε �	n C	¬+E ª δ «�5 c ¬

| f (x + ξ) − f (x) − Axξ | ≤ ε | ξ | (| ξ | ≤ δ) (48)

| g(x + ξ) − g(x) − Bxξ | ≤ ε | ξ | (| ξ | ≤ δ) (49)

| g(x + ξ) − g(x) | ≤ ε (| ξ | ≤ δ) (50)

L�L	� Ax = (D f )x ∈
(

E ,
(

E2 , E3
) )

, Bx = (Dg)x ∈
(

E ,
(

E1 , E2
) ) 9 #%=>3$� (50) � F

9`Þ �
| g(x + ξ) | ≤ | g(x) | + 1 (| ξ | ≤ δ). (51)

��Ö<6	� (48) Ô (51) � F
| f (x + ξ)g(x + ξ) − f (x)g(x) − ((Axξ)g(x) + f (x)(Bxξ)) |
≤ | f (x + ξ)g(x + ξ) − f (x)g(x + ξ) − (Axξ)g(x + ξ) |
+ | (Axξ)g(x + ξ) − (Axξ)g(x) | + | f (x)g(x + ξ) − f (x)g(x) − f (x)(Bxξ) |

≤ ε | g(x + ξ) | | ξ | + ε | Ax | | ξ | + ε | f (x) | | ξ |
≤ εM | ξ | (| ξ | ≤ δ)

(52)

L�L2� M = |Ax | + | f (x) | + | g(x) | + 1 9e#�=�3+�
§I¨�¢ ξ ∈ E ¢)¾ ª

Px(ξ) = (Axξ)g(x) + f (x)(Bxξ) ∈
(

E1 , E3
)

7
ξ � ¾,C�¬���
���5�64�)±qìoJ Px ∈

(

E ,
(

E1 , E3
) ) �I�$ú : 6 � (52)

7
| f (x + ξ)g(x + ξ) − f (x)g(x) − Pxξ | ≤ εM | ξ | (| ξ | ≤ δ).
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9q��!�64�ML ¥ 7 f g « x ��É8´�µ>�$�
(D( f g))x = Px

��5�6>L�9G� ©�Õ CD� (47) «4ø � Û ¥ 6	� �

(47) �	²q³1´�µ���á>=&¬+a : 9
Dξ( f g) = (Dξ f )g + f (Dξg) (ξ ∈ E). (53)

(47)
7 ì)3�ÎÒ¢ S � � � ¡ ö : L£9C«"� ¡ 6 ¦ ·,Y � B ∈

(

E1 , E2
) �'n C ψB :

(

E2 , E3
)

→
(

E1 , E3
) �

ψB(A) = A · B

�$B�¶ : 6<9P� ψB
7 �oF � � ��
)�%5�6+� :%;IQ"R ψB ∈

( (

E2 , E3
)

,
(

E1 , E3
) ) �I�£L

L2� F ·�¸
ψ : B ∈

(

E1 , E2
)

7→ ψB ∈
( (

E2 , E3
)

,
(

E1 , E3
) )

«�B$¶�Û ¥ 6C«$� É�Ê � µ>�>6 S � � L�¢ ψ »e��
,��5�64�
j+k � A ∈

(

E2 , E3
) �	n CD��
���
 χA :

(

E1 , E2
)

→
(

E1 , E3
) �

χA(B) = A · B

��B$¶@CD��·�¸
χ : A ∈

(

E1 , E2
)

7→ χA ∈
( (

E1 , E2
)

,
(

E1 , E3
) )

� B$¶ : 6"9P� χ 7 ��
���5%64�
ψ 9 χ � p ��9 (47) ¢ © ¨ 7

ψg(x) ( (D f )xξ ) + χ f (x) ( (Dg)xξ )

9q� ¡ 
)(%6>L%9N«�� ¡ 6	� :%;$Q�R (47) � F
(D( f g))x = ψg(x) · (D f )x + χ f (x) · (Dgx) (x ∈ U),

5�6$= 7
D( f g) = (ψ ◦ g) · (D f ) + (χ ◦ f ) · (Dg) (54)

«+�,� ¥ 6	�
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Ç`È
3.21. U ⊂ E, f : U →

(

E2 , E3
)

, g : U →
(

E1 , E2
) 9 : 60� f , g «³9$» � r è [ í

î ] ´�µ$É;Ê ; FHG ��¢ f g » r è [ í)î ] ´�µ&ÉhÊ���5�6	�
N>O

r � ¾ : 6�é8ê�- �,S 6	�
r = 1 ¦ L ¥ 7 / � ø � C43��
r > 1 ¦ f , g « r è [ í)î ] ´�µ&ÉhÊ ; FHG � ψ, χ

7 ��
'��
<.$� F ψ ◦ g, χ ◦ f
7

r è [ í
î ] ´�µ$É;Ê'�%5�6	�sì�3 D f ,Dg

7
(r − 1) è [ í)î ] ´�µ&ÉhÊ'�%5�6	� : 6)90é�ê�-�¢4W

B �,S J (ψ ◦ g) · (D f ), (χ ◦ f ) · (Dg)
7

(r − 1) è [ íYî ] ´�µ$É;Ê�� * ( � (54) � F D( f g)7
r − 1 è [ í)î ] ´�µ$ÉhÊ���5%64� :�;$Q)R f g

7
r è [ í)î ] ´�µ&ÉhÊ'��5�6	� �

U ⊂ E, f : U →
(

E2 , E3
)

, g : U →
(

E1 , E2
) 9 : 60� f , g

7
r è�´)µ�ÉqÊ�.h9'C�¬I�

¢ f g ¢ r è)¢1²q³�´�µs¢�Ï|� Ö ¦ ¬�b S � ¦
ξ1 . . . ξr ∈ E 9�C��)�)�oC GoF Þ	L ¥ �0�0B : 6+�
r èG´�µ�ÉhÊ ; ¨&© ¢8¾ ª h : U → E′ 9{� { 1 . . . r } ¢ ¨$© ¢2×)µ � ½ I = { i1 . . . is } ( 3

.)C i1 < · · · < is) �	n C
hI = Dξi1

. . .Dξis
h

9���Ó : 6	� I «�° � ½s¢<9 ¡ 7 » R � À hI = h ��5%64�
ü&ý

3.22. LG¢<9 ¡
( f · g ){ 1...r } =

∑

I

fI · gI′ (55)

«�­ØJÍ¯@±��hL%L$� I
7
{ 1 . . . r } ¢0×;µ � ½�Ù,Ú �IÛ 6�»$¢³9�CH� I′

7
I ¢$� � ½�9: 64�

N>O
r � ¾ : 6�é8ê�-��

r = 1 ¦ L ¥ 7 (53) .I� F / � ø � Û ¥ ¬�=�64�
r > 1 ¦ r − 1 ì0� 7 EvC�=o9DW�B��&é�ê'-s¢4W�B%� F

( f · g){ 1...r−1 } =
∑

I0

fI0 · gI′0 ,

L�L2� I0 ⊂ { 1 . . . r − 1 }, I′0
7
{ 1 . . . r − 1 } �	n : 6 I0 ¢4� � ½>��5�6	�
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: 6)9 (53) � p c ¬
( f · g){ 1...r } =

∑

I0

(

fI0∪{ r } · gI′0 + fI0 · gI′0∪{ r }

)

=

∑

(r∈)I

fI · gI′ +
∑

(r<)I

fI · gI′ =
∑

I

fI · gI′

��Ö<6	� �

:�;$Q)R ¢ f g � ¾)C�¬0ÜgÝ 7 Î�¢ r èG²s³�´�µs¢�Ï|��Ö�64�
Dξ1 . . .Dξr ( f · g) =

r∑

s=0

∑

1≤i1<···<is≤r

(

Dξi1
. . .Dξis

f
)

·

(

Dξi′1
. . .Dξi′r−s

g

)

, (56)

L�L2� {

i′1 . . . i
′
r−s

} 7
{ i1 . . . is } ¢4� � ½���a : �

T
3.23. Ï (56) �@9dÞ � ξ1 = . . . ξr = ξ ¢C¼s½>�|Û F � s � r − s ��ÔhÕKC�¬�Î ¢CÏ

(Leibniz ¢4\�Ï ) ��Ö�6 ¦

Dξ
r( f · g) =

r∑

s=0

(

r
s

)
(

Dξ
r−s f

)

·
(

Dξ
sg

)

(57)

�UÎ�Ï'Ðv?�Þ)ßKàâá;£4Ñ�£4ã'ä�Ò Î � U ⊂ E, f : U →
(

E1 , E′
) � h : U → E1 9 : 6	�

L ¥XF �4n C	¬d»U¢ f (h) : U → E′ « ( f (h))(x) = f (x)(h(x)) �$B$¶�Û ¥ 6+�S JÍ·IY � p � ¨$© ¢2E æ�ª � f : U →
(

E1, . . . , Ep ; E′
)

, hi : U → Ei (i = 1 . . . p) 9�C
¬ f 9 h1 . . . hp ¢4¢ f (h1 . . . hp) : U → E′ «

( f (h1 . . . hp))(x) = f (x)(h1(x) . . . hp(x)) (x ∈ U)

��B$¶�Û ¥ 6	�
ü&ý

3.24. f , hi (i = 1 . . . p) «C´�µ&É;Ê ; F2G ¢ f (h1 . . . hp)
7 ´�µ�ÉhÊ'�$�

Dξ( f (h1 . . . hp)) = (Dξ f )(h1 . . . hp) +
p∑

i=1

f (h1 . . .Dξhi . . . hp) (58)

«C­KJ°¯;±��
f , hi (i = 1 . . . p) « r è [ íYî ] ´8µ�É;Ê ; F2G ¢ f (h1 . . . hp)

7
r è [ íYî ] ´8µ�ÉqÊ��

5�64�
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N>O
f (h1 . . . hp) = ( f (h1))(h2 . . . hp) .�� F � p = 1 ¢�¼8½ ��å « : 6>L�9N«'� ¡ 64�

Û F � E1 9 (

R , E1
) ¢4��
)j	||�0²�( ¥,G É�Ê � µ>�,6 S � � �£L ¥ »Nà�á�âs¢4¢�¢�´

µ�- ��å «@Û ¥ 64�
ø � ¢ Ý�æ 7 º�»�¢4Ë�Ì Í õi9 : 64� �

3.3 çièêé�ëìÄ<ÆKÇlÈ
�eí�zVw�f@£0ã>äsÅ�ÆI� L%L$� 7 U ⊂ E, V ⊂ E′, f : V → E′′, g : U → E′ 3%.MC
g(U) ⊂ V 9 : 64�ML�¢o9 ¡ ½�­�¾ ª f ◦ g : U → E′′ «

( f ◦ g)(x) = f (g(x)) (x ∈ U)

��B$¶�Û ¥ 6	�
ÇYÈ

3.25. f , g «C´�µ&ÉhÊ ; F2G f ◦ g
7 ´8µ$É;Ê'�

(D( f ◦ g))x = (D f )g(x) · (Dg)x (x ∈ U), (59)

5�6$= 7
D( f ◦ g) = ( (D f ) ◦ g ) · (Dg) (60)

«C­KJ°¯;±��
f , g « r è [ í8î ] ´�µ$ÉqÊ ; FHG f ◦ g

7
r è [ í)î ] ´�µ$ÉqÊ'��5�6	�

N>O
x ∈ U 9�C , y = g(x) 9e#ëÞî��W�B,� Fs¨&© ¢�E ª ε �	n C	¬+E ª δ1, δ2 �
∣
∣
∣ f (y + η) − f (y) − Ayη

∣
∣
∣ ≤ ε | η | (| η | ≤ δ1, η ∈ E′), (61)

| g(x + ξ) − g(x) − Bxξ | ≤ ε | ξ | (| ξ | ≤ δ2, ξ ∈ E) (62)

���)3 : »C¢$«�5%64�£L�L2� Ay = (D f )y, Bx = (Dg)x 9e#�=�30��ì�3G�`��� 7 ε ≤ 1 9{W
B : 6	�
(62) � F

| g(x + ξ) − g(x) | ≤ (ε + | Bx |) | ξ | (| ξ | ≤ δ2, ξ ∈ E) (63)

��Ö<6	� S c ¬ δ2 � m µ�ï|Û�Þ�9 ¥>G Û F �
| g(x + ξ) − g(x) | ≤ δ1 (| ξ | ≤ δ2)

29



����ð�8MC ¦ 6>L�9N«'� ¡ 64�
Ì,L2� (61) ¢ η � g(x + ξ) − g(x) �	Ô�Õ : 6)9P� (63) ��S J

∣
∣
∣ f (g(x + ξ)) − f (g(x)) − Ay(g(x + ξ) − g(x))

∣
∣
∣ ≤ ε(1 + | Bx |) (64)

��Ö<6	� S c ¬ (62) 9 (64) �)S J
∣
∣
∣ f (g(x + ξ)) − f (g(x)) − AyBxξ

∣
∣
∣ ≤ ε

(

1 +
∣
∣
∣ Ay

∣
∣
∣ + | Bx |

)

| ξ | (| ξ | ≤ δ2)

«CÖ F ¥ � (59) « 1 Û ¥ 64�
B���¢	ñ � 7 r � ¾ : 6�é8ê�- �)S 6	� :�;�Q)R r > 1 �	n C�¬ 7 r − 1 ì$�IB��s«$­&¯
C�¬�=%6)9PW�B : 64� f , g « r è [ í8î ] ´�µ�ÉhÊ ; F2G D f , Dg

7
r − 1 è [ í8î ] ´8µ$É

Ê�� S c ¬4é�ê�-�¢4W'B S J (D f ) ◦ g
7

r − 1 è [ íYî ] ´�µ&ÉhÊ��$� (60) S J D( f ◦ g)
7

à�á�â�¢4¢".$� F r − 1 è [ íYî ] ´�µ&ÉhÊ'�%5�6	� :�;$Q)R f ◦ g
7

r è [ í)î ] ´�µ&ÉhÊ
����B��;« r �4n C�¬d»f­$¯@C�¬�=%6>L�9N«�ø � Û ¥ 64� �

(59) �	²q³1´�µ��2p c ¬+a : 9
Dξ( f ◦ g) =

[

(D f ) ◦ g
] (

Dξg
)

(ξ ∈ E) (65)

9 ; 6	�
�

Young ò � ½�­�¾ ª ¢2Z�å�´�µs¢�Ï��e�hó : 6 � � �)Ì�¢'3 ¦ ¢��'ô@9�C	¬ ª�õ ¹�ö
� õ ¢�=��I=%� ; ¼'÷,��ø&¼ : 6 Young ù	
 � ±�=$¬+ú r ¬'#<L,�{�Y�Y¢�ù

¢ S � � j ¥eû ¡ Û$¢�ü���ý%þ � ��§'ÿ)8 ��� r 3'ù$
×� Young ò � 9	=X�U�,3�.oC��
þ ���qÁ üd¢ ª 7 �����ãÞ��	��
 Þ ;"c ¬%=ÒÞ ( j ¥ ��»0=�= ) »C¢h9 : 60��þ ���;Á ü
¢ ª 7 A c 9Hj ¥ ��»	=�=)¢�.�� F

Ø�» Young ù+
,��5�6	�
Young ù+
 � #>!'62ü�¢4þ�¢ � � �
���+ý�¢ � � �
� 9 ¤&Á L�9 � : 6+���'ù)¢ S � �
·��).�!�� F ­�6 Young ù	
×»2²�( Ff¥ 64�
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Young ù	
d¢4üs¢�� ª 7
Young ù0
�¢�� f 9 ¤ GC¥ 6	�$����� 7 Young ù+
�¢�¹��s¢

üs¢ ª �4Ì�¢���¢��£9 ¤ � ���%§����	ü������ Young ù� !��"$#)9�%�&I�
n � E�'(�K9 : 6"9*)�+��-, n � Young ù� ( L/.!���oC/0 n +$� Young ù�  92=³� )7
n �21�3���avC�0�=%6"9e²54�6%L%96,(798I64�hL'L/7 n � ä-: 9 7

n = n1 + n2 + · · · + nk (n1 ≥ n2 ≥ · · · ≥ nk) (66)

� S �<; n ��=�Ý
;	ï?>!@*ACB ( j ¥ 7ED2F�F ) E�'��!�2G!;21!H�B>L�I67�J�B	��K-4(L
7 = 3 + 2 + 1 + 1

M
7 �21�3N7�J5B4��O���1�3 M Young ù� 

7QP$Ù$;/R�SNT-BCO�IU,�7!8VBXW
n �21�3 ( Y n + Young ù� ) (66) �<Z�[N;	ÓQ\

(n1, . . . , nk) (67)

7XR]T�W	O��$IV8 k
M

Young ù� !��^_>275JCB2W
n + Young ùX !����� M n �21�3$�����N7V)?O<. M n � ä-:�` I<%(L�.�B��-7�J�B2W
>�0V) Young ùX !; M (67) I M2a �/R5bC,5J�B2W(T�AVc�d/) 1 e_f n g�7���h�'�� s ;ikj 0V)�l s ��m������ ks I6T-B9In) n o���p(q�'��!�2�

[ k1, k2, . . . , kn ] (68)

, n + Young rX ���PVs!;Xb�t j 05F�B2W�KN4�LQu�r5��+�� 5 � Young r� 

M�v .Nw�.
[ 1, 2, 0, 0, 0 ] [ 2, 0, 1, 0, 0 ] [ 0, 1, 1, 0, 0 ]

7XR_>/.-B�W
Young r� � (68) 7�R]TVx(y�) ∑

s sks , Young r� !��+��-7�) ∑

s ks ,�^_>�7�J5B�W
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z6{5|E}�~9: ��� ;��]y S � ~9: I M S �2�]1��Cy�e�f*��B/� ( �Cy?�/�]��I<T9B��
y ) P = { S i } 7�+!���(�	�����VT$D�����F��nW

1. S i , ∅,

2. S i , S j A�f<L S i ∩ S j = ∅,

3.
⋃

i S i = S

KN4(L
P = { { 1, 2, 4 } , { 3, 5 } , { 6 } , { 7 } }

M �(y S = { 1, 2, 3, 4, 5, 6, 7 } ��1�3-75J5B�W
n �5��e_fUACB��(y9�21�3!; M n +9� Young rX N, i��kj 0(F�B�W�K-4(L2)��(;��$���
1�3 P ; M Young rX 

, i���j 05F�B2W5T�AQc-d�) 3 ����e?fn�!B<�(1��(y { 1, 2, 4 } �2l 3 ��mC7�R]T�W 2 �5�
e_f*�EB/��y { 3, 5 } ��l 2 �Xm]7VR�T�W����!; 1 ���]e�f*�$B���y { 6 } , { 7 } � v .-w
.�l 1 ��mC7�R]T�W� g_��) n ���-e�f��?B2�]y S ��1(3 P = { S i } ; i�j 0�) s �N�-e�f��?B2�]1(�Ny
S i �X��� ks I<T!BEI (s = 1, 2, . . . , n) ) Young rV [ k1, k2, . . . , kn ] ,���fU.$B�W	O2.	�
153 P ; iN� T$B Young rQ �I�%C&���79J-BQW v j 0N�C��;V)(153 P

M
Young �Q�

[ k1, k2, . . . , kn ] �� �¡ ~�: I/%�&!O�I/;VTNB�W¢(£ ;21]eNB]¤]��; Young r� [ k1, k2, . . . , kn ] ;�¥��n1�3 M s��-7
n!

k1! · k2! · · · · · kn! · (1!)k1 (2!)k2 . . . (n!)kn
= n!

n∏

s=1

1
ks!(s!)ks

(69)

¦ �
J�B2W
§

3.1. ¨5u�7�h Young r� !�X©�ª9;2) v .];�¥��«1�3N,Q¬ ¦ �
J�B�e-�/b5T�W
1 +9­ Young r� M

1
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2 +9­ Young r� M

1 1

3 +9­ Young r� M

1 3 1

4 +9­ Young r� M

1 4 3 6 1

5 +9­ Young r� M

1 5 10 10 15 10 1

®�¯!°<±
3.1. 6 +() 7 +$­ Young r� ?�2P���>�²	¤�W�h Young rX E;2¥³�n1�3E­���DUb

T$O�I�W
z6|-´¶µV`k} "�·Q¸ ~ y9��¹���­�^kº(»-1��V¼?½�»�1	7(R�T(¾³��¿�À j 0!Ák¤��<W
ξ1, ξ2 · · · ∈ E IUTNB�W M9Â/Ã ; (65) e?f

Dξ1 ( f ◦ g) =
[

(D f ) ◦ g
] (

Dξ1g
)

.

O�O/e_f�g��
Dξ1 Dξ2 ( f ◦ g) =

[

(D2 f ) ◦ g
] (

Dξ1g,Dξ2g
)

+
[

(D f ) ◦ g
] (

Dξ1 Dξ2g
)

.

¾-,�Ä5Å!;�A-ÆX0�F�@U­Q7�)�¨�u�7 M f (s)
= Ds f I�ÇQbCT-BNONI�; j )$g�� U ��7VÈ�É

><.]�5¹�� h IÊ�(y { 1 . . . r } ­��(1��(y I = { i1 . . . is } ; i�j Dξi1
. . .Dξis

h �/)�Ë-FXÌ?Æ
0�Z�Í9; hi1...is J5BQF M hI InÎÏ@2OCI/;VTNB�I

( f ◦ g)1 =
[

f (1) ◦ g
]

(g1),

( f ◦ g)12 =
[

f (2) ◦ g
]

(g1, g2) +
[

f (1) ◦ g
]

(g12),

33



( f ◦ g)123 =
[

f (3) ◦ g
]

(g1, g2, g3) +
[

f (2) ◦ g
]

(g13, g2) +
[

f (2) ◦ g
]

(g23, g1)

+

[

f (2) ◦ g
]

(g12, g3) +
[

f (1) ◦ g
]

(g123),

. . . . . . . . .

��Ð!B�W
O�O�7 r = 1, 2, 3 ; ikj ( f ◦ g)1...r �URNT�¾!;�Ñ(F�0Q)��5y { 1 . . . r } ­VT�Ò(0]­21�3N,

h�Ó �CÔ�Õ � S].(0(FCB]OCI/;�Ö�×]T-B�W�Ø]ÙVÚ?OX­-OCI M2Û ×!­/Ü(Ý�Þ r ; � F�0V���ß � ­Q75JNÆ�0
à ±

3.26. f , g
M

r
Ô »�1�áNâCã$I6T-B�I

( f ◦ g)1...r =
∑

P

[

f (s) ◦ g
]

(gI1 , . . . , gIs ) (70)

,Q��� ß � W?O(OX7 P
M �]y { 1 . . . r } ­�1(35s]ä!;�å�B-DQ­	I j Ú P = { I1, . . . , Is } I

TNB2W
æ]ç

r è(¹XT-B/é(ê�ë9èN¤�B�W
r = 1 ì]O�í M!î�ïVð J�B2W
r > 1 ìñé�ê�ë�­�ò�ÈCe_f

( f ◦ g)1...r−1 =
∑

Q

[

f (s) ◦ g
]

(gK1 , . . . , gKs )

ó �³� ß � W�O�O ð Q = { K1 . . .Ks }
M �(y { 1 . . . r − 1 } ­2ô�õ�s(ä�ö�å$÷2W

O�í9ö ξr
ð ¼�½X»�ô j<ø

( f ◦g)1...r =
∑

Q





[

f (s+1) ◦ g
]

(gK1 . . . gKs , g{ r }) +
s∑

i=1

[

f (s) ◦ g
]

(gK1 . . . gKi∪{ r } . . . gKs )



 .

(71)

(71) ­�ù�ú!è/S]í-÷ s + 1 o9­�� { K1 . . .Ks, { r } }, { K1 . . .Ki ∪ { r } . . .Ks } (i = 1 . . . s)
M

ï f�e-è��Cy { 1 . . . r } ­�ô(õ ð]û ÷XW�O�í�f�ö Q è i5� T!÷�ô�õýü/þ(ÿ	ONü�è�T9÷!ü
Ú� ­���� M ¢5£ è��Ce Ã ÷]O�ü ó ð�� ÷ ì
1. � Â Q è i�� TN÷ s + 1 o�­�ô�õ M
	�� è���
�÷/ô�õ ð�û ÷�W
2. ��
�÷ Q è i(� T-÷/ô�õ M ��
C÷�ô�õ ð�û ÷�W
3. �5y { 1 . . . r } ­ Û ×!­2ô�õ P

M�û ÷ Q è i�� T-÷/ô�õ ð5û ÷2Wj � ó Æ ø (71) ¾ M (70) è(g!ü Ã ÷CO�ü ó ð�� ÷�W �
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ô�õ?ö Young r�� ð ô��]T-÷�ü (70)
M

( f ◦ g)1...r =
∑

λ∈Yr

∑

P∈λ

[

f (s) ◦ g
]

(gI1 , . . . , gIs ). (72)

O�O ð λ
M � Þ r ­ Young r���s�ä Yr ö�Ú P

M
λ è2¥³�Êô�õ�s(ä	ö�å!÷��X­$ü
T-÷2W

z
Bell

}
����� ¾ (72)
ð
ξ1 = · · · = ξr = ξ ­2x(yEö���� ø Á9¤]�nW�OX­2x(y�Ú { 1 . . . r }

­/�(ô��(y I = { i1 . . . is } è ikj�ø

gI = Dξi1
. . .Dξis

g

= Dξ
sg

ó �³� ß � e_fnÚ (72) èQÑ � ø

(gI1 . . . gIs ) = Dξ
r1 . . .Dξ

rsg

ðEû ÷�W�O9O ð ri
M

Ii ­��E�-Þ�öVR?T9W r1 . . . rs ö�� ��� ­ ��è�!EÒk÷�ü ï f�e	è
λ = (r1 . . . rs) W � gE� (gI1 . . . gIs )

M
λ ã�" ð�# gE� Ú P è%$�f&
 � Wj � ó Æ ø (72) e_f

Dξ
r( f ◦ g) =

∑

λ∈Yr

π(λ)
[

(Ds f ) ◦ g
] (

Dξ
r1g . . .Dξ

rsg
)

(73)

ó Ð³f
í9÷XW?O�O ð π(λ)
M
λ èX¥��«ô�õE­('�Þ ð (69)

ð() � ø û ÷�W r1 . . . rs
M
λ
v ­

�X­ ð�û ÷ ì λ = (r1 . . . rs).

E = R, ξ = 1 ­/x(y�Ú (73)
M

( f ◦ g)(r)
=

∑

λ∈Yr

π(λ)
[

f (s) ◦ g
] (

g(r1) . . . g(rs)
)

(74)

­��!è�Î+*�OCü ó ð�� ÷ ( ,.- f (s)
= Ds f ­�ÇX\�ö&/ � � ) W

ü0*6è E = R, E′ = Rn, ξ = 1 ­�x5y�Ú (74)
M

( f ◦ g)(r)
=

∑

λ∈Yr

π(λ)
∑

j1 ... js∈{ 1...n }

(

f j1... js ◦ g
) (

g j1
)(r1)

. . .
(

g js
)(rs)

(75)

­��!è�Î+*�O�ü�� ð�� ÷�W	O(O ð f j1 ... js

M
D j1 . . .D js f ö6×21�T-÷2W (g1 . . . gn) 3 g ­���ô

¹�Þ ð�û ÷�W� f/è n = 1 ­�x5y�Ú (75) 3
( f ◦ g)(r)

=

∑

λ∈Yr

π(λ)
(

f (s) ◦ g
)

g(r1) . . . g(rs) (76)

35



­���ö-ü2÷�W54�4 ð �7678 c!ÆQ�/Î � ¼�ã ó Ú
fs = f (s) ◦ g, gk = g

(k)

ü � �nb�ë	ö�/ � ÷�ü�Ú (76) e_f

( f ◦ g)r =
∑

λ∈Yr

π(λ) fs ( g1 )k1 . . . ( gr )kr , (77)

û ÷ � 3

=

r∑

s=1

fs

∑

λ∈Yr,s

(

π(λ) ( g1 )k1 . . . ( gr )kr
)

(78)

ó Ð�f�íN÷2W-��ã j Yr,s 3 � Þ r Ú«^ � s ­ Young r���s�ä9­/�5y ð5û � Ú λ = [ k1 . . . kr ]ð5û ÷�W
§

3.2 (
§

3.1 9
:�; ). ¨CuC­�<�¾	èQÑ � ø fr 3 f (r) ◦ g öU×=1 j Ú gr 3 g(r) ö�×>1QT�÷
4�ü/è�Ö�×NT-÷�WQù�?9­�@7A�3 B�C�öU×�1VTN÷2W

( f ◦ g)1 = f1g1,

( f ◦ g)2 = f1g2 + f2g1
2,

( f ◦ g)3 = f1g3 + f2 ( 3g1g2 ) + f3g1
3,

( f ◦ g)4 = f1g4 + f2

(

4g1g3 + 3g2
2
)

+ f3

(

6g1
2g2

)

+ f4g1
4,

( f ◦ g)5 = f1g5 + f2 ( 5g1g4 + 10g2g3 ) + f3

(

10g1
2g3 + 15g1g2

2
)

+ f4

(

10g1
3g2

)

+ f5g1
5,

. . . . . . . . .

4�4 ð Bell ­%D E(¾³ü � �F��­Nö&G�H j<ø Ñ=4N�*W r ö�Ü�Ý(Þ�ü6T�÷�W X = (X1 . . .Xr)

ö&I�È�Jkü6T-÷
D�E�¾
Yr(X) =

∑

λ∈Yr

π(λ)Xλ

=

∑

λ∈Yr

π(λ)X1
k1 . . .Xr

kr (λ = [ k1 . . . kr ])
(79)

ö r K } Bell
}������ ü � �nW
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( f ◦ g)r 3 Yr(X1 . . .Xr) ­�h Xi è tgi ö&L�M j<ø t öONÏ�<À j � û ü*Ú ts ö fs
ð�P��RQ

�(����­�è
S j � WQØNÙ�Ú
∑

λ∈Yr

π(λ) ( tg1 )k1 . . . ( tgr )kr =

∑

λ∈Yr

π(λ)ts ( g1 )k1 . . . ( gr )kr

−→
∑

λ∈Yr

π(λ) fs ( g1 )k1 . . . ( gr )kr

üT
NÆ ø Ú (77) è ��U T-÷2W
§

3.3 (Bell
}������

).

Y1(X) = X,

Y2(X) = X2 + X1
2,

Y3(X) = X3 + 3X1X2 + X1
3,

Y4(X) = X4 + 4X1X3 + 3X2
2
+ 6X1

2X2 + X1
4,

Y5(X) = X5 + 5X1X4 + 10X2X3 + 10X1
2X3 + 15X1X2

2
+ 10X1

3X2 + X1
5,

. . . . . . . . .

V ó ª W$è�XNí�÷ ó Ú r
� ­ Bell ­�D7E(¾ Yr(X) è i�j L�M X1 = · · · = Xr = X ö/m�Æ

���X­Cö Zr(X) üÊÎY*�ü�Ú
Zr(X) =

∑

λ∈Yr

π(λ)Xk1+···+kr

=

r∑

s=1





∑

λ∈Yr,s

π(λ)




Xs.

Zr(X) ­ s
� ­(Z�Þ>3XÚ r �C��­���y?ö s o9­2�Cô��Cy!èXô�õ�T-÷%[(¼9­('�Þ ð Ú\4<í.3]

II ^ } Stirling
` ü�þ�_�í�÷�Þ ð�û ÷�W�b�\ ð 3

{

r
s

}

üÊÎ+*ÊW(T-÷9ü

Zr(X) =
r∑

s=1

{

r
s

}

Xs.
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§
3.4 (
]

II ^ } Stirling
` 9&` ` �0a%b ����� ).

Z1(X) = X,

Z2(X) = X + X2,

Z3(X) = X + 3X2
+ X3,

Z4(X) = X + 7X2
+ 6X3

+ X4,

Z5(X) = X + 15X2
+ 25X3

+ 10X4
+ X5,

. . . . . . . . .

� ø V öTc0d$è�e j/ø (75)
ð

n = 2 ­2xCy?ö(�f� ø Á]÷XW7@�A ó Dg*h
�Æ ø�i c j �
� Ã Ú ϕ = g1, ψ = g2 ü6Ñ � ø Ú n = 1 ­!ü � ü��(j�Ú

ϕl = ϕ
(l), ψm = ψ

(m), . . .

­�b�ë	öTk¶��ü�Ú
( f ◦ g)r =

∑

λ∈Yr

π(λ)
∑

K⊂{ 1...s }

ft,s−t ( ϕ1 )l1 . . . ( ϕr )lr ( ψ1 )k1−l1 . . . ( ψr )kr−lr , (80)

4 4 ð K 3 { 1 . . . s } ­��(ô��5y�s�äEö&l � Ú t 3 K ­/���QÞ ,

ft,s−t = f1 . . . 1
︸︷︷︸

t

2 . . . 2
︸︷︷︸

s−t

◦ g

ð�û ÷QW l1 . . . lr 3 � ­�¤$��èQÈ]É � í�÷ ì K = { i1 . . . it } ( �Nã j i1 < · · · < it) ü j Ú
Young rF� µ ö µ = (ri1 . . . rit )

ð È�É�T9÷�W � g_� µ 3 λ ­���e�f i1 mon Ú i2 mpn Ú ...

it mqn ­XmEöTrts ð ��f�í�÷ “ ��ô ”Young r�� ð�û ÷�W54<í!ö µ = [ l1 . . . lr ] ü«Î �Fu jø Ú l1 . . . lr
ó È�É � í�÷2W

(80)
ð

ft,s−t , l1 . . . lr
ó ��ô Young rF� µ ã�"�ekf # g(÷v4Nü2è�Ö�×-T-÷$ü*Ú ¢�£ èVc

e]÷C¤N��è (80) e?f

( f ◦ g)r =
∑

λ∈Yr

π(λ)
∑

µ≤λ

ft,s−t

(

k1

l1

)

. . .

(

kr

lr

)

·

· ( ϕ1 )l1 . . . ( ϕr )lr ( ψ1 )k1−l1 . . . ( ψr )kr−lr

(81)

ó Ð�f�í-÷�W
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(81) 3$g]� � ­�¤��Vè jVø Ðk÷=4Eüf� ðw� ÷ ì r
� ­ Bell D.E-¾ Yr(X) ­�h Xi è

uϕi + vψi öTL�M j<øFx0y	j Ú u, v ö
zNè
Ný��À j � û ü utvs−t ö ft,s−t
ð�Pt�{Q �Qív_ (81)ó Ð�f�í-÷�­ ð�û ÷�|�Ø]ÙVÚ

∑

λ∈Yr

π(λ) ( uϕ1 + vψ1 )k1 . . . ( uϕr + vψr )kr

=

∑

λ∈Yr

π(λ)
∑

l1...lr

(

k1

l1

)

. . .

(

kr

lr

)

ul1+···+lr vk1+···+kr−(l1+···+lr )

( ϕ1 )l1 . . . ( ϕr )lr ( ψ1 )k1−l1 . . . ( ψr )kr−lr .

4 4 ð h li 3 0 ≤ li ≤ ki ­
}�~Nö î%� èQe �(� ß è$�F�t*�ü��X­!üh�N÷�|���
Vc�d l1 . . . lr

3 λ = [ k1 . . . kr ] ­��(ô Young r%� µ = [ l1 . . . lr ] öT�v��|��f�5è

=

∑

λ∈Yr

π(λ)
∑

µ≤λ

utvs−t
(

k1

l1

)

. . .

(

kr

lr

)

( ϕ1 )l1 . . . ( ϕr )lr ( ψ1 )k1−l1 . . . ( ψr )kr−lr

−→
∑

λ∈Yr

π(λ)
∑

µ≤λ

ft,s−t

(

k1

l1

)

. . .

(

kr

lr

)

( ϕ1 )l1 . . . ( ϕr )lr ( ψ1 )k1−l1 . . . ( ψr )kr−lr

üT
NÆ ø (81)
ó Ð�f�í�÷%|

3.4 Taylor �����
���

� � � �

[1] � ��� � ����� � ����� � 3 ���7  ¡�Î�¢
[2] £q¤p¥§¦©¨&ª ¥ ��« �� �¡�Þ�¬�<�¾ I �7  ¡�Î�¢
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